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Attempt any four questions. All questions carry equal marks. All symbols have usual meaning. 

1. If 𝑃௡(ℝ) denotes the space of all polynomials of degree 𝑛 or less with coefficients in ℝ 
and if  𝑇: 𝑃ଵ(ℝ)  →  𝑃ଶ(ℝ) is a linear transformation such that 𝑇(𝑥 + 1) = 𝑥ଶ − 1 and          
𝑇(𝑥 − 1) = 𝑥ଶ + 𝑥, what is 𝑇(7𝑥 + 2)? Show that {𝑥 + 1, 𝑥 − 1} is a basis of a 𝑃ଵ(ℝ). 

Let a linear transformation 𝑇: ℝଷ → ℝଷ be defined as 𝑇(𝑎, 𝑏, 𝑐) = (𝑎 + 𝑐, 𝑎 + 𝑏 +

2𝑐, 2𝑎 + 𝑏 + 3𝑐). Find a basis for the null space of T and a basis for the range space of T. 
Verify dimension theorem. Is T one-one? Is T onto? 

2. Let a linear transformation 𝑇: ℝଶ → ℝଷ be defined as 𝑇(𝑥, 𝑦) = (𝑥 − 2𝑦, 2𝑥 + 𝑦, 𝑥 + 𝑦).   
Let 𝛽 = {(1, −1), (0,1)}  and 𝛾 = {(1,1,0), (0,1,1), (1, −1,1)} be bases of ℝଶ and ℝଷ, 

respectively. Find the matrix of T with respect to 𝛽 and 𝛾, that is [𝑇]ఉ
ఊ

.  If 𝛽ᇱ and 𝛾ᇱ 

denote the standard basis of  ℝଶ and ℝଷ, respectively then find  [𝑇]
ఉᇲ
ఊᇲ

. What is the 

relation between the two matrices? 

3. Can the polynomial  6𝑥ଷ − 3𝑥ଶ + 𝑥 + 2  be expressed as a linear combination of the 
polynomials  𝑥ଷ − 𝑥ଶ + 2𝑥 + 3  and  2𝑥ଷ − 3𝑥 + 1  in 𝑃ଷ(ℝ)? Justify. 

Determine if the set   

ቄቀ
1 0

−2 1
ቁ , ቀ

0 −1
1 1

ቁ , ቀ
−1 2
1 0

ቁ , ቀ
2 1
2 −2

ቁቅ 

in  𝑀ଶ×ଶ(ℝ) is linearly independent or linearly dependent, where 𝑀ଶ×ଶ(ℝ)  is the set of 
all 2 × 2 matrices over  ℝ. Justify. 

Let 𝑆 = {(1,1,0), (1,0,1), (0,1,1)} be a subset of the vector space 𝐹ଷ. Prove that if 𝐹 = ℝ, 
then S is linearly independent and if F has characteristic 2, then S is linearly dependent.  

4. Determine if the polynomials 𝑥ଶ + 𝑥 + 1,  2𝑥ଶ + 3𝑥 − 1  and −𝑥ଶ − 𝑥 + 5  generate 
𝑃ଶ(ℝ).  Justify. 

What is the standard basis in 𝑃௡(𝐹)? For a fixed 𝑎 ∈ ℝ, determine the dimension of the 
subspaces of 𝑃௡(ℝ) defined by  {𝑓 ∈ 𝑃௡(ℝ): 𝑓(𝑎) = 0}.  
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5. Show that 𝑆 = {𝑎 + 𝑖𝑏 ∶ 𝑎, 𝑏 ∈ ℤ, 𝑏 is even}  is a subring of ℤ[𝑖] but not an ideal of ℤ[𝑖].  
Further, with complete explanation, find the number of elements in ℤ[𝑖] 〈3 + 𝑖〉⁄ .  Find all 
maximal ideals in ℤ଼. 

6. Show that the field ℤଷ[𝑖] is ring isomorphic to the field  
ℤయ[௫]

〈௫మାଵ〉
.      

Determine all ring homomorphism from ℤଶ଴ to ℤଷ଴. 
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