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Also, sketch the final figure that would result from
this movement.
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Instructions for Candidates

.~ Write your Roll No. on the top immediately on receipt
of this question paper.

2. Attempt all questions by selecting two parts from
each question.

3. All questions carry equal marks.

4. Use of Calculator not allowed.

l. (a) If x and y are vectors in R", then prove that
X +yll < [|x]] + ||y||. Also, verily the same for the
vectors x = [-1,4,2,0,-3] and y =[2, 1, —4,-1, 0]
in R3.
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(b) Using the Gauss — Jordan method, find, the
complete solution set for the following

homogeneous system of linear equations:
4x, — 8x, ~ 2%, = 0
Ix, = 5%, — 28, = 0
2x, — 8%, + X, =0

3

(¢) Define the rank of a matrix. Using rank, find
whether the non-homogeneous linear system
AX = B, where

2 1 3 1
A=|1 -2 2|, B=|2
0 1 3 3

has a solution or not. If yes, find the solution.

2. (a) Consider the matrix :

g 11
Be=lg =1 5
g <8 8

Determine whether the vector [4, 0, -3] is in the
row space of A. If so, then express [4, 0,-3] as

a linear combination of the rows of A.
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6. (a)Let V and W be finite dimensional vector spaces
over the same field F. Then, prove that V is
isomorphic to W if and only if dim V= dim W.
Are M,,,(R) and P.(R) isomorphic? Justify your

answer.

(b) Let V and W be vector spaces and let T: V> W
be linear and invertible. Prove that T"": W = V
is linear. For the linear transformation T: M,,,(R)

- M,,,(R) defined by :

Tab:a+‘n a
¢ d C c+d

determine whether T is invertible or not. Justify

your answer.

(¢) For the adjoining graphic, use homogenous co-
ordinates to find the new vertices after performing
scaling about (7,3) with scale factors of ' in the

x - direction and 3 in the y - direction.
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R(T) = span (T(B)) = span({T(v,),T(v,),..., Tev,)}

If T is one-to-one and onto then prove that
T(B) = { T, T(v,), ..., T(v,)} is a basis for W.

(b) Suppose that T: R? — R? is linear,
T(Ial) = (1’_2)
Ti-=1, 1) = 42, 3}

What is T(-1,5) and BT i

Find [T]} if B = {(1,1), (=1,1)} and y = {(1,-2),

(2,3)}.

(c) For the following linear transformation T: 3 >

R3:
X; 1 -1 B\ X
Tl x, |=] -2 3 =15 fl =y
X3 3~ 15l

find bases for null space N(T) and range space

R(T). Also, verify the dimension theorem.

3

1 (b) Consider the matrix :

7 1 -1
A=l-11 -3 2
18 2 —4

(1) Find the eigenvalue and the fundamental

eigenvectors of A.

(i) Is A diagonalizable? Justify your answer,

(¢) Find the reduced row echelon form matrix B of

the following matrix :

and then give a sequence of row operations that

convert B back to A.

(2) Let F, and F, be fields. Let F(F,, F,) denote

the vector space of all functions from F toF, A
function g e F(F,, F,) is called an even function

if g(—t) = g(t) for each t e F, and is called an odd

PTG



1204 4

function if g(-t) = —g(t) for each t € F,. Prove
that the set of all even functions in F(F, F,) and
the set of all odd functions in J(F +.F,) are
subspaces of F(F, F,).

(b) Let W, and W, be subspaces of a vector space
V.

(i) Prove that W, + W, is a subspace of V
that contains both W, and W,.

(ii) Prove that any subspace of V that
contains both W, and W, must also contain
W, +W,.

(¢} (i) Let S, and S, are arbitrary subsets of a vector
space V. Show that if §, ¢ S, then span(S,)
c span (S,).

(ii) Let F be any field. Show that the vectors
(1,1.0), (1,0,1) and (0,1,1) generate R

4. (a) Define a linearly independent subset of a vector
space V. Let S = {u;, Uy, u ) bea finite set of
vectors. Prove that S is linearly dependent if and
only if u, = 0 or u,,; € span ({ugs By eee u,}) for

some k, (1 € k < n).
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B

;(b) Let V be a vector space and B = {u;, Uy U}
be a subset of V. Prove that B is a basis for V
if and only if each v e V can be uniquely
expressed as a linear combination of vectors of B,
that is, can be expressed in the form v = au, 1

a,u, e EFE Gl for unique scalars Ay, gy ey By

(c) Let F be any field. Consider the following

subspaces of F7:
W, = {(a;, 2,85 2, a) € F'la —a;-a,= 0}
and

W, = {(a; a,, 84, 8y, a.) & F5Ia2=a3=a4=0,

ay <+ o= 0§

Find bases and dimension for the subspaces Wis

W, and W, M W

(a) Let V and W be vector spaces OVer a field F,
and let T: V —> W be a linear transformation. If
B = {vy ¥y g B 18 B basis for V then prove

that
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