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(c) Suppose that ¢ is a hp@orphism from U/(30) to
U(30) and that Kerd = -éi?ll}. If $(7) = 7, find
all the elements of U(30) that are mapped to 7.
State and prove the result used.

(2%6.5=13)

(1000)
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1.

Give short answers to the following questions.

Attempt any six.

(i) Find an element X in D, such that Ry, VAH =

D’

Where R, = Rotation of 90°, V = Flip about a
vertical axis, H = Flip about a horizontal axis,

D' = Flip about the other diagonal.

(i) Is G = {1,2,3,4,5} a group under multiplication
modulo 67 In general when is G = {1,2,...,n-1};
n=2, a group under multiplication modulo n?

Answer both in a few lines.

(iif) Can a non-Abelian group have a non-trivial
Abelian subgroup? Give short answer in few

lines.
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(b) Determine the possible homomorphisms from Z,,
to Z,,. Also, find which of the homomorphisms

are onto.

(c) Prove or disprove the following by justifying them :
() U(8) = Q,, the group of Quaternions.
(i) U(20) ~ D,

(ii) (Q, +) =~ (Z, 1) (2x6=12)

6. (a) If ¢ is an isomorphism from a group G onto a

group G, then prove that

lb(g)| = |g| for all g € G.
(b) Let € be the set of complex numbers and

M= {[: _ab]: a, b€ [R}. Prove that C and M are

isomorphic under addition and that C* and M", the
non-zero elements of M, are isomorphic under

multiplication.
BT 0
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(b) () Let H = {I,(12)(34)}, G = A,. Show that H

is not a normal subgroup of G.

(i) Is the order of a factor group of an infinite
group is infinite? Give example or counter
example to support your answer.

(3+3.5=6.5)

(c) (i) Prove that Z (G), the centre of a group G, is

always a normal subgroup of G.

(i) Let G = Z, the group of integers under
addition. Write all the elements of factor
group Z/20Z of Z. Is this factor group cyclic?
Give explanation in support of your answer.

(343.5-6.5)

5. (a) If H is a subgroup of a group G and K is a normal
subgroup of G, then prove that H/H n K) is

isomorphic to HK/K.
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(iv} Let G be a group such that x = =, for all

x € G. Prove that G is Abelian.

(v) Give an example of a non-cyclic group, whose

every proper subgroup is cyclic.
(vi) Prove that a group of order 4 is Abelian.
(vii) List all the generators of (Z, +), Z, and Z,.

(viii) For any integer n > 2, show that there are at
Jeast two elements in U(n) that satisfy x*=1.

(6%2=12)

2. (a) Prove that

G ___{[cos(a) —sin(a) ]:a e IR}

sin(a) cos(a)

is an infinite Abelian group under matrix

multiplication.

P.T.O.
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(b) Define a cyclic subgroup of a group. Is it Abelian

or Non-Abelian? Justify your answer. Prove that

4= (ned

is a cyclic subgroup of GL(2, R).

(c) Prove that the subgroup of a cyclic group is cyclic.
Find the smallest subgroup of (Z, +) containing 8

and 14. (2%6.5=13)

3. (a) Prove that the order of a permutation of a finite
set written in disjoint cycle form is the least
common multiple of the lengths of the cyecles.

(6)

(b) (i) Show that S, has an element of order 12.

Find one such element.

4404
(c)
4. (a)

<]

(i) Give two reasons why the set of odd

(1)

(i)

)

(i)

permutations in S_ is not a subgroup.

(3+3=6)

Let G = U (24), H = {1,7}. Write all the

distinct left cosets of H in G.

Prove that a group of order 98 can have at
the most one subgroup of order 49.

(3+3=6)

Let H be a subgroup of G and a and b belongs

to G. Then prove that

aH = bH iff a'b € H

State Lagrange’s Theorem for finite groups
and prove that every group of prime order is
cyclic. (3+3.5=6.5)
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