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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt
of this question paper.

2. This question paper has six questions in all.

3. Attempt any two parts from each question.

1. (a) Show that a countable union of countable sets is countable. Deduce that the set
N X N is countable.

(b) State and prove the Archimedean property of real numbers.
(c) Let S be a non-empty bounded set in R,
Show that

Sup(aS)=aSupS ifa>0
& Inf(aS)=aSupSifa<0
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(d) Find all x € R that satisfy the following inequalities :
@) lx=1]>|x+1]
(i) [x| + |x + 1| < 2
(6,6)

. (a) Let A and B be two non-empty subsets of R that satisfy the property:
a<bVa€A&VbeRB
show that Sup A < Inf B.

(b)Use the definition of the limit of a sequence to establish the following limits
(1) Lt (3n+1) ik 3

2n+5 2

()Lt (Vn¥1-Vvn)=0

(c)IfLt (x,) = x > 0, show that 3 a natural no. k : if n > k, then
-;-x < X< 22

(d) Let < x, > be a sequence of positive real numbers such that
Lt (xnilﬂ) =1 <1, show that Lt (x,,) = 0. :
(6,6)

. (a) State and prove Monotone Convergence theorem.

(b) Establish the convcrgcnce or the divergence of the sequence < x, >, where

1
x"_;+—1 m'l‘ + ,nEN.

(c) State Cauchy Convergence Criteria for sequences.
Show that the sequcnce < x, >, where

=1+~ + + 1s a divergent sequence.

(d) State and prove the necessary condition for the convergence of an infinite series.

Is the condition sufficient ? Justify the answer.
(6.5,6.5)

. (a) Test for the convergence and absolute convergence of the series

1 1 1
1- &+ 5= 5+

ek
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(b) Show that the series Y, nir is a divergent series whenp < 1.
(c) Test for the convergence of the following series :
0) T2y (V3 1~ n'2)
(if) Ziea 5 o
(d) Test the series
2 4 6
14 x? ry xT + % + -+« for convergence, for all positive values of x .
(6,6)
(a) Prove that hm =0Vx ER.

o 1+ n?x?
Also prove that< Tiniz: > is not uniformly convergent on [0, 00 [, but is
uniformly convergenton [a,[,a >0.

(b) Discuss the convergence and uniform convergence of the series J, f; (x) where
fa(x) is given by (x? + n?)~1,

(c) Determine the radius of convergence and exact interval of convergence of the
power series Yoy € 1) (x e

(d) State and prove Weierstrass M — test for uniform convergence of a series of

functions J, f, (x), also test the uniform convergence of 3, 5‘-"::—":)& Vx €ER.

(6.5,6.5)

6. (a) Define exponential function in terms of power series. Prove that

(W) E'(x)=E(x)Vx €R
(E(x+y)=Ex)E(y)Yx,y €R.
()E(r)=¢e"VreqQ
where E denotes exponential function.
(b) Let f be a bounded real function defined on [a, b ]. Let P be any partition of
[a, b ]. Define the upper and lower sums of f over P and show that
m(b—a)<L(P,f) SUPf)SM(b-a)

(c) Show that the function f (x) = x2 + x is integrable on [ 0,1 ] and find
fol f(x) , using Sequential Criteria .
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(d) Let f be a bounded real function defined on [a, b ]. Let P be any partition of
[a, b ]. Define the upper and lower sums of f over P and show that
m(b-a)<L(Pf) SUMPf)sM(b—a)
where m and M are bounds of f over [a,b ].
(6.5, 6.5)
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