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 APPLIED MATHEMATICS

1.0 Objectives 

 After going through this chapter, students will able to learn  

• Concept of adjoint of a matrix.  

• Perform the matrix operations of addition, multiplication and express a 
system of simultaneous linear equations in matrix form. 

• Determine whether or not a given matrix is invertible and if it is, find its 
inverse 

• Rank of a matrix and methods finding these 

• Solve a system of linear equations by row-reducing its augmented form 

• Characteristics roots and characteristics vectors 

• Reduction of matrix to a diagonal matrix 

1.1 Introduction 

A matrix is a rectangular arrangement of numbers into rows and columns. 
Matrices provide a method of organizing, storing, and working with mathematical 
information. We shall mostly be concerned with matrices having real numbers as 
entries. The horizontal arrays of a matrix are called its rows and the vertical arrays 
are called its columns. A matrix having m rows and n columns is said to have the 
order m × n. 

The numbers in a matrix can represent data, and they can also represent 
mathematical equations. Matrices have an abundance of applications and use in the 
real world. Matrices have wide applications in engineering, physics, economics, 
and statistics as well as in various branches of mathematics. In computer science, 
matrix mathematics lies behind animation of images in movies and video games. 
Matrices provide a useful tool for working with models based on systems of linear 
equations.  

Definitions: A system of m x n numbers arranged in the form of an ordered set of 
m horizontal lines called rows & n vertical lines called columns is called an m x n 
matrix.  
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A matrix A of order m × n can be represented in the following form 

                 

[
 
 
 
 
𝑎𝑎11 𝑎𝑎12………… . 𝑎𝑎1𝑛𝑛
𝑎𝑎21 𝑎𝑎22………… . 𝑎𝑎2𝑛𝑛
…… …………… . . ……
…… ……………… …… .
𝑎𝑎𝑎𝑎1 𝑎𝑎𝑎𝑎2……… . . 𝑎𝑎𝑎𝑎𝑛𝑛]

 
 
 
 
 

where aij is the entry at the intersection of the ith row and jth column 

Matrices are generally denoted by capital letters and the elements are generally 
denoted by corresponding small letters. 

1.2  Types of Matrices 

1. Transpose of Matrix: Let A be an (m x n) matrix. Then, the matrix obtained 
by interchanging the rows and columns of A is called the transpose of A, 
denoted by A’ or AT. Thus, if A = [ aij ]m x n then A’ = [aij]n x m 

 eg. If A = [ 2 −4 8
−3 5 9] then A’ = [

2 −3
−4 5
8 9

] 

 Note:  1.  If A is any matrix, then (A’)’ = A 

 2.  If A is any matrix and k is scalar, then (kA)’ =k A’ 

 3.  If A and B are two matrices of same order then (A + B)’ = A’ + B’ 

2. Determinant of a square matrix: Corresponding to each square matrix 

 A = [

𝑎𝑎11 𝑎𝑎12 𝑎𝑎13……… 𝑎𝑎1𝑛𝑛
𝑎𝑎21 𝑎𝑎22 𝑎𝑎23……… 𝑎𝑎2𝑛𝑛
…… …… …………… ……
𝑎𝑎𝑛𝑛1 𝑎𝑎𝑛𝑛2 𝑎𝑎3𝑛𝑛 ……… 𝑎𝑎𝑛𝑛𝑛𝑛

] 

 There is associated an expression, called the determinant of A, denoted by 
det A or |𝐴𝐴|, written as 

 det A = |𝐴𝐴| =  |

𝑎𝑎11 𝑎𝑎12 𝑎𝑎13……… 𝑎𝑎14
𝑎𝑎21 𝑎𝑎22 𝑎𝑎23……… 𝑎𝑎24
…… …… …………… ……
𝑎𝑎𝑛𝑛1 𝑎𝑎𝑛𝑛2 𝑎𝑎𝑛𝑛3……… 𝑎𝑎𝑛𝑛𝑛𝑛

| 

 A matrix is an arrangement of numbers and so it has no fixed value, while 
each determinant has a fixed value. A determinant having n rows and n 
columns is known as a determinant of order n.  The determinants of non-
square matrices are not defined. 
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 Value of a determinant of order 1: The value of a determinant of a (1 x 1) 
matrix [a] is defined as |𝑎𝑎|=a. 

 Value of a determinant of order 2:  ቚ𝑎𝑎11 𝑎𝑎12
𝑎𝑎21 𝑎𝑎22ቚ = (a11.a22 x a21.a12) 

 Value of a determinant of order 3 or more: For Finding the value of an 
order 3 or more, we need following definitions. 

 Minor of aij in |࡭ |ǣ  Minor of aij in |𝐴𝐴 |defined as the value of the 
determinant obtained by deleting the ith row and jth column of |𝐴𝐴 | is denoted 
by Mij. 

  Cofactor of aij in |࡭ |ǣ  The cofactor Cij of an element aij is defined as 

  Cij = (-1)i+ j . Mij 

 Eg. 1 Find the minor and cofactor of each element of A = อ
1 −3 2
4 −1 2
3 5 2

อ 

 Sol: The minors of the elements of A are given by, 

 M11 = ቚ−1 2
5 2ቚ= -2-10= -12 M12 = ቚ4 2

3 2ቚ= 8-6= 2  

 M13 = ቚ4 −1
3 5 ቚ= 20 +3= 23 M21 = ቚ−3 2

5 2ቚ= -6-10= -16 

 M22 = ቚ1 2
3 2ቚ= 2- 6= -4  M23 = ቚ1 −3

3 5 ቚ= 5+9= 14 

 M31 = ቚ−3 2
−1 2ቚ= -6+2= -4 M32 = ቚ1 2

4 2ቚ= 2-8= -6 

 M33 = ቚ1 −3
4 −1ቚ= -1+12= 11 

 SO, the cofactors of the corresponding elements of A are, 

 C11 = (-1)1+1 .M11 = M11 = -12; C12 = (-1)1+2 .M12 = -M12 = -2; 

 C13 = (-1)1+3 .M13 = M13 = 23; C21 = (-1)2+1 .M21 = -M21 = 16; 

 C22 = (-1)2+2 .M22 = M22 = -4; C23 = (-1)2+3 .M23 = -M23 = -1; 

 C31 = (-1)3+1 .M31 = M31 = 4; C32 = (-1)3+2 .M32 = -M32 = 6; 

 C33 = (-1)3+3 .M33 = M33 = 11; 

 Value of Determinant: The value of determinant is the sum of the products 
of elements of a row (or a column) with their corresponding cofactors.  

