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Unique Paper Code:  12271102 

Name of the Paper:   Mathematical Methods for Economics I (For PwD) 

Name of the Course:   B.A. (Hons.) Economics (CBCS Core) 

Semester:    I 

Duration: 3 Hours 

Maximum Marks: 75 

 
Instructions for the candidates: 
 

1. Answers may be written either in English or in Hindi; but same medium should be used 
throughout the paper. 

2. There are six questions in all. Attempt any four. 
3. All parts of a question must be answered together. 
4. All questions carry equal (18.75) marks. 
5. Use of simple calculator is allowed. 

 
 

1. (a) Consider the proposition 1 < 𝑥! < 4.  

(i)  For what values of 𝑥 does the proposition hold true?  

(ii) Is the condition 1< 𝑥 < 2 necessary or sufficient or both necessary and 
sufficient for the proposition to be satisfied? 

(iii) Is the condition |𝑥| > 1 necessary or sufficient or both necessary and sufficient 
for the proposition to be satisfied? 

(c) Given 𝑎" +	
#!
!
+⋯	+ #"#!

$
+ #"

$%&
= 0, with 𝑎", 𝑎&, …	 , 𝑎$ as constants, prove that 

𝑎"𝑥 + 𝑎&𝑥! +⋯	+ 𝑎$𝑥$ = 0 has atleast one real root between 0 and 1. 

(c) (i) Find the intervals where 𝑓 is increasing/decreasing if 𝑓'(𝑥) = !(%)
(!/%

 . 

      (ii)  Find the intervals where 𝑓'(𝑥) is increasing/decreasing? 

      (iii) Find the local extreme values of 𝑓 (if any). 

(d)  Consider the following system of equations 

𝛼𝑥 + 𝑦 = 𝛽 

𝑥 + 𝛼𝑦 = 𝛽 

(i) For what values of 𝛼 and 𝛽, does the system of equations, not have a solution. 
(ii) For what values of 𝛼 and 𝛽, does the system of equations, have a unique 

solution. Also, find the solution in this case.  
(iii) For what values of 𝛼 and 𝛽, does the system of equations, have infinite 

solutions. 
(3, 5, 6, 4.75) 
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2. (a) (i) Solve for the set of all real numbers	𝑥  that satisfy  (&*(
(&%+(%!

> 0. 

      (ii) Find the domain and range of 𝑓(𝑥) = 6log+(3𝑥 − 4). 

(b) Given  𝑓(𝑥) = 3(𝑥 − 1), + 2𝑥+ + 𝑥 + 2. How many roots does this function have? 

(c) Consider a function 𝑓 that is differentiable for all 𝑥. Assume that 𝑓(2) = −3,        
𝑓'(2) = 5, 𝑓''(2) = 3 and 𝑓'''(2) = −8.  

 
(i) Write the third order Taylor’s polynomial for 𝑓 about 𝑥 = 2 and use it to 
approximate 𝑓(1.5). 

(ii) If |𝑓-(𝑥)| ≤ 3 for all 𝑥, prove that 𝑓(1.5) ≠ −5.  

(d) Solve the inequality 3( < &
+
 . Consider points 0 < 𝑥& < 𝑥! in the domain of 𝑓(𝑥) =

3( and prove that 
!!""!!#

#
> 3

!"$!#
# . 

(e) Examine whether the following system of equations have solutions. If they do, 
determine the number of degrees of freedom. 

𝑥& + 𝑥! + 2𝑥+ + 𝑥- = 5 

2𝑥& + 3𝑥! − 𝑥+ − 2𝑥- = 2 

4𝑥& + 5𝑥! − 3𝑥+ = 7 

(3, 3, 4, 4.75, 4) 

3. (a) A travel agent surveyed 100 people to find out how many of them had visited the 
cities of Jaipur and Alwar. Thirty-one people had visited Jaipur, 26 people had been to 
Alwar, and 12 people had visited both cities. Find the number of people who had 
visited:  
i. Jaipur or Alwar; 
ii. Alwar but not Jaipur  
iii. only one of the two cities;  
iv. neither city.  

