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(3 Hours)       [Total Marks: 100] 

Note: (𝑖) All questions are compulsory.       

 (𝑖𝑖)Figures to the right indicate marks for respective parts. 

 

Q.1 Choose correct alternative in each of the following                                   (20) 

𝑖. Let 3,a b D , where a and b denotes rotation and reflection then |𝑎𝑏| =  

 (a) 2 (b) 3 

 (c) 6 (d) None of the above 

 

𝑖𝑖. Let H and K be the subgroups of a group 𝐺. Then H K  

 (a) Is always a subgroup of  𝐺 

 (b) Is never a subgroup of  𝐺 

 (c) Is a subgroup of 𝐺 if and only if  H K or K H  

 (d) None of the above 

 

𝑖𝑖𝑖. The set ℤ𝑛  forms a  group under the binary operation 

 (a) ‘+’ (b) ′ − ′  

 (c) ‘ ’ (d) None of the above 

 

𝑖𝑣. In the group  (ℤ18, + ) , order of  10̅̅̅̅   is 

 (a) 10 (b) 9 

 (c) 6 (d) 18 

 

𝑣. Let 𝐻 is a proper subgroup of ℤ under addition and 12, 14, 18 ∊ H then 

 (a) 𝐻 =  756ℤ (b) 𝐻 =  2ℤ 

 (c) 𝐻 =  4ℤ (d) 𝐻 =  ℤ 

 

Paper / Subject Code: 78911 / Mathematics Paper II (Rev.)
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𝑣𝑖. Let 𝑎 be an element of a group 𝐺 and let order of 𝑎 in 𝐺 be infinite then how 

many generators does the group < 𝑎 > have? 

 (a) Only one (b) Exactly 2 

 (c) Infinitely many (d) None 

 

𝑣𝑖𝑖. If 𝐺 = (ℤ, +) and 𝐻 = {0, ±3, ±6, ±9, ⋯ ⋯ } then 

 (a) 11 + 𝐻 = 17 + 𝐻 (b) 11 + 𝐻 = 7 + 𝐻 

 (c) 7 + 𝐻 = 23 + 𝐻 (d) None of these 

𝑣𝑖𝑖𝑖. Let  𝐺 be a group of order 8 then  𝐺 must have an element of order 

 (a) 2 (b) 4 

 (c) 8 (d) None of these 

𝑖𝑥. Let  𝜙: ℂ∗ ⟶ ℂ∗ given by 𝜙(𝑥) = 𝑥4 be a homomorphism then  𝑘𝑒𝑟𝜙 = 

 (a) {1, −1} (b) {1, −1, 𝑖, −𝑖} 

 (c) {𝑖, −𝑖} (d) None of these 

𝑥. Let  𝐺 be an abelian group which has no element of order 2 and  𝜙: 𝐺 ⟶ 𝐺  

given by  𝜙(𝑥) = 𝑥2, then 

 (a) 𝜙 is an automorphism. 

 (b) 𝜙 is a group homomorphism which may not be one −one. 

 (c) 𝜙 is an automorphism if 𝐺 is finite. 

 (d) 𝜙 is not a group homomorphism. 

Q2. Attempt any ONE question from the following:                                          (08) 

𝑎) i. Show that  (n) { |1 1, , 1}nU a a n a n      , form a group under the 

binary operation ‘ ’. 

 

 ii. Define Centre of Group G. Hence or otherwise prove that the Centre of 

any group is a subgroup of the group. 
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Q.2 Attempt any TWO questions from the following:                                         (12) 

𝑏) i. Let 𝐺 be a group. Prove that (𝑎𝑏𝑎−1)𝑛 = 𝑎𝑏𝑛𝑎−1,     ∀ 𝑎, 𝑏 ∈

𝐺 and ∀ 𝑛 ∈ ℤ 

 ii. Let 𝐺 be a group and 𝑎 ∈ 𝐺. Show that 𝐻 = {𝑎2𝑛|𝑛 ∈ ℤ } is a subgroup 

of 𝐺. 

 iii. Let 𝐺 be  a group and 𝑎 ∈ 𝐺 with 𝑂(𝑎) = 𝑛 then show that if and only if 

𝑎𝑚 = 𝑒  then  𝑛|𝑚. 

 iv. Let 𝛼 = (1 2 5)(6 13 5 ) and  𝛽 = ( 1 3 4)(2 6 5)( 2 3 4) .Write 𝛼  and 

𝛽  as a product of disjoint cycles. Further, verify the following. 

p) 𝑜(𝛼) = 𝑜(𝛼−1)  

q)  𝑜(𝛼𝛽) = 𝑜(𝛽𝛼) 

r) 𝑜(𝛼𝛽𝛼−1) = 𝑜(𝛽) 

   

Q3. Attempt any ONE question from the following:                                           (08) 

𝑎) i. Prove that ℤ𝑛  the set of residue classes modulo n is a group under 

addition. Also determine all the generators for ℤ𝑛 

 ii. Let 𝐺 be a finite cyclic group of order 𝑛 then prove that 𝐺 has a unique 

subgroup of order 𝑑 for every divisor 𝑑 of 𝑛. 