 We may expand a determinant by any arbitrarily chosen row or column. 
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 Expansion of a Determinant: Expanding the given determinant by 1st row, we 
have 

  อ
𝑎𝑎11 𝑎𝑎12 𝑎𝑎13
𝑎𝑎21 𝑎𝑎22 𝑎𝑎23
𝑎𝑎31 𝑎𝑎32 𝑎𝑎33

อ = a11. (its cofactor) + a12. (its cofactor) + a13. (its cofactor)  

    = a11. C11 + a12. C12 + a13. C13 

   = a11. M11 - a12. M12 + a13. M13                [׶ C12 = - M12] 

 Eg. Evaluate A =  อ
3 4 5

−͸ 2 −3
8 1 ͹

อ 

 Sol: Expanding the given determinant by 1st row, we get 

   A = 3. ቚ2 −3
1 ͹ ቚ – 4 ቚ−͸ −3

8 ͹ ቚ + 5 ቚ−͸ 2
8 1ቚ 

       = 3 (14 +3) -4. (-42+24) + 5 (-6-16)  

 = 3 (17) + 4(18) - 5(22) = 51 +72-110 = 13 

3.   Adjoint of Matrix: Let A = [aij] be a square matrix of order n and let Aij 
denote the cofactor of aij in |𝐴𝐴|. Then, the adjoint of A, denoted by adj A, is 
defined as adj A=[aji]n x n 

 Thus, adj A is the transpose of the matrix of the corresponding cofactors of 
elements of |𝐴𝐴|. 

 If A=[
𝑎𝑎11 𝑎𝑎12 𝑎𝑎13
𝑎𝑎21 𝑎𝑎22 𝑎𝑎23
𝑎𝑎31 𝑎𝑎32 𝑎𝑎33

] then Adj A = [
𝐴𝐴11 𝐴𝐴12 𝐴𝐴13
𝐴𝐴21 𝐴𝐴22 𝐴𝐴23
𝐴𝐴31 𝐴𝐴32 𝐴𝐴33

] Ԣ  

              = [
𝐴𝐴11 𝐴𝐴21 𝐴𝐴31
𝐴𝐴12 𝐴𝐴22 𝐴𝐴32
𝐴𝐴13 𝐴𝐴23 𝐴𝐴33

], Where Aij denotes the cofactor of aij in |𝐴𝐴|. 

 Eg. 1.  If A = [
1 −2 4
Ͳ 2 1

−4 5 3
] find adj A 

 Sol: |𝐴𝐴|= อ
1 −2 4
Ͳ 2 1

−4 5 3
อ 

 The cofactors of the elements of the |𝐴𝐴|are given by, 

 A11 = ቚ2 1
5 3ቚ =1;   A12 =ቚ Ͳ 1

−4 3ቚ = -4;   A13 = ቚ Ͳ 2
−4 5ቚ= 8; 

 A21 = ቚ−2 4
5 3ቚ =-26;  A22 =ቚ 1 4

−4 3ቚ = 19;  A23 =ቚ 1 −2
−4 5 ቚ= 3; 
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 A31 = ቚ−2 4
2 1ቚ =-10;  A32 =ቤቚ1 4

Ͳ 1ቚቤ = -1;   A33 =ቚ1 −2
Ͳ 2 ቚ= 2 

]  = adj A ׵ 
1 −4 8

−2͸ 19 3
−1Ͳ −1 2

] Ԣ = [
1 −2͸ −1Ͳ

−4 19 −1
8 3 2

] 

1.3 Operations on Matrices:  

1. Addition of Matrices: Let A and B be two comparable matrices, each of 
order (m x n). Then their sum (A + B) is a matrix of order (m x n), obtained 
by adding the corresponding elements of A and B.  

 Eg. Let A = [͸ 1 −͹
5 4 2 ] and B = [5 −3 −͸

1 −3 Ͳ ] 

 Here, Matrix A and Matrix B both are 2 x 3 matrices. 

 .A + B is defined ׵   .A and B are comparable matrices ׵ 

 A + B = ൤͸ ൅ 5 1 ൅ ሺ−3ሻ ሺ−͹ሻ ൅ ሺ−͸ሻ
5 ൅ 1 4 ൅ ሺ−3ሻ 2 ൅ Ͳ ൨ = [11 −2 −13

͸ 1 2 ] 

Properties of Addition of Matrices: 

The basic properties of addition for real numbers also hold true for matrices. 

Let A, B and C be m x n matrices. 

1. Matrix addition is commutative. i.e. A + B = B +A for all comparable 

matrices A and B. 

2. Matrix addition is commutative. i.e. (A + B) + C = A + (B + C) 

3. If O is an m x n null matrix, then A + O = O + A = A 

Students can solve proof of these properties as exercise. 

2. Scalar Multiplication: If A be a matrix and k be a number then the matrix 
obtained by multiplying each element of A by k is called the scalar multiple 
of A by k, denoted by kA. 

 If A is an (m X n) matrix then kA is also an (m X n) matrix. 

 If A = [
5 ͸
3 −2

−5 4
], Find i) 4A,  ii) ଵ

ଶ
 𝐴𝐴,  iii) -3A 

 Sol: 4A =[
2Ͳ 24
12 −8

−2Ͳ 1͸
],  ii) ଵ

ଶ
 𝐴𝐴 =

[
 
 
 
 

ହ
ଶ

3
ଷ
ଶ

−1
ିହ
ଶ

2 ]
 
 
 
 
 ,   iii) -3A= [

−15 −18
−9 ͸
15 −12

] 
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3. Multiplication of Matrices: For two given matrices A and B, multiplication 

of two matrices AB exists only when number of rows in A is equals the 

number of columns in B.  