(b) (i) Given 𝑔(𝑥) = 𝑎[𝑓(𝑥)]! + 𝑏𝑓(𝑥) + 𝑐, find elasticity of 𝑔(𝑥) and express it in 
terms of 𝑒, the elasticity of 𝑓(𝑥) w.r.t 𝑥.  

      (ii) Given the function 𝑓(𝑥) = 	5𝑥- + 9𝑥+ − 11𝑥! + 10, prove that the graph of f 
has a slope equal to 9, somewhere between 𝑥 = −1 and 𝑥 = 1. 
(c) Find the local maximum and minimum values of the cubic function                             
𝑓(𝑥) = &

-
𝑥+ −	𝑥! − &&

-
𝑥 +	&,

!
. Find the points of inflection (if any).  

(d) (i) Consider the three vectors 𝑣& = J
3
2
0
K , 𝑣! = J

3
1
3
K , 𝑣+ = J

5
0
2
K. Do they span 𝑅+? 
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(ii) Find the equation of the plane passing through the points 𝑎 = (1,1, −1, ), 

	𝑏 = (2, 0,2) and 𝑐 = 	 (0, −2,1). Where does it cut the axes?  

(3.75, 5, 5, 5) 

 

4. (a) Let A and B be sets. Prove A ⊆ B if and only if A ∪ (B/A) = B . 

(b) The population of a country grows according to the following function of time, t:                              
𝑃(𝑡) = 	 #

.%/ '
((*)	–	.23

#',. Given that   𝑃(0) = 𝑃", 

       (i) Find 45
46

.   

       (ii) Find the proportional rate of growth of the population. 

       (iii) Show that the population has a limiting value and find this value. 

(c)  Find the values of 𝑥 (if any) at which 𝑓 is not continuous and determine whether 
each such discontinuity is removable. 

𝑓(𝑥) =
𝑥! + 2𝑥 + 1
𝑥! + 4𝑥 + 3 

(d) For the function 𝑓(𝑥) = ,
(-*!(&%+

, find the intervals where the function is 
increasing/decreasing. Find the extreme points of 𝑓 and classify them as 
local/global. Find the asymptotes of the function.    

(e) Prove that (𝐷 + 𝐴𝐵𝐶)*& = 𝐷*& − 𝐷*&𝐴(𝐵*& + 𝐶𝐷*&𝐴)*&𝐶𝐷*&if (𝐵*& +
𝐶𝐷*&𝐴) ≠ 0 given that 𝐷 and 𝐵 are invertible matrices with dimensions 𝑛	X	𝑛 and 
𝑚	X	𝑚 respectively. Also, 𝐴 and 𝐶 are matrices with dimensions 𝑛	𝑋	𝑚 and 
𝑚	𝑋	𝑛	respectively.  

(3, 3, 4, 5.75, 3) 

 

5. (a) (i) Given𝑓(𝑡 + 2) = √𝑡! − 2𝑡 + 4, find 𝑓(𝑡).  

      (ii) What is the slope of the line tangent to the graph of 𝑦 = 3#.

(%&
 at 𝑥 = 1? 

(b) Find the domain of the function 𝑓(𝑥) = 	 78 (
(78 (*&)

. Show that f  has an inverse function 
𝑔 and find the expression for 𝑔.	 

(c) If 𝑥!𝑦 − 3𝑦! = 2𝑥, find 4;
4(

. Find the points at which the curve has vertical tangents. 
Check if the curve also has horizontal tangents. 

(d) Given 𝑓(𝑥) = Z(𝑥 − 1)
!, 𝑥 ≤ 0

𝑥 + 1, 𝑥 > 0 , for 𝑥	 ∈ [−3,3] 

      Is the function continuous? Is it differentiable? Does the Mean Value theorem hold? 
Find the absolute extreme values in the interval.  
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(e) The Leontief System for a two-sector economy is given as follows 

0.8𝑥& = 𝑏& 

−0.5𝑥& + 0.65𝑥! = 𝑏! 

