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(3 Hours) [Total Marks: 100]

Note: (i) All questions are compulsory.

(ii)Figures to the right indicate marks for respective parts.

Q.1 Choose correct alternative in each of the following (20)

i. Let a,beD,, where a and b denotes rotation and reflection then |ab| =
@ 2 (b) 3
(c) 6 (d) None of the above

ii. LetH and K be the subgroups of a group G. Then H UK
(@) Isalways a subgroup of G
(b) Is never a subgroup of G
(c) Isasubgroup of G ifandonlyif H<cKor KcH
(d) None of the above

iii. ThesetZ, formsa group under the binary operation
@ (0) '~
(c) <&’ (d) None of the above

iv. Inthe group (Zs, + ), order of 10 is
@ 10 (b) 9

) 6 d) 18

v. Let H is a proper subgroup of Z under addition and 12, 14, 18 € H then

(@ H = 756Z (b) H = 2Z
(c) H = 47 d H=17Z
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vi. Leta be an element of a group G and let order of a in G be infinite then how
many generators does the group < a > have?
(@ Onlyone (b) Exactly 2
(c) Infinitely many (d) None

vii. IfG=(Z,+)andH ={0,+3,+6,+9,:--- } then

@ 11+H=17+H (b) 11+H=74+H
(c) 7+H=23+H (d) None of these
viii. Let G be agroup of order 8 then G must have an element of order
(@ 2 (b) 4
(c) 8 (d) None of these
ix. Let ¢:C* — C* given by ¢(x) = x* be a homomorphism then ker¢ =
(@ {1,-1} (b) {1,-1,i,—i}
(c) {i,—i} (d) None of these

x. Let G be an abelian group which has no element of order 2 and ¢: G — G
given by ¢(x) = x?2, then
(@) ¢ is an automorphism.
(b) ¢ is a group homomorphism which may not be one —one.
(c) ¢ isan automorphism if G is finite.
(d) ¢ is not a group homomorphism.
Q2. Attempt any ONE question from the following: (08)
a) I Show that U(n)={aeZ,|1<a<n-1(an)=1, form a group under the

binary operation ‘.’.

ii. ~ Define Centre of Group G. Hence or otherwise prove that the Centre of

any group is a subgroup of the group.
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Q.2 Attempt any TWO questions from the following: (12)

b)

Q3.

Qs.
b)

66041

Let G be a group. Prove that (aba )* =ab"a"l, Vabce
GandVn€eZ

Let G be a group and a € G. Show that H = {a?"|n € Z } is a subgroup
of G.

Let G be a group and a € G with O(a) = n then show that if and only if

a™ = e then n|m.

Iv. Leta=(125)(6135)and B =(134)(265)(234) .Writea and
B as a product of disjoint cycles. Further, verify the following.
p) o(a) = o(a™)
q) o(aB) = o(Ba)
) o(afa) = o(f)
Attempt any ONE question from the following: (08)
. Prove that Z, the set of residue classes modulo n is a group under
addition. Also determine all the generators for Z,,
ii.  Let G be a finite cyclic group of order n then prove that G has a unique
subgroup of order d for every divisor d of n.
Attempt any TWO questions from the following: (12)

Let G = (a) be a finite cyclic group of order 12 then what are all the
generators of G. Also determine all the generators of the subgroup H =
(a®).

Determine all the subgroups of the cyclic group Z3i; .

. showthat H={[} "/n € z}isacyclic subgroup of GL(R),
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Q5.

b)
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iv.  Consider the set {4,8,12, 16}. Show that this set is a group under
multiplication modulo 20 by constructing a Cayley table. What is the

identity element?

Attempt any ONE question from the following: (08)

. Let H is a subgroup of a group G then aH = H if and only if a € H.
Further aH is subgroup of G ifandonlyifa € H.
ii. Let f:G — G’ isonto group homomorphism. Prove that
(p) If H is subgroup of G then f(H) = {f(h)/h € H} is subgroup of G'.
(q) If H'is subgroup of G’ then f~1(H") ={a € G/f(a) € H'} is
subgroup of G and kerf < f~1(H").

Attempt any TWO questions from the following: (12)

I. State Lagrange's theorem for finite group. If H and K are subgroups of G
such that o(H) = 12 and o(K) = 35 then show that H N K = {e}.

ii.  Let G be a finite group then show that
(p) o(a)|o(G),VYa € G (@) a°® =e,Va€eG

iii. Showthat f:G — G given by f(x) = x~1 is a automorphism if and only
if G is abelian.

Iv. 2b
o ShowthatG={a+b\/§/a,be@}andH={(Z a)/a,beQ} are

iIsomorphic groups under addition.

Attempt any FOUR questions from the following: (20)

Construct composition table of Zz under multiplication modulo 5. Also find the
order of each of its elements.

Define Abelian group. If (ab)? = a?b? for every a, b in a group G, show that
G is Abelian.
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c) Prove that a group of order 3 must be cyclic.
d) Let Gbe agroup and let ‘a’ be an element of G.
(i) Ifa'? = e, what can you say about order of a.
(i)  Suppose that G is cyclic and o(G) = 24 . Further if a® # e and a'? # e
then show that < a >=G.
e) Give an example of a group G and a subgroup H of G such that aH = bH but
Ha # Hb forsome a,b € G.
f) Find the number of group homomorphism from Z,, to Zs,.
Sk ko
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