 Let A = [aij]m x n and B = [bjk]n x p be two matrices such that the number of 

columns in A equals the number of rows in B.  

 Then, AB exists and it is an (m x p) matrix, given by 

 AB = [ Cik] m x p where Cik = (ai1b1k + ai2b2k + …. + aimbmk) = σ 𝑎𝑎݆ܾ݆݅݇௡
௝ୀଵ  

                   = sum of the products of corresponding elements of ith row of A and 

kth column of B. 

Properties of Matrix Multiplication: 

1. Matrix multiplication is not commutative in general. 

Let A and B be two matrices. 

a. If AB exists then it is quite possible that BA may not exist. 

b. Similarly, if BA exists then AB may not exist. 

c. If AB and BA both exist, they may not be comparable. 

2. Associative Law: For any matrices A, B, C for which(AB)C and A(BC) 

both exist, we have (AB)C = A(BC) 

3. Distributive laws of multiplication over addition:  

i) A. (B + C) = (AB + AC) 

ii) (A + B).C = (AC + BC) 

4. The product of two non-zero matrices can be a zero matrix. 

5. If A is a square matrix and I is an identity matrix of same order as A 

then we have A.I = I.A = A. 

6. If A is a square matrix and 0 is an identity matrix of same order as A 

then we have A.0 = 0.A = 0. 

Exercise: 

Ex 1. If A = [5 4
2 3] and B = [3 5 1

͸ 8 4], find AB and BA whichever exists. 

Ex 2. If A = [
1 −1 2
3 2 Ͳ

−2 Ͳ 1
] , B =[

3 1
Ͳ 2

−2 5
] and C = [2 1 −3

3 Ͳ −1] 

Verify (AB)C = A(BC) 
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1.4 Elementary Transformation: 

Following are three row operations and three column operations on a matrix, which 
are called Elementary operations or transformations.  

Equivalent Matrices: Two matrices are said to be Equivalent if one is obtained 
from the other by one or more elementary operations and we, A̱ B. 

Three Elementary Row Operations: 

i. Interchange of any two rows: The interchange of ith and jth rows is denoted 
by Ri ՞ Rj.  

 Eg. Let A = [
5 9 3

−8 13 ͸
−2 ͹ 8

]  Applying R1՞ R2, we get [
−8 13 ͸
5 9 3

−2 ͹ 8
] 

ii. Multiplication of the elements of a row by a nonzero number: Suppose 
each element of ith row of a given matrix is multiplied by a nonzero number 
k. Then, we denote it by Ri ืkRi 

 Eg. Let A = [
5 9 3

−8 13 ͸
−2 ͹ 8

] Applying R3ื 2R3, we get [
5 9 3

−8 13 ͸
−4 14 1͸

] 

iii. Multiplying each element of a row by a nonzero number and then adding 
them to the corresponding elements of another row: Suppose each 
element of jth row of a matrix A is multiplied by a nonzero number k and 
then added to the corresponding elements of ith row.  

 We denote it by Ri ื Ri + k Rj  

 Eg. Let A = [
5 9 3

−2 1 3
−2 ͹ 8

] Applying R1ื R1+3R2, we get [
−1 12 12
−2 1 3
−2 ͹ 8

]  

Three Elementary Column Operations: 

i. Interchange of any two columns: The interchange of ith and jth columns is 
denoted by Ci ՞ Cj.  

 Eg. Let A = [
4 9 3

−͸ 1 ͸
−2 ͹ 9

]  Applying C2՞ C3, we get [
4 3 9

−͸ ͸ 1
−2 9 ͹

] 
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ii. Multiplying each element of a column by a nonzero number: Suppose 
each element of ith column of a given matrix is multiplied by a nonzero 
number k.  Then, we denote it by Ci ืkCi 

 Eg. Let A = [
2 ͹ 2

−3 3 ͸
2 5 8

]  Applying C2ื 2C2, we get [
2 14 2

−3 ͸ ͸
2 1Ͳ 8

] 

iii. Multiplying each element of a column by a nonzero number and then 
adding them to the corresponding elements of another column: Suppose 
each element of jth column of a matrix A is multiplied by a nonzero number 
k and then added to the corresponding elements of ith column.  

 We denote it by Ci ื Ci + k Cj  

 Eg. Let A = [
5 2 3

−2 1 3
−2 4 8

] Applying C1ื C1+2C2, we get [
9 2 3
Ͳ 1 3
͸ 4 8

]  

1.5 Inverse of Matrix: 

Invertible Matrices: A square matrix A of order n is said to be invertible if there 
exists a square matrix B of order n such that AB = BA = I  

Also, then B is called the inverse of A and we write, A-1 = B 

 Eg. Let A = [3 5
1 2] and B = [ 2 −5

−1 3 ] then 

 AB = [3 5
1 2]. [ 2 −5

−1 3 ]=[͸ − 5 −15 ൅ 15
2 − 2 −5 ൅ ͸ ]= [1 Ͳ

Ͳ 1] =I 

 BA= [ 2 −5
−1 3 ] [3 5

1 2] = [ ͸ − 5 1Ͳ − 1Ͳ
−3 ൅ 3 −5 ൅ ͸ ]= [1 Ͳ

Ͳ 1]=I 

 .AB = BA = I  Hence A-1 = B ׵ 

Singular and Non-singular Matrices: A square A is said to be singular if |𝐴𝐴|= 0 
and non-singular if  |𝐴𝐴| ് 0. 

 Eg. Let A = [1 2
4 8] then |𝐴𝐴| = ቚ1 2

4 8ቚ = (8 – 8) = 0 ׵ A is singular 

 Let B = [1 2
3 8] then |𝐴𝐴| = ቚ1 2

4 8ቚ = (8 – 6) = 2 ് 0  ׵ A is non-singular. 

Note 1: Uniqueness of Inverse: Every invertible square matrix has a unique 
inverse.  

Note 2: A square matrix A is invertible if and only if A is non-singular, 

 i.e. A is invertible ֞ |𝐴𝐴| ് 0 
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1.5.1 Inverse of matrix by Elementary Row Operations:  

Let A be a square matrix of order n. 