(i) Find 𝑎&!	𝑎𝑛𝑑	𝑎!!	and interpret them. 
(ii) Assuming technology does not change find the change in the output of the two 

sectors if final demand of sector 1, 𝑏& increases by a unit. What happens to the 
output of the two sectors if final demand of both sectors increases by a unit 
each? 

(3, 4, 3, 4, 4.75) 

 

6. (a) Check if the following relations represent functions. 

(i) 𝑦 = 𝑥+ 

(ii) 𝑦! = 𝑥+ 

(b)  Find the values of 𝑚 if 𝑓(𝑥) = ((*<%!)&

(&*<(
 intersects its horizontal asymptote on the 

line 𝑥 − 𝑦 = 8.  

(c) Let 𝑈 be a concave function and g be a non-decreasing and concave function. Let 
the function 𝑓 be defined as 𝑓(𝑥) = 𝑔(𝑈(𝑥)) for all 𝑥. Is it possible that 𝑓 is a 
convex function? Under what circumstances will f be a concave function if 𝑔 is a 
non-increasing function? 

(d) Consider the function 𝑓(𝑥) = 𝑘𝑥+ − 27𝑥 + 6 with 𝑘 > 0. Find the local maximum 
and minimum values of the given function. What restriction on 𝑘 will ensure that 
𝑓(𝑥) has three distinct real roots? 

(e) For n dimensional vectors 𝑣&, 𝑣!, 𝑣+ and 𝑣-, prove/disprove the following: 

      (i) If 𝑣& +	𝑣! and 𝑣& −	𝑣! are linearly independent then 𝑣& and , 𝑣! are also linearly 
independent.  

      (ii) If 𝑣&, 𝑣! and 𝑣+ are linearly dependent but 𝑣& and 𝑣! are linearly independent 
then 𝑣+ is a linear combination of 𝑣& and 𝑣!. 

      (iii) If 𝑣- is a linear combination of 𝑣&, 𝑣! and 𝑣+ and 𝑣+ is a linear combination of 
𝑣& and 𝑣!, then 𝑣&, 𝑣! and 𝑣- are linearly dependent.  

(2, 4, 3, 5, 4.75) 
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Duration: 3 Hours 

Maximum Marks: 75 

Instructions for the candidates: 

1. Answers may be written either in English or in Hindi; but same medium should be used 
throughout the paper. 

2. There are six questions in all. Attempt any four. 
3. All parts of a question must be answered together. 
4. All questions carry equal (18.75) marks. 
5. Use of simple calculator is allowed. 

 
"व$या'थ)य* के -लए 0नद3श: 

1. उ9र अ=ंेजी या @हदंB माDयम मE -लखे जा सकत ेहI; लेKकन सभी उ9र एक हB माDयम मE 
होने चा@हए।  

2. इस $%न-प) मे कुल छह $%न ह1। 3क4ह5ं चार $%न: के उ<र द5िजये।  
3. एक RSन के सभी भाग* के उ9र एक हB साथ दE।  
4. सभी RSन* के अकं समान (18.75) हI।  
5. साधारण कैलकुलेटर का उपयोग Kकया जा सकता है। 

 
Q1. (a) For the given equation 

   𝑦 = !!"#
$!"%

 

 (i) Find the all-possible asymptotes 

  (ii) Is it continuous everywhere? Is it differentiable everywhere? 

  (iii) Find the region(s) of increase and decrease of 𝑦. 

  (iv) Find the inflection point(s) if they exist. Find the intervals(s) of concavity  
   and convexity. 

  (v) Does it have a global maximum or minimum? Why and why not? 

  (vi) Find all possible local maxima and minima if they exist. 

 2 

  (vii) Sketch the graph.       (14) 

 (b) Find the domain of        (2) 

   𝑓(𝑥) = '&
!
− √𝑥 + 1 

 (c)   Consider the following system of equations: 

   𝑎𝑥& + 𝑏𝑥$ = 𝑝 

   𝑐𝑥& + 𝑑𝑥$ = 𝑞 

   𝑒𝑥& + 𝑓𝑥$ = 𝑟 

 Write down the augmented matrix. If the augmented matrix is row equivalent to 
 identity matrix, then is the system of equations consistent? Justify your answer. 
           (2.75) 

(a) 0नaन-लbखत समीकरण के -लए:  

𝑦 =
𝑥$ − 3
2𝑥 − 4 

 (i) सभी संभव अनcतdपशeय* (asymptotes) को nात कoिजए।  

  (ii) qया यह सव)r सतत है? qया यह सव)r अवकलनीय है? 

