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(a) Write youir Roll No. on the top immediately
on receipt of this question paper.

(b) Attempt any two parts from each question.

1. (a) Define a metric space. Let p > 1. Define

1/p
Xi _Yilp) »
X (xl’ xz; seny xn), y = (y]’ YQ1 oy yn) e Rn e Show
that (R",dp) is a metric space.

d :R"xR" >R as dp(x,y)=(zi“=1
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When is a metric space said to be completé ?

Is discrete metric space complete ? Justify.

6.5

Let (X, d) be a metric space. Define d,: X x X
d(x,y)

1+d(x,y)

Prove that d, is a metric on X and d, is
equivalent to d. TP e < A

—Rbyd, (xy)= , for all x, yeX.

Prove that every open ball in a metric space
(X, d) is an open set in (X, d). What about °

the converse ? Justify. 6

Define a homeomorphism from a metric

space (X,dl) to a metric space (Y, dz)” . Show
that the function f:R — ] -1, 1] defined by

4 X
f(x)= 1 +|x| is a homeomorphism.
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Let (X, d) be a metric space and let A, B be
non-empty subsets of X. Prove that : 6
@ (ANB) =A°NB°

(i) AUB=AUB

Let (X, d) be a metric space and Fg_X. Prove

that the following statements are equivalent :

6
(i) xeF |
(ii) S(x,e)NF#¢, for every o;ﬁeﬁ ball S(x, ¢)
centred at x
(iii) There exists an infinite sequence {x } of point
(ndt necessarily distinct) of F such that
x, = X

Let (X,d) be a metric space and FSX. Prove
that F is closed in X if and only if F€ is open in X,

where F€is complement of F in X.

3 2.1,
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Let (X,d) be'a metric space such that for
every nested sequence {F,} ., of non-empty

closed subsets of X satisfying d(F ) — 0 as

a0

n — o, the intersection 1},

F, contains
exactly one point. Prove that (X,d) is

complete. 6

Let f be a mapping from a 'metric space
(X, d,) to a metric space (Y, d,). Prove that
fis continuous on X if and only if f! (G) is
open in X for all open subseﬁs GofY. 6.5
Let (X, d,) and (Y, d,) be two metric spaces.
Prove that the following statements are
equivalent : 6.5
(i) f is continuous on X

(ii) mg £7'(B), for all subsets B of Y

(iii) f(K)g f(A), for all subsets Aof X ..
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Define uniform continuity of a function f from
é metric space (X, d,) to a metric space
(Y, d,). Let ( X, d) be a metric space and A be
a non-empty subset of X. Show that the
functionf: (X, d) - R defined as f (x) = d (x, A),
for all xeX, is uniformly continuous on X.

6.5

State and prove contraction mapping

theorem. v 6

(1) LetY be a non-empty subset of a metric
space (X, d) and (Y,d) be complete,
where d_is restrictionofd toY x Y. Prove

that Y is closed in X. 3

(ii) Let A be a non-empty bounded subset of

a metric space (X, d). Prove that

d(A)=d(A). 3
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(c)

(a)

Let (X, d) be a metric space. Then prove that
following statements are equivalent :
1.5%x4=6

(i)‘ (X, d) is disconnected.

(ii) There exist two non-empty disjoint
subsets A and B, both open in X, 'such
that X = AUB.

(ili) There exist two non-empty disjoint
subsets A and B, both closed in X, such
that X = AB.

(iv) There exists a proper subset of X, which

is both open and closed in X.

Let (]R', d) be the space of real numbers with
the usual metric. Show that a connected
subset of R must be an interval. Give
example of two connected subsets of R such
that their union is disconnected.

6.5
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Let (X, d) be a metric space and Y be a subset
of X. If Y is compact subset of (X, d), then
prove that Y is closed. 6.5

Let f be a contimious function from a

compact metric space (X,d,) to a metric space °

(Y, d,). Prove that f'is uniformly continuous

on X.
6.5
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