 We can write, A = I.A ………………….. (i) 

Now, let a sequence of elementary row operations reduce A on LHS of (i) to 
I and I on RHS of (i) to a matrix B. 

 Then, I =BA  ฺ I.A-1= (BA) A-1 = B (A A-1) = BI ฺ A-1 = B 

 We can write above method as given below. 

1. Write A = I A 

2. By using elementary row operations on A, transform it into a unit matrix. 

3. In the same order we apply elementary operations on I to convert it into a 
matrix B. 

4. Then, A-1 = B   

Ex. 1.  By using elementary row operations, find the inverse of the matrix  

  A=  [
1 3 −2

−3 Ͳ −5
2 5 Ͳ

] 

Sol:           [
1 3 −2

−3 Ͳ −5
2 5 Ͳ

] =[
1 Ͳ Ͳ
Ͳ 1 Ͳ
Ͳ Ͳ 1

]. A 

  R2 ื R2 – 3R1, R3 ื R3 – 2R1 ฺ [
1 3 −2
Ͳ 9 −11
Ͳ −1 4

] =[
1 Ͳ Ͳ
3 1 Ͳ

−2 Ͳ 1
]. A 

  R2 ՞R3 ฺ [
1 3 −2
Ͳ −1 4
Ͳ 9 −11

] = [
1 Ͳ Ͳ

−2 Ͳ 1
3 1 Ͳ

]. A 

  R1 ื R1 +3R2, R3 ื R3 + 9R2 ฺ [
1 Ͳ 1Ͳ
Ͳ −1 4
Ͳ 9 25

] = [
−5 Ͳ 3
−2 Ͳ 1
−15 1 9

]. A 

  R2 ื (-1). R2 ฺ [
1 Ͳ 1Ͳ
Ͳ 1 −4
Ͳ Ͳ 25

] = [
−5 Ͳ 3
2 Ͳ −1

−15 1 9
]. A 

  R3 ื ( ଵ
ଶହ

) R3 ฺ  [
1 Ͳ 1Ͳ
Ͳ 1 −4
Ͳ Ͳ 1

] = ቎
−5 Ͳ 3
2 Ͳ −1
ିଷ
ହ

ଵ
ଶହ

ଽ
ଶହ

቏. A 
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  R1 ื R1 -10R3,  R2 ื R2 + 4R3 ฺ [
1 Ͳ Ͳ
Ͳ 1 Ͳ
Ͳ Ͳ 1

] = 

[
 
 
 
 1 ିଶ

ହ
ିଷ
ହ

ିଶ
ହ

ସ
ଶହ

ଵଵ
ଶହ

ିଷ
ହ

ଵ
ଶହ

ଽ
ଶହ]

 
 
 
 
. A 

  Hence, A-1 = 

[
 
 
 
 1 ିଶ

ହ
ିଷ
ହ

ିଶ
ହ

ସ
ଶହ

ଵଵ
ଶହ

ିଷ
ହ

ଵ
ଶହ

ଽ
ଶହ]

 
 
 
 
 

1.5.2 Inverse of matrix by Formula: 

 Formula for finding A-1:  

 Let A be a square matrix such that |𝐴𝐴| ്0. Then, A-1 = ૚
|஺|

. (adj A) 

 Ex.1. Find the inverse of the matrix [
3 −1Ͳ −1

−2 8 2
2 −4 −2

] 

 Sol: Let A = [
3 −1Ͳ −1

−2 8 2
2 −4 −2

] ฺ  |𝐴𝐴|= อ
3 −1Ͳ −1

−2 8 2
2 −4 −2

อ 

 C1 ื C1 +3C3 and C2 ื C2 - 10C3 

 |𝐴𝐴|= อ
Ͳ Ͳ −1
4 −12 2

−4 1͸ −2
อ = (-1). (64-48) = - 16 ് 0 

  As |𝐴𝐴| ് 0 therefore A-1 exists.  

 The cofactors of the elements of |𝐴𝐴| are given by, 

 A11 = ቚ 8 2
−4 −2ቚ= -8; A12 = ቚ−2 2

2 −2ቚ= 0; A13 = ቚ−2 8
2 −4ቚ= -8 

 A21 = ቚ−1Ͳ −1
−4 −2ቚ= -16; A22 = ቚ3 −1

2 −2ቚ= -4 A23 = ቚ3 −1Ͳ
2 −4 ቚ= -8 

 A31 = ቚ−1Ͳ −1
8 2 ቚ= -12; A32 = ቚ 3 −1

−2 2 ቚ= -4 A33 = ቚ 3 −1Ͳ
−2 8 ቚ= 4 

] = (Adj A) ׵ 
−8 Ͳ −8
−1͸ −4 −8
−12 −4 4

] Ԣ = [
−8 −1͸ −12
Ͳ −4 −4

−8 −8 4
] 

 Hence A-1 = ଵ
|஺| 

. adj A 
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                  = ଵ
ିଵ଺ 

[
−8 −1͸ −12
Ͳ −4 −4

−8 −8 4
] = 

[
 
 
 
 
ଵ
ଶ

1 ଷ
ସ

Ͳ ଵ
ସ

ଵ
ସ

ଵ
ଶ

ଵ
ଶ

− ଵ
ସ]
 
 
 
 
 

Ex. 2 If A = [3 2
͹ 5],  B=  [͸ ͹

8 9], verify that (AB)-1 = B-1A-1 

 Sol. We have |𝐴𝐴| = ቚ3 2
͹ 5ቚ=15-14 = 1 ്  0 

 Cofactors of the elements of |𝐴𝐴| are  

 A11 = 5, A12 = -7, A21 = -2, A22= 3  

adj A= [3 ׵  2
͹ 5] Ԣ = [3 ͹

2 5] 

 Hence, A-1 = ଵ
|஺|

 adj A = [3 ͹
2  [𝐴𝐴|=1| ׶ ]                [5

ቚ͸  =|ܤ|  ͹
8 9ቚ=54-56 = -2 ്  0 

 Cofactors of the elements of |ܤ| are  

 B11 = 9, B12 = -8, B21 = -7, A22= 6  

] =adj A ׵  9 −8
−͹ ͸ ] Ԣ = [ 9 −8

−͹ ͸ ] 