  (iii) 𝑦 मE व$ृ'ध और vास के wेr(r*) को nात कoिजये।  

(iv) अगर "वभिqत (inflection) }बcद ु "व$यमान हI, तो उनको nात कoिजये। 
अवतलता और उ9लता के अतंराल(ल*) को nात कoिजये।    

  (v) qया इसके कोई �लोबल उि#च%ट या *नि,न%ट हI? य@द हI तो, qय* है  
   और नहBं हI, तो qय* नहBं हI? 

  (vi) अगर dथानीय उि#च%ट अथवा *नि,न%ट "व$यमान हI, तो उन सभी को  
   nात कoिजये।  

 (vii) रेखा-'चr बनाइये।  

 (b) 0नaन-लbखत का अनwुेr (डोमेन) nात कoिजए।       

   𝑓(𝑥) = '&
!
− √𝑥 + 1 
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 (c)  0नaन-लbखत समीकरण पदय0त पर "वचार कoिजये।  

   𝑎𝑥& + 𝑏𝑥$ = 𝑝 

   𝑐𝑥& + 𝑑𝑥$ = 𝑞 

   𝑒𝑥& + 𝑓𝑥$ = 𝑟 

संव'ध)त आ�यहू -लखE। य@द संव'ध)त आ�यहू त�समक आ�यहू के पंिqत समकw हो 
तो qया समीकरण* कo यह पदय0त ससुंगत है? अपने जवाब का औ'च�य सा}बत 
कoिजये।        

 

Q2. (a) A bus has a total capacity of 60 people. The relation between the numbers of  
 people per trip (𝑥) to the fare charged (𝑝 rupees) is given by		𝑝 = [3 − 9 !

%'
:]$.   

Write an expression for total revenue 𝑅(𝑥) per trip received by the bus company. 
Find the number of people per trip that will maximize the revenue.  (4) 

(b) Suppose that the two functions, 𝑓and 𝑔, are differentiable on an interval [𝑎, 𝑏] and 
we have 𝑓(𝑎) = 𝑔(𝑎) and 𝑓(𝑏) = 𝑔(𝑏). Show that there is at least one point 
between 𝑎 and 𝑏 where the tangents to the graphs of 𝑓and 𝑔 are parallel. (4) 

 (c) Show that the tangent to the curve 𝑦 = 𝑥# at any point (𝑐, 𝑐#) meets the curve 
 again at z point where the slope is four times the slope at (𝑐, 𝑐#).  (4) 

(d) Determine if the following function has an inverse.               (2.75) 

   𝑓(𝑥) = |𝑥 + 4| − |𝑥 − 4| 

(e) For what values of p, the given system of equations below has a unique solution 

           (𝑝 + 1)𝑥 + (𝑝 + 1)𝑦 = 𝑞 

    4𝑥 + (𝑝 + 4)𝑦 + (𝑝 − 1)𝑧 = 1 

              3𝑥 + 5𝑦 + (𝑝 − 1)𝑧 = −3 . 

  What conditions must 𝑞 satisfy for the system to have a solution when 𝑝 = 1 

  Find that solution.        (4) 

  

    (a) एक बस क1 कुल 4मता 60 9यि:त है। >*त ?@प 9यि:तयB क1 संDया (𝑥) का Eकराए (𝑝 Gपये) 

के साथ संबंध		𝑝 = [3 − 9 !
%'
:]$ के Kवारा ?दया गया है। बस कंपनी Kवारा >*त ?@प >ाPत 
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कुल राजRव 𝑅(𝑥) के Sलए एक अSभ9यि:त SलखW। >*त ?@प लोगB क1 वह संDया Yात 