   

Q3. Attempt any TWO questions from the following:                                        (12) 

𝑏) i. Let 𝐺 = 〈𝑎〉 be a finite cyclic group of order 12 then what are all the 

generators of G. Also determine all the generators of the subgroup 𝐻 =

〈𝑎3〉. 

 ii. Determine all the subgroups of the cyclic group ℤ11
∗  . 

 iii. Show that H = {[
1 𝑛
0 1

] 𝑛 ∈ ℤ⁄ } is a cyclic subgroup of GL2(ℝ). 
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 iv. Consider the set {4̅, 8̅, 12,̅̅ ̅̅ 16̅̅̅̅ }. Show that this set is a group under 

multiplication modulo 20 by constructing a Cayley table. What is the 

identity element? 

   

Q4. Attempt any ONE question from the following:                                           (08) 

𝑎) i. Let 𝐻 is a subgroup of a group 𝐺 then 𝑎𝐻 = 𝐻 if and only if 𝑎 ∈ 𝐻. 

Further 𝑎𝐻 is subgroup of  𝐺 if and only if 𝑎 ∈ 𝐻. 

 ii. Let  𝑓: 𝐺 ⟶ 𝐺′  is onto group homomorphism. Prove that 

(p)  If 𝐻 is subgroup of  𝐺 then 𝑓(𝐻) = {𝑓(ℎ)/ℎ ∈ 𝐻}  is subgroup of 𝐺′. 

(q)  If  𝐻′ is subgroup of  𝐺′ then 𝑓−1(𝐻′) = {𝑎 ∈ 𝐺/𝑓(𝑎) ∈ 𝐻′}  is 

       subgroup of  𝐺 and 𝑘𝑒𝑟𝑓 ⊆ 𝑓−1(𝐻′). 

   

Q4. Attempt any TWO questions from the following:                                         (12) 

𝑏) i. State Lagrange's theorem for finite group. If  𝐻 and 𝐾 are subgroups of 𝐺 

such that  𝑜(𝐻) = 12  and  𝑜(𝐾) = 35  then show that  𝐻 ∩ 𝐾 = {𝑒}. 

 ii. Let 𝐺 be a finite group then show that  

(p)  𝑜(𝑎)|𝑜(𝐺) , ∀𝑎 ∈ 𝐺             (q)  𝑎𝑜(𝐺) = 𝑒 , ∀𝑎 ∈ 𝐺 

 iii. Show that 𝑓: 𝐺 ⟶ 𝐺 given by 𝑓(𝑥) = 𝑥−1 is a automorphism if and only 

if  𝐺  is abelian. 

 iv. 
Show that 𝐺 = {𝑎 + 𝑏√2 ∕ 𝑎, 𝑏 ∈ ℚ} and 𝐻 = {(

𝑎 2𝑏
𝑏 𝑎

) /𝑎, 𝑏 ∈ ℚ}  are 

isomorphic groups under addition. 

   

Q5. Attempt any FOUR questions from the following:                                     (20) 

𝑎) Construct composition table of  ℤ5
∗  under multiplication modulo 5. Also find the 

order of each of its elements. 

𝑏) Define Abelian group. If (𝑎𝑏)2 = 𝑎2𝑏2 for every 𝑎, 𝑏 in a group 𝐺, show that 

𝐺 is Abelian. 
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𝑐) Prove that a group of order 3 must be cyclic. 

𝑑) Let G be a group and let ‘𝑎’ be an element of G.  

(i) If 𝑎12 = 𝑒 , what can you say about order of  𝑎. 

(ii) Suppose that G is cyclic and o(G) = 24 . Further if 𝑎8 ≠ 𝑒 and 𝑎12 ≠ 𝑒 

then show that < 𝑎 >=G. 

𝑒) Give an example of a group 𝐺 and a subgroup 𝐻 of 𝐺 such that 𝑎𝐻 = 𝑏𝐻 but 

𝐻𝑎 ≠ 𝐻𝑏  for some  𝑎, 𝑏 ∈ 𝐺. 

𝑓) Find the number of group homomorphism from  ℤ12  to  ℤ30.  
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