 Hence, B-1 = ଵ
|஻|

 adj B = − ଵ
ଶ
[3 ͹
2  [2 - =|ܤ| ׶ ]              [5

 Now, |𝐴𝐴ܤ| = |𝐴𝐴||1 = |ܤ x -2 = -2 ്  0 

 adj AB = adj B. adj A 

            = [ 9 −8
−͹ ͸ ] [3 ͹

2 5] = [ 94 −39
−82 34 ] 

 AB)-1 = ଵ
|஺஻|

 adj AB = − ଵ
ଶ
[ 94 −39
−82 34 ] 

 B-1 A-1   =  − ଵ
ଶ
 [3 ͹
2 5] [3 ͹

2 5] = − ଵ
ଶ
 [ 94 −39
−82 34 ] 

 (AB)-1 = B-1 A-1    

Exercise:  

1) Find the adjoint of given matrix verify A. ሺ��� �ሻ= ሺ��� �ሻA = |𝐴𝐴|.I  

  1ሻ [ 3 −5
−1 2 ]    2) [

1 −1 2
3 1 −2
1 Ͳ 3

] 3)[
4 5 3
Ͳ 1 ͸
2 ͹ 9

] 
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                       [Ans: 1 .[2 5
1 3]ǡ  2. [

3 3 Ͳ
−11 1 8
−1 −1 4

] , 3. [
−42 −24 3Ͳ
3 3Ͳ −21
͹ −18 −5

]] 

2)  If A =[
−4 −3 −3
1 Ͳ 1
4 4 3

], show that adj A = A 

3)  If A =[
−4 −3 −3
1 Ͳ 1
4 4 3

], show that adj A = 3A’ 

1.6 Rank of Matrix 

The maximum number of its linearly independent rows (or columns) of a 
matrix A is called the rank of Matrix A. If we have a chance of solving a system of 
linear equations, when the rank is equals the number of variables, we may be able to find 
a unique solution. Rank of a matrix A is denoted by ʌ (A) or R (A) 

Note:   

a. The rank of a matrix cannot exceed the number of its rows or columns.  

b. The rank of a null matrix is zero. 

c. 5DQN�RI�D�PDWUL[�$PîQ���ȡ�$PîQ�����0LQ�P��Q� 

d. ȡ�,Q�� �Q�ZKHUH�,Q� �XQLW�PDWUL[�RI�RUGHU�Q 

e. ,I�ȡ �$�� �P�DQG�ȡ �%�� �Q�WKHQ�ȡ �$%����PLQ�P��Q� 

1.6.1 Echelon or Normal Matrix: a matrix is said to be echelon form if 

a. There exists any zero row, they should be placed below the non- zero row 

b. Number of zeros before a non – zero element in a row should increase 
according with row number. 

 Eg. A = [
1 4 5
Ͳ 5 4
Ͳ Ͳ 1

 $� ��� �QXPEHU�RI�QRQ�– zero row�ȡ ׵           [

            B =[

1 ͸ 5 4
Ͳ 5 4 ͸
Ͳ Ͳ 4 3
Ͳ Ͳ Ͳ Ͳ

 %� ��� �QXPEHU�RI�QRQ�– zero row�ȡ ׵     [

Note: To reduce a matrix into its echelon form only elementary row transformations 
are applied. 
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Computing the Rank of a matrix: A common approach for finding the rank of a 
matrix is to reduce it to a simpler form, generally row echelon form by elementary 
row operations. Row operations do not change the row rank 

Ex 1. Find the rank of the matrix A = [
1 3 4
2 −1 3

−2 8 2
] 

Sol: We have, A = [
1 3 4
2 −1 3

−2 8 2
] 

To find the rank of a matrix, we will transform the matrix into its echelon form by 
row transformation. Then determine the rank by the number of non-zero rows 

 R2 = R2- 2R1, R3 = R3 +2R1  A = [
1 3 4
Ͳ −͹ −5
Ͳ 14 1Ͳ

] 

 R3 = R3 +2R2   A = [
1 3 4
Ͳ −͹ −5
Ͳ Ͳ Ͳ

] 

Number of non-zero rows in matrix A = 2 ׵ Rank of matrix A, ȡ�$� �� 

Exercise:  

Ex 1. Find the rank of the following matrices  

1. A = [
1 2 1
2 3 1
1 1 2

];  2.  A = [

2 −1 3
1 Ͳ 1
Ͳ 2 −1
1 1 4

] 

1.7 Linear Equations 

To find the solution to the system of equations is a matrix method. The steps to be 
followed are: 

• All the variables in the equations should be written in the appropriate order. 

• The variables, their coefficients and constants are to be written on the 
respective sides. 

There are two types of system of equations. 

1. Consistent system of Equations: A given system of equations is said to be 
consistent if it has one or more solutions. 

2. Inconsistent system of Equations: A given system of equations is said to 
be inconsistent if it has no solution. 
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 Consider the system of equations. 

 a1x + b1y + c1z = d1;  a2x + b2y + c2z = d2;  a3x + b3y + c3z = d3 

 Let A = [
�1 ܾ1 ܿ1
𝑎𝑎2 ܾ2 ܿ2
ܿ1 ܿ2 ܿ3

], X= ቈ
ݔ
ݕ
ݖ
቉ and B = [

݀1
݀2
݀3

] 

 Then the given system can be written as  

 [
𝑎𝑎1 ܾ1 ܿ1
𝑎𝑎2 ܾ2 ܿ2
𝑎𝑎3 ܾ3 ܿ3

] ቈ
ݔ
ݕ
ݖ
቉ =  [

݀1
݀2
݀3

] 

 AX = B ׵ 

Case1: when |𝐴𝐴| ��� ,  In this case, A-1 exists. 

 AX = B ֜ A-1(AX)= A-1B   [multiplying both the sides by A-1] ׵ 

                      ֜ (A-1A)X= A-1B    [By associative law] 

           ֜ I.X = A-1B     ֜ X= A-1B    

Since A-1 is unique, the given system has a unique solution. 