कoिजये िजससे अZधकतम राजRव >ाPत हो। 

   (b) मान लBिजये Kक 𝑓 और 𝑔, अतंराल (𝑎, 𝑏) पर अवकलनीय है और 𝑓(𝑎) = 𝑔(𝑎) 

  तथा 𝑓(𝑏) = 𝑔(𝑏) है। @दखाइए Kक a और b के बीच कम से कम एक   

  }बदं ुहै जहाँ f  और g के =ाफ* कo dपश)रेखाएं समानांतर हI। 

 (c) @दखाइए Kक व� 𝑦 = 𝑥# कo Kकसी भी }बcद ु(𝑐, 𝑐#) पर dपश)रेखा उस व� को 
 उस }बcद ुz पर पनुः -मलती है जहाँ का ढाल, (𝑐, 𝑐#) पर ढाल का चार गुना 
 है।   

(d) य@द 0नaन-लbखत फलन का कोई वयु��म है तो 0नधा)�रत कoिजये:  

   𝑓(𝑥) = |𝑥 + 4| − |𝑥 − 4| 

(e) p के Kकन म�ूय* के -लए, समीकरण* कo नीचे दB गई प$य0त का एक अ$"वतीय 
  हल है: 

           (𝑝 + 1)𝑥 + (𝑝 + 1)𝑦 = 𝑞 

    4𝑥 + (𝑝 + 4)𝑦 + (𝑝 − 1)𝑧 = 1 

              3𝑥 + 5𝑦 + (𝑝 − 1)𝑧 = −3 . 

  जब 𝑝 = 1 हो तो प$य0त के हल के -लए के -लए q को Kकन शत� को परूा  
  करना चा@हए। वह हल nात कoिजये।       

Q3. (a) A function f and its derivative take on the values shown in the table. If g is  
  the inverse of  f , find 𝑔((6) 

  
𝑥 𝑓(𝑥) 𝑓‘(𝑥) 
2	 6	 1/3	
6	 8	 3/2	

           (4) 

 (b) For 0 < 𝑎 < 1,	find the optimum value(s) of the function 𝑓(𝑥) = 𝑥𝑎!. (4) 

 (c) The elasticity of a function 𝑦 = 𝑓(𝑥) is given as 	𝜌. Then find the elasticities of the

 total function,  𝑥𝑓(𝑥), and the average function 
!(#)
#
	 in terms of  𝜌 .  
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Also find the values of 𝜌 for which the total function and the average function can 
have their respective maximums.      (4) 

(d) Let 𝐿&: 2 + 𝑡, −𝑡, 2 − 𝑡 and 𝐿$: −1 − 2𝑠, 𝑠	,2 + 3𝑠,. be two lines. Show that 
𝐿&	and	𝐿$ do not intersect. The line 𝐿# passes through the point 𝑃	(1, 1, 3) and its 
direction is perpendicular to the directions of both 𝐿&	and	𝐿$. Obtain parametric 
equations for	𝐿#. Find the coordinates of point 𝑄 where 𝐿#	and	𝐿$ intersect and 
verify 𝑃 lies on 𝐿&.        (3.75) 

(e) If a quantity 𝐴 is growing exponentially over the time, and 𝐴&, 𝐴$ are the values at 
times	𝑡&and 𝑡$ respectively, then find the growth rate of the quantity in terms of 
𝐴&	and	𝐴$.          (3) 

 

Q3. (a) एक फलन f और इसके अवकलज के मान नीचे ता-लका मे दशा)ये गए हI। य@द g, 
  f का �य�ु�म हो तो g((6) nात कoिजये।  

  
𝑥 𝑓(𝑥) 𝑓‘(𝑥) 
2	 6	 1/3	
6	 8	 3/2	

           

 (b) 0 < 𝑎 < 1,	के -लए फलन 𝑓(𝑥) = 𝑥𝑎! का इ�टतम मान nात कoिजये।  

 (c)   एक फलन, 𝑦 = 𝑓(𝑥), कo लोच 	𝜌 से दB गयी है। 𝜌 के पद* मे कुल फलन, 
 𝑥𝑓(𝑥), और औसत फलन, )(!)

