Paper / Subject Code: 88613/ Mathematics. Basic Complex Analysis

(3 Hours) [Total Marks : 100

N.B.: 1. All questions are compulsory.
2. Figures to the right indicate full marks.

Q.1 Choose the correct alternative in each of the following: (20)
. limz_,g g =
@1 (b)i (c)-i (d)does not exist

ii. The image of a line under a fractional linear transformation is

(@) aline (b) a circle (c) aline oracircle (d) None of these

" @ = 3+9
(a) continuous and bounded in |z| < 2
(b) continuous but not bounded in |z| < 2
(c) neither continuous nor bounded in |z| < 2
(d) continuous and bounded everywhere

iv. Ifu(x,y) =x%—y2v=2xythen
(@) v and u are harmonic conjugates of each other
(b) u is a harmonic conjugate of v but v is not a harmonic conjugate of u
(c) v is a harmonic conjugate of u but u is not a harmonic conjugate of v
(d) None of these

V. exp (2 £ 3mi) =
(@ e 2 (b)—e? (c)e? (d)e?

vi. IfeZ=-=2, thenz=

(@ 0 b)z=mn2+C2n+Drmi n=0,%1,%2,...
(c)i (d) none of these
vii. fC : dz , where C is the circle |z| = 3, described in the positive sense is

(@) 2mi e? (b) 2mi (c) e? (d) None of these

viil. (20" .

Radius of convergence of the series Y5 — —— Is
(@) (b) 1 (c) 2 (d) None of these
IX. The poles of the function % are at
(a) (2n+1)” ,n is any integer (b) Z"T” ,n is any integer
(©) nn n is any integer (d) none of these
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The residue of f at z = 0 where f(z) = z cosi is
(@ 5 b= (©1 (d) none of these

Attempt any ONE question from the following:

I. Let £(2) = u(x,y) + iv (x,y). If f(2) exists at a point zy = xo + iy,
then prove that the first order partial derivatives of u and v exist at
(x0,y0) and satisfy Cauchy-Riemann equations u, = v, , u, = —v,,
Also show that f'(2) = (Uy) =z, + i(Vy) =y,

il 1f £'(20), g'(f(20)) exist then prove that the function F(z) = g(f(2))
has a derivative at zg and F'(zy) = g'(f(20))f'(20). If f:ASC—>C is
differentiable at z, € A, then show that f is continuous at z,. Let
f:Q c C— C such that f is differentiable at z, € Q, then show that 3 a

function n(z) such that £(2) = f(zy) + f (z0)(z = zo) + n(2)(z = z)
where n(z) » 0 as z = z,.

Attempt any TWO questions from the following:
i Show that z(t) = zy + tv and Re((z — z¢)i #) = 0 represents the same
linein C.

ii. If f'(z) = 0 everywhere on a domain D then show that f(z) must be
constant throughout D.

iii.  Show that f(z) = z |z| is differentiable everywhere when f is treated as a
function from R? — R? but C differentiable only at z = 0.
iv. If f(2) = 8x — x3 — xy? + i(x*y + y3 — 8y) then determine points at

which f is differentiable, f is analytic.

Attempt any ONE question from the following:

I. f is aanalytic inside and on a simple closed curve C, taken in the
positive sense. Prove that f'(z) = fc ](;(S)ds Further state the result
generalizing the formulato f* (z)

ii.  Define complex sine and cosine functions. Also establish the following
three identities:

e?#0Vz €eC
sin’z + cos?z =1
|sinh z|? = sinh? x + sin®y

Attempt any TWO questions from the following:

ii.  Evaluate the integral |, % dz, where

() C:lz—2/=5 (NC:|z—3] =7
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il Find a Mobius transformation that maps i,, 3 to 1/2, —1, 3 respectively.

V. State Taylor’s theorem and also find Taylor series for f(z) = e—ZZ around
z=0.

Q.4 a) Attemptany ONE question from the following: (08)

I. If C is a simple closed curve in the interior of the disc of convergence of
the power series S(z) = Y —pa,(z —zy)" and g(z) be any function
which is continuous on C then prove that the series
Yor_09(2)a,(z —zy)™ can be integrated term by term over C and
J,9@S(2)dz = L7 |, 9(2)a,(z — zp)"dz .

ii. If z; is a point inside the circle of convergence |z — z,| = R of a power
series Yg—o @, (z — zo)™ then show that the series must be uniformly
convergent in the closed disk |z — z,| < Ry, where Ry = |z; — zg].

b) Attempt any TWO questions from the following: (12)

I. Define the following terms: A removable singularity, A pole of order n,
An essential singularity.

ii. With the help of a suitable power series, show that
e?—1 7
f(z) = { 7 %270 jsentire, use it to show that lim,, ., ez—l =1.
1 720

il \Write Laurent series representations of function f(z) = 2(4%)2 in the

domains |z| < 4 and |z| > 4.
V. Evaluate the real improper integral |/

Q.5 Attempt any FOUR questions from the following: (20)
a) Use Cauchy Riemann equations to check differentiability of f(z) = Re z
b) Show that u(x, y) is harmonic in some domain and find a harmonic conjugate

v(x,y) when u(x,y) = x3 — 3xy?

0) Find image of the set {zeC/|z| = %, ”/2 < arg(z) < m} under the
reciprocal map w = 1/z on the extended complex plane.

d) Find values of z such thatexp(2z—1) = 1.

e) LetY a,z" has radius of convergence R. Find the radius of convergence of

oo 3 n e} 3n
n=0 " AnZ " , Zn=0 anz

f) Evaluate f , Where C is circle |z| = 1.

C(z 2+1)( 2-4)’
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