Thus, when |𝐴𝐴| �����WKHQ�WKH�JLYHQ�V\VWHP�LV�FRQVLVWHQW�DQG�LW�KDV�D�XQLTXH�
solution. 

Case 2: |𝐴𝐴| = 0 and (adj A) B ് 0 

 In this case, the given system has no solution and hence it is inconsistent. 

Case 3: |𝐴𝐴| = 0 and (adj A) B = 0 

 In this case, the given system has infinitely many solutions. 

Ex.1 Use matrix method to show that the system of equations 

  2x + 5y = 7, 6x + 15y = 13 is inconsistent 

Sol: The given equations are  2x + 5y = 7; 6x + 15y = 13 

 Let A =[2 5
͸ 15], X= [

ݔ
] =and   B [ݕ ͹

13] 

 Then the given system in matrix form is AX = B 

  Now, |𝐴𝐴|= ቚ2 5
͸ 15ቚ= 30 – 30 = 0 

 The system will be inconsistent if (adj A) B ് 0 

 The minors of the elements of |𝐴𝐴| are M11 = 15, M12 = 6, M21= 5, M22 = 2 

 The cofactors of the elements of |𝐴𝐴| are A11 = 15, A12 = -6, A21= -5, A22 = 2 
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 Adj A = [15 −͸
−5 2 ] Ԣ = [15 −5

−͸ 2 ] 

 ֜ (adj A) B = [15 −5
−͸ 2 ] [ ͹

13] = [1Ͳ5 − ͸5
−42 ൅ 2͸]= [ 4Ͳ

−1͸] ് 0 

 |𝐴𝐴|=0, (adj A) B ് 0. Hence, the given system of equations is inconsistent. 

Ex.2  Show that the following system of equations is consistent and solve it 

 2x + 5y = 1, 3x + 2y = 7 

Sol:  The given equations are  

   2x + 5y = 1;  3x + 2y = 7 

 Let A =[2 5
3 2], X= [

ݔ
 and   B= [1͹] [ݕ

 Then the given system in matrix form is AX = B 

  Now, |𝐴𝐴|= [2 5
3 2]= 4 - 15 = -11് 0 

 Hence the given system has a unique solution. 

 The minors of the elements of |𝐴𝐴| are M11 = 2, M12 = 3, M21= 5, M22 = 2 

 The cofactors of the elements of |𝐴𝐴| are A11 = 2, A12 = -3, A21= -5, A22 = 2 

 Adj A = [ 2 −3
−5 2 ] Ԣ = [ 2 −5

−3 2 ] 

 ֜ A-1 = ଵ
|஺|

 adj A = ିଵ
ଵଵ

 [ 2 −5
−3 2 ] =቎

ିଶ
ଵଵ

ହ
ଵଵ

ଷ
ଵଵ

ିଶ
ଵଵ

቏ 

 X = A-1 B  

  [
ݔ
቎ =  [ݕ

ିଶ
ଵଵ

ହ
ଵଵ

ଷ
ଵଵ

ିଶ
ଵଵ

቏ [1͹] = ቎
ିଶ
ଵଵ

൅ ଷହ
ଵଵ

ଷ
ଵଵ

− ଵସ
ଵଵ

቏ = [ 3
−1]   ֜ x = 3 and y = -1 

Exercise: 

1) Use matrix method to solve the following system of equations 

 3x + 4y +2z = 8;  2y – 3z = 3; x-2y+6z = -2        [ Ans: x= -2, y = 3 and z = 1] 

1.8 Linear dependence and linear independence of vectors 

A collection of vectors is either linearly independent or linearly dependent. The 
vectors v1, v2 ……vk are linearly independent if the equation involving linear 
combination. In the theory of vector spaces, a set of vectors is said to be linearly 
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dependent if there is a nontrivial linear combination of the vectors that equals the 
zero vector. If no such linear combination exists, then the vectors are said to be 
linearly independent.  

A sequence of vectors v1, v2, …….. , vk from a vector space V is said to be linearly 
dependent, if there exist scalars a1, a2, ….., ak not all zero, such that  

a1v1+a2v2+…. + akvk = 0, where 0 denotes the zero vector. 

Ex. 1 State whether following set of vectors are linearly dependent or linearly 
independent. If dependent find the relation between them. 

 X1 = (1, 2, 3), X2 = (3, -2, 1), X3 = (1, -6, 5)  

Sol:  Here, there are three vectors. For three vectors are take 3 scalars. 

 Let 2ߣ ,1ߣ and 3ߣ be three scalars. 

 Consider 1ߣ X1 + 2ߣ X2 + 3ߣ X3 = 0 ……………….. (1) 

 0 = (5 ,6- ,1)3ߣ + (1 ,2- ,3) 2ߣ + (3 ,2 ,1)1ߣ 

From these we make three simultaneous equations. 

 0 = 3ߣ5 + 2ߣ + 1ߣ3 ;0 = 3ߣ6 - 2ߣ2 - 1ߣ2 ;0 = 3ߣ + 2ߣ3 + 1ߣ 

 Put them in matrix form 

 [
1 3 1
2 −2 −͸
3 1 5

] [
1ߣ
2ߣ
3ߣ

] = [
Ͳ
Ͳ
Ͳ
] 

 A ߣ = B ……………………………………… (2) 

 Now augmented matrix, 

 C = [A: B] ֜     = [
1 3 1 Ͳ
2 −2 −͸ Ͳ
3 1 5 Ͳ

] 

Reduced this matrix in echelon  matrix by row transformation 

 R2 = R2 – 2R1;  R3 = R3 – 3R1 ฺ C =  [
1 3 1 Ͳ
Ͳ −8 −8 Ͳ
Ͳ −8 2 Ͳ

] 

 R3 = R3 –R2, C =  [
1 3 1 Ͳ
Ͳ −8 −8 Ͳ
Ͳ Ͳ 1Ͳ Ͳ

] 

  Here we cannot further reduce. 