!
	, कo लोच nात कoिजये। 𝜌 के उन मान* को भी 

 nात कoिजये िजनके -लए कुल फलन और औसत फलन के अपने संबं'धत उि#च%ट 
 हो सकत ेहI।      

(d) मान लBिजये Kक 𝐿&: 2 + 𝑡, −𝑡, 2 − 𝑡 और 𝐿$: −1 − 2𝑠, 𝑠	,2 + 3𝑠 द* रेखाएँ हI। 
@दखाये Kक 𝐿&	और 𝐿$ परdपर काटत ेनहBं हI। रेखा 𝐿# }बcद ु 𝑃	(1, 1, 3) से होकर 
गुजरती है और इसकo @दशा 𝐿&	और 	𝐿$ दोन* कo @दशाओ ं के लaबवत है। 
𝐿#	के	-लए	परैामी@�क	समीकरण	nात	कoिजये।	 }बcद ु𝑄, जहाँ Kक 𝐿&	और 𝐿$ परdपर 
काटत ेहI, के 0नद3शांक nात कoिजये और Rमाbणत कoिजये Kक 𝑃, 𝐿&	पर है।   

(e) य@द समय के साथ एक माrा A घातांकoयता (exponentially) से बढ़ रहB हो, और 
𝐴&, 𝐴$ �मशः 𝑡& और 𝑡$ समय पर इसके मान ह*, तो 𝐴& और 𝐴$ के पद* मE माrा 
कo व$ृ'ध दर nात करE। 
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Q4. (a) Determine if the function 𝑓(𝑥) = 𝑒"!
!
$,  is concave or convex in x. Find the local  

   maxima, minima, and inflection points. Sketch the graph. Does it have a global  
  maximum, minimum?        (4.75) 

 (b) Given that 𝑓(( is continuous on [𝑎, 𝑏] and 𝑓 has three zeros in the interval. Show  
  that 𝑓(( has at least one zero in (𝑎, 𝑏).     (3) 

(c) Find the equation of the tangent lines to the inverse at the given point 
  𝑓(𝑥) = "-"#$

!!.&
    at (-1,0) 

  𝑔(𝑥) = 7𝑥# + (ln 𝑥)#  at (7,1)     (5) 

(d) Let 𝑛 be an odd positive integer. Determine whether there exists an 𝑛	𝑥	𝑛 real 
matrix  such that 

      𝐴$ + 𝐼 = 0 , 

  where 𝐴	is an 𝑛	𝑥	𝑛 matrix, 𝐼 is identity matrix, and 0 is a null matrix. (3) 

(e) Let 𝐴 and 𝐵	are 𝑛	𝑥	𝑛 matrices with real entries. Given that 𝐴 + 𝐵 is invertible, 
show that 

   𝐴(𝐴 + 𝐵)"&𝐵 = 𝐵(𝐴 + 𝐵)"&𝐴     (3) 

 

 (a) *नधा[\रत क1िजये Eक फलन 𝑓(𝑥) = 𝑒"!
!
$,  , x मE अवतल है या उ9ल। dथानीय अ'धकतम 

  और dथानीय cयनूतम और "वभिqत के }बदं ु(}बcदओु)ं को nात करE। रेखा-'चr  

  बनाइये। qया इसका �लोबल उि#च%ट, (नि*न%ट है?    

 (b) @दया गया है Kक 𝑓(( [𝑎, 𝑏] पर सतत है और 𝑓 के अतंराल मे तीन शcूय हI।  
  @दखाइये कo 𝑓(( कo (𝑎, 𝑏) मे cयनूतम एक शcूय है।      

(c) @दये गए }बcदओु ंपर �य�ु�म से dपशe रेखाओ ंकo समीकरण nात कoिजये:  

