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: (1) Al questions gr ' Marks: 75

(2) Figures to the

i

€ compulsbry

4 ight indicxa[;te marks.

i’:}teinpt any Qne from the followirig:
A aI:l 2}::3;112 igas(fow(,vXt, }:2{ ::g};e that arbitra-ry union of open sets is open in X. Give
() Lot (X 2 be o . ; :ary Intersection of open sets is not open in X.

() ACB= 4o po dAFCx. how that.
(I) (ANB) = g°  po
11 "A° o )
o (1) 'A°*uB € (AU B)° and the inequality may be strict.
(b) Attempt any Two of the following:;, = ' ' (12)

(i) Prove or disprove: Let d
“bounded in

(8)

1, d2 be equivalent metrics on a non-empty set '.X I () s
n (X, d1) then (z,) is bounded in (X, ds). 2 |
(ii) (Z,.d) and ‘(Z, dy) are metric spaces where d is the usual metric (induced from R ) and
dy is the discrete metric in Z. Prove that d and d are equivalent metrics. ;
(iif) Let dy,d; be metrics on X. Defined : XxX —s Rasd(z,y) = max {di(z,), da(z,¥)}-
Show that d is a metric on X. o ik
=2

(iv) || Il and || ||2 are norms on R? where for z = (z,,z3) € R, ||z, = Z |zil, llzlle =
! st =1
i=2 : i OB : ‘
Z:v? Show that ||z||; < ||z||; and ||z||; £ V2 |jz||; for z € R?
i=1 .
2. (a) Attempt any One of the following: ; R (8)
(i) Show that for a subset F' of a metric'space (X, d), the following statements are equiv-

alent: ROBEI T
(I) F is closed gl ‘
(IT) F contains all its limit points. | . ; :
(ii) Let (X,d) be a metric space and 4 be a subset of X. Show that p € X is a limit point
of A if and only if there is a sequence of distinct points in A converging to p . :

(b) Attempt any Two of the following: : . ‘ , (12)
(i) Let A, BCR (distanée béing usual), :wheré‘A = Nand B = {n + 11-; :neNn >‘1}.

Find d(A, B) |
(ii) Let A be a subset of a metric space (X, d) . Prove that

—

(1) X\A) =X\ 4 '
(1) (X \ 4y = X\ (@)

(iii) Show that S = {(z,y) € R?: 2% +y? = 1} is a closed subset of R? , where the distance
S being Euclidean . ; Y _
(iv) Prove that a subset A of a metric space (X, d) is dense in X if and only if GNA# ()

for each non-empty open subset G of X.
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3. (a) Attempt any One of the following" | fthen R
s (i) If K € R" is such that K. .ca;mpact e ‘ 4 and bounded -
Property. (distance being Euchd?arl)-d) ik ¥ Cuclidean, I8 closed an pace el
g R",d) where:¢. PRSI tric S _
(ii) Show that a compact subset of ( sl oo linded gubset of a me it -
Give an example to show that a\c and - '
compact. |

ove that K has Bolzano-Weierstrass
pr K has DO e

: . " g Y, PSYHE ite.
(b) Attempt any two: S .¢ ond only if it 18 finite.
(i) Prove that a subset of a discrete \metric space i$ col}}Paf’tf 1:121:1 (@ )-Zon\?éf'gés to some
(ii) (X,d) is a metric space and (z.) is & sequence.in X ‘quqh t ab gmpé.ét:byiulsmg the
point p € X. If § = {za : n € N}U {p} then ghow: that 516 COMBPER? =Hh e
definition of compactness. E ' AT , j Bisa
: i i that A.X B 18
(iii) Let A, B be compact subsets.of (R, d), distance d belf}g usual. Show ‘
compact subset of (R?,d’) whereid' is the Euclidean distance. h' .
(iv) Consider the metric space (R,d), where d is the usual distance - ShO'\;’ Lha © e,
{(, 1):n € N} is an open cover of (0, 1). Is (0,1) compact ? JUS“ y.you "y
. | 15
4. Attempt any Three of the following: (15)

(a) Prove or disprove : If (X, d) be-a metric space and z,y € X,r,s>0 and B(z,7) = B(Y, s),
then either z=yorr=s . :

(b) Show that || || is 2 norm on X, where X = M>(R) and

|All = max {|a;;| : 1 < 4,5 <2} for A = (ai;) € X ,
(c) Let (X,d) be a discrete metric space iland ACX. Then pfove that (A°) = A
(d) Consider the sequence (f») of ﬁinétiohs in C[O, 1] defined by

if 0<t<3—+
it 1-i<t<})
if  ;<t<1

_S_how that {f,} is Cauchy w.r.t. || |l: where || f|l, = /0. |£(t)|dt

(e) Let A= {(z,y) € R®: |z|-< 1}, Determine whether A is compact. Justify your answer.
(f) Prove or disprove : | A closed ball B[;:,r] in a metric space is compact.
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