 From (2),  [
1 3 1
Ͳ −8 −8
Ͳ Ͳ 1Ͳ

] [
1ߣ
2ߣ
3ߣ

] = [
Ͳ
Ͳ
Ͳ
] 
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 From matrix multiplication, 

 (3) …………………     0 = 3ߣ + 2ߣ3 + 1ߣ 

 (4)………………………    0 = 3ߣ8 - 2ߣ8- 

׵    0 = 3ߣ

 Put  0 = 3ߣ in (4)  ׵    0 =2ߣ

 Put  ׵  (3)  3ߣ  ,2ߣ    0 =1ߣ

 .i.e all three scalars are 0   0 =3ߣ =2ߣ =1ߣ ׶ 

 .The given vectors are linearly independent and there exists no relationship ׵ 

Ex. 2 Test the linear dependency and find the relationship between if it exists for 

 X1 = (1, 1, 1, 3), X2 = (1, 2, 3, 4), X3 = (2, 3, 4, 7)  

 Sol:  Here, there are three vectors.  For three vectors are take 3 scalars. 

 Let 2ߣ ,1ߣ and 3ߣ be three scalars. 

 Consider 1ߣ X1 + 2ߣ X2 + 3ߣ X3 = 0 ……………….. (1) 

 0 = (2,3,4,7)3ߣ + (4 ,3 ,2 ,1) 2ߣ + (3 ,1 ,1 ,1)1ߣ 

 From these we make simultaneous equations. 

 0 = 3ߣ7 + 2ߣ4 + 1ߣ3 ;0 = 3ߣ4 + 2ߣ3 + 1ߣ ;0 = 3ߣ3 + 2ߣ2 + 1ߣ ;0 = 3ߣ2 + 2ߣ + 1ߣ 

 Put them in matrix form 

 [

1 1 2
1 2 3
1 3 4
3 4 ͹

] [
1ߣ
2ߣ
3ߣ

] = [

Ͳ
Ͳ
Ͳ
Ͳ

] 

 A ߣ = B ……………………………………… (2) 

 Now augmented matrix, C = [A: B] 

   = [

1 1 2 Ͳ
1 2 3 Ͳ
1 3 4 Ͳ
3 4 ͹ Ͳ

] 

Reduced this matrix in echelon (upper triangular) matrix by row transformation 

 R2 = R2 – R1 ,  R3 = R3 – R1,  R4 = R4 – 3R1  

 C =  [

1 1 2 Ͳ
Ͳ 1 1 Ͳ
Ͳ 2 2 Ͳ
Ͳ 1 1 Ͳ

] 
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 R3 = R3 –2R2,  R4 = R4 – R2 ฺ C =  [

1 1 2 Ͳ
Ͳ 1 1 Ͳ
Ͳ Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ Ͳ

] 

  from (2),  [

1 1 2 Ͳ
Ͳ 1 1 Ͳ
Ͳ Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ Ͳ

] [
1ߣ
2ߣ
3ߣ

] = [
Ͳ
Ͳ
Ͳ
] 

 From matrix multiplication, 

 (3) …………………     0 = 3ߣ2 + 2ߣ + 1ߣ 

֜  0 = 3ߣ + 2ߣ   (4)………………………       3ߣ - = 2ߣ

 Consider 3ߣ = k where k is non zero constant.  ׵    k-= 2ߣ

 Put  3ߣ  ,2ߣ  in equation (3) ׵ ׵  k = 0+1ߣ ׵ ֜  k +2k = 0-1ߣ    k- = 1ߣ

 All the scalars are non-zero. 

 .The given vectors are linearly dependent and there exists some relationship ׵ 

 Now we find relationship between them. 

 We have,  1ߣ X1 + 2ߣ X2 + 3ߣ X3 = 0  ֜ −݇ X1 -k X2 + ݇ X3 = 0 

 Divide equation by -k , X1 + X2 - X3 = 0   

 This is the required relationship. 

1.9 Linear Transformation  

Let U(F) and V(F) be two vector spaces. 

A mapping f: U ՜ V is called Linear Transformation of U into V if  

i)  f (x + y) = f(x) + f(y) 

ii)  f (ax) = a f(x) where x, y ߳ V, a ߳ F, f (x), f (y) ߳ V. 

Sometimes linear transformation is also called vector space homomorphism.  

Ex. 1 V3 is a vector. A mapping is given as T.V3(R) ՜ V2(R) by T(x1, x2, x3) = 
(x1- x2) , (x1+ x3). Check whether this is linear transformation.  

Sol: Let (x1, x2, x3) = x ߳ V3 and let (y1, y2, y3) = y ߳ V3(R) 

T (x + y) = T [(x1, x2, x3) + (y1, y2, y3)] = T [(x1 + y1, x2 + y2, x3 + y3)] 

       = T [(x1 + y1- x2 - y2, x1 + y1+ x3 + y3)]  

       = T [(x1 - x2 + y1- y2, x1 + x3 + y1+ y3)] 
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       = T [ (x1, x2, x3)] + T [(y1, y2, y3)]  = T (x) + T (y) 

T (ax) = T [a (x1, x2, x3)]  = T [ (ax1, ax2, ax3)] = (ax1 - ax2, ax1 + ax3) 

   = a [ (x1 - x2), (x1 + x2)] 

 T (ax) =a T (x) = T (x)  

Both the condition of linear transformation are satisfy.   

 .T is linear transformation ׵

1.9.1 Matrix representation of Linear Transformation:  

 Let U(F) and V(F) be two vector spaces over F.  

 T: U ՜ V be a Linear Transformation 

 Let B = {u1, u2, u3, ……….. ….. , un} and  

 B’ = {v1, v2, v3, …………….. , vm} 

 Are two ordered bases for U and V respectively. 

 Now, if any ߙ ߳ U ֜ T(ߙ) ߳ V 

 Also T(ߙ) can be represented by B’ 

 T(u1) = B1 = a11v1 + a12v2 +a13v3+…………..+ A1mvm 

 T(u2) = B2 = a21v1 + a22v2 +a23v3+…………..+ A2mvm 

 ………………………………………………………. 

 T(un) = Bn = an1v1 + an2v2 +an3v3+…………..+ Anmvm 

 

[
 
 
 
 
�ሺ�1ሻ
�ሺ�2ሻ

.