  𝑓(𝑥) = "-"#$

!!.&
     }बcद ु(-1,0) पर  

  𝑔(𝑥) = 7𝑥# + (ln 𝑥)#  }बcद ु(7,1) पर    
  

(d) मान लBिजये कo 𝑛 एक "वषम धना�मक पणूा�क है। 0नधा)�रत कoिजये Kक qया एक 
𝑛	𝑥	𝑛 वाdत"वक आ�यहू "वDयमान है, ताKक: 

m
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      𝐴$ + 𝐼 = 0 , 

   

   जहाँ 𝐴	एक 𝑛	𝑥	𝑛 आ�यहू, 𝐼 त�समक आ�यहू, और 0 एक शcूय (null) आ�यहू  
  है।  

(e) मान लBिजये Kक 𝐴 और 𝐵	 𝑛	𝑥	𝑛 वाdत"वक R"वि�टय* वाले आ�यहू हI। @दया गया 
है Kक 𝐴 + 𝐵 Rती�य (invertible) है, तो @दखाये Kक  

   𝐴(𝐴 + 𝐵)"&𝐵 = 𝐵(𝐴 + 𝐵)"&𝐴   

 

Q5. (a) Let			𝑓(𝑥) = 𝑥/(1 − 𝑥)0, where 𝑚 and 𝑛 are integers greater than 1. Show that 

𝑦 = 𝑓(𝑥)  has a stationary point in the interval 0 < 𝑥 < 1.	Show that this 
stationary point is maximum if 𝑛	is even and a minimum if 𝑛 is odd. (5)  

 (b) Suppose the population 𝐴(𝑡) of a species grows exponentially so that  

   𝐴(𝑡) = 𝐴(0)𝑒12, 

Where 𝐴(0) is the initial population, 𝑡 is the number of years and 𝑟 is a positive 
constant. Now answer the following questions. 

  (i)  If the population doubles in 𝑛 years, find 𝑛. 

  (ii) Show that the above function can be written as 𝐴(𝑡) = 𝐴(0)2
%
&  (5) 

(c) Let 𝑤&	 and	𝑤$ be two vectors in		𝑅0. Moreover, they are of unit length i.e. ||𝑤&|| =
||𝑤$|| = 1 and their dot product is given by		𝑤&. 𝑤$ = 𝑤&(𝑤$ = −1/2, where		𝑤&(  is 
the transpose of 𝑤&. Find the length of (𝑤& −𝑤$) i.e. ||𝑤& −𝑤$||.  (4.75) 

 (d) Let 𝑢&	and	𝑢$ be two 𝑛𝑥1 column vectors. Prove that 𝑡𝑟(𝑢&𝑢$( ) = 𝑢&(𝑢$ (4) 

  

(a) मान लBिजये 	𝑓(𝑥) = 𝑥/(1 − 𝑥)0, जहाँ m और n, 1 से अ'धक मान वाले पणूा�क 
  हI। @दखाइये Kक 𝑦 = 𝑓(𝑥)  का अतंराल 0 < 𝑥 < 1	 मE एक िdथर }बदं ुहै। @दखाइए 
  Kक अगर n सम है तो यह िdथर }बदं ुउि#च%ट है और य@द n "वषम है तो यह  
  *नि,न%ट है ।   

 (b) मान लBिजये Kक एक Rजा0त कo जनसं¢या 𝐴(𝑡) मे इस Rकार घातांकoय व$ृ'ध  
  होती है, Kक  

 8 

      𝐴(𝑡) = 𝐴(0)𝑒12 

जहाँ, 𝐴(0) Rांर-भक जनसं¢या है, 𝑡 वष� कo सं¢या है और 𝑟 एक धना�मक 
िdथरांक है। 0नaन-लbखत RSन* के उ9र दBिजये:   

  (i)  य@द 𝑛 वष� मे जनसं¢या दोगुनी हो जाती है, तो 𝑛 nात कoिजये।  

  (ii) @दखाइये Kक उपरोqत फलन को इस Rकार भी -लखा जा सकता है:  

     𝐴(𝑡) = 𝐴(0)2
%
&   

(c) मान लBिजये Kक 𝑤&	 and	𝑤$ 		𝑅0 मE दो वेqटर है। इसके अलावा वे इकाई लंबाई 
के हI अथा)त ||𝑤&|| = ||𝑤$|| = 1 और उनकo डॉट गुना		𝑤&. 𝑤$ = 𝑤&(𝑤$ = −1/2 
के $वारा दB गयी है। जहाँ 𝑤&(, 𝑤& का पwाcतर है। (𝑤& −𝑤$) अथा)त ||𝑤& −𝑤$|| 
कo लंबाई nात कoिजये।  

 (d) मान लBिजये Kक 𝑢&	and	𝑢$ दो 𝑛𝑥1 dतaभ वेqटर हI। -स$ध कoिजये Kक  
     𝑡𝑟(𝑢&𝑢$( ) = 𝑢&(𝑢$  

 

Q6. (a) An epidemic spread through a community in such a way that 𝑡	weeks after its  
  outbreak, the number of residents who have been infected is given by the function 

   𝑓(𝑡) = 4'''
&.444-"%

 , 

where 9000 is the total number of susceptible residents. Show that the epidemic is 
spreading most rapidly when half the susceptible residents have been infected. 
What happens over time? Sketch the graph.     (4) 

(b) Let 𝑢, 𝑣, 𝑤	be three vectors in 𝑅0. Suppose that vectors 𝑢, 𝑣 are orthogonal and the 
norm of 𝑣 is 4 and 𝑣(𝑤 = 7. Find the value of the real number 𝑥 in 𝑢 = 𝑣 + 𝑥𝑤. 

(4) 

(c) Let 𝐴 be an 𝑛	𝑥	𝑛 nonsingular matrix of linear transformation. Let 𝑣&and	𝑣$ be 
linearly independent vectors in 𝑅0.	Prove that the vectors 𝐴𝑣&	and	𝐴𝑣$	are linearly 
independent.         (4) 

 (d) Show that 𝑥 − !!

$
< ln(1 + 𝑥) < 𝑥 − !!

$(&.!)
   for 𝑥 > 0   (2.75) 

 (e) Test the convergence of the series 

   Σ05&6 9 0.7
0√0.#

:			       (4)\ 
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 (a) एक महामारB सामदुा0यक dतर पर इस Rकार फैलती है Kक इसके श¦ु होने के  
  𝑡	ह§त* बाद सं�-मत 0नवा-सय* कo सं¢या को अ=-लbखत फलन के $वारा @दया  
  जाता है: 

     𝑓(𝑡) = 4'''
&.444-"%

  , 

जहाँ अ0तसंवेदनशील 0नवा-सय* कo कुल सं¢या 9000 है। @दखाइये Kक महामारB 
उस समय सवा)'धक ती¨ता से फैलती है जब आधे अ0तसंवेदनशील 0नवासी सं�-मत 
हो जातE हI। समय बीतने के साथ qया घ@टत होता है? रेखा-'चr बनाइये।  

(b) मान लBिजये Kक 𝑢, 𝑣, 𝑤			𝑅0 मE तीन वेqटर है। मान लBिजये Kक 𝑢, 𝑣 वेqटर 
आयतीय हI और 𝑣 का नोम) 4 है और 𝑣(𝑤 = 7	।	वाdत"वक सं¢या 𝑥 का मान 
𝑢 = 𝑣 + 𝑥𝑤	 मE nात कoिजए।  

 

(c) मान लBिजये Kक 𝐴 एक  𝑛	𝑥	𝑛 वाला रैbखक प�रवत)न का �य�ु�मणीय (non-
singular) आ�यहू है। मान लBिजये Kक 𝑣&और	𝑣$ 𝑅0 मE रैbखक ¦प से dवतंr 
वेqटर हI। -स$ध कoिजये Kक वेqटर 𝐴𝑣&	और	𝐴𝑣$	 रैbखक ¦प से dवतंr हI।  
     

 (d) @दखाइये Kक,  𝑥 − !!

$
< ln(1 + 𝑥) < 𝑥 − !!

$(&.!)
   for 𝑥 > 0    

 (e) 0नaन-लbखत ©ृंखला के अ-भसरण कo जांच कoिजये।   

   Σ05&6 9 0.7
0√0.#

:			        
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