.
�ሺ��ሻ]

 
 
 
 

  = 

[
 
 
 
 
𝑎𝑎11 𝑎𝑎12………… . 𝑎𝑎1𝑎𝑎
𝑎𝑎21 𝑎𝑎22………… . 𝑎𝑎2𝑎𝑎
…… …………… . . ……
…… ……………… …… .
𝑎𝑎𝑛𝑛1 𝑎𝑎𝑛𝑛2……… . . 𝑎𝑎𝑛𝑛𝑎𝑎]

 
 
 
 

[
 
 
 
 
1ݒ
�2
.
.

��]
 
 
 
 
 

 

[
 
 
 
 
𝑎𝑎11 𝑎𝑎12………… . 𝑎𝑎1𝑎𝑎
𝑎𝑎21 𝑎𝑎22………… . 𝑎𝑎2𝑎𝑎
…… …………… . . ……
…… ……………… …… .
𝑎𝑎𝑛𝑛1 𝑎𝑎𝑛𝑛2……… . . 𝑎𝑎𝑛𝑛𝑎𝑎]

 
 
 
 
  = [ T: B:B’] 

 This is matrix of Linear Transformation.  

 If we have Linear Transformation T: U(F)  ՜ V(F) 

 then matrix form is [T: B], [T]B 

 For any n dimensions vector spaces,  
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 standard basis for v2(R)= {(1, 0), (1, 0)}, v3(R)= {(1, 0, 0),  

 (0, 1, 0), (0, 0,1)}, v3(R)= {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0,1, 0), (0, 0, 0, 1)} 

1.10 Characteristics roots and characteristics vectors 

Characteristic vector or Eigen vector of a matrix A is a vector represented by a 
matrix X such that when X is multiplied with matrix A, then the direction of the 
resultant matrix remains same as vector X. 

Let A be a square matrix of order n x n, then a number ߣ is said to be eigen value 
of a matrix A if there exists a column matrix X of order n x 1 such that AX =  ߣX, 
where A is any arbitrary matrix, ߣ are eigen values and X is an eigen vector 
corresponding to each eigen value.  

 ֜ AX - ߣX = 0   ֜ (A- ܫߣ)X = 0 ……………………….(1) 

Equation (1) is called characteristics equation of the matrix. 

The roots of the characteristic equation are the eigen values of the matrix A. 

Ex.1 Find the eigen value (characteristics roots) and eigen vector (characteristics 

vector) for the matrix A = [ 1 −2
−5 4 ]. 

Sol: The characteristic equation for matrix A is, 

 |𝐴𝐴 −   ɉ �| = Ͳ  ฺ ቚ1 −   ɉ −2
−5 4 −   ɉቚ = 0 

 ฺ ሺ1 − ɉሻ. ሺ4 − ɉሻ − ሺ−5ሻ. ሺ−2ሻ= 0  ฺ 4 - ɉ – 4 ɉ ൅ ɉ2 – 10 = 0 

 ฺ ɉ2 – 5 ɉ −6 = 0  ฺ ሺɉ − ͸ሻ. ሺɉ ൅ 1ሻ  = 0  ฺ  ɉ = 6, ɉ =  −1  

 .Eigen value of A are 6 and -1 ׵ 

Case I: X1 = [ܻܺ] be the eigen vector of A corresponding to ɉ = 6 

 Then ሺ� − ɉ�ሻX1 = 0 

 i.e. [1 −   ɉ −2
−5 4 −   ɉ] . [ܻܺ] = 0,    [1 −   ͸ −2

−5 4 −   ͸] . [ܻܺ] = 0   , ɉ = 6 

       [−5 −2
−5 − 2] . [ܻܺ] = 0      

By row transformation,  

 R2 = R2 – R1     [−5 −2
Ͳ Ͳ ] . [ܻܺ] = 0  

 -5X – 2Y = 0   ฺ - 5X = 2Y 
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 ௑
ଶ
 = ௒

ିହ
 = k ሺ���ሻ 

 X = 2k, Y = -5k             for k=1 

] = Eigen vector X1 ׵  2
−5] 

 Case II:  Let X2 = [ܻܺ] be the eigen vector of A corresponding to ɉ = -1 

 Then ሺ� − ɉ�ሻX2 = 0 

 i.e. [1 −   ɉ −2
−5 4 −   ɉ] . [ܻܺ] = 0  

 ൤1 − ሺ−1ሻ  −2
−5 4 − ሺ−1ሻ൨ . [ܻܺ] = 0         , ɉ = -1 

 [ 2 −2
−5 5 ] . [ܻܺ] = 0      

 By row transformation,  

 R2 = R2 + ହ
ଶ
 R1    ฺ  [2 −2

Ͳ Ͳ ] . [ܻܺ] = 0  

 2X – 2Y = 0  ฺ  2X = 2Y 

 ௑
ଵ
 = ௒

ଵ
 = k ሺ���ሻ ฺ X = k, Y = k             for k=1 

 Eigen vector X2= [11] ׵ 

1.11 Properties of characteristic vectors (eigen vector) 

Following are the properties of Eigen vector: 

1. Corresponding one eigen vector there exists one eigen value. 

Let 1ߣ and 2ߣ are two eigen values of A with one eigen vector X ് 0. 

By condition of eigen values,  

AX =  1ߣX and AX =  2ߣX 

 X = 0 (2ߣ -1ߣ) ฺ 2Xߣ = 1Xߣ ฺ

 As X ് 0,  (2ߣ -1ߣ) = 2ࣅ  = 1ࣅ ׵ 0 

 So there exists one eigen value for one eigen vector  

2. If ߣ is eigen value of the matrix A of order n x n. 

a) 2ߣ is an eigen value of A2 
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 AX =  ߣX 

 Multiplying by A, A2X =  ߣAX = ߣ ߣX = 2ߣX 

 is an eigen value of A2 2ߣ ׵ 

b) ߣk is an eigen value of Ak, k is positive integer. 

c) f (ߣሻ = a0 ߣ + a1 2ߣ+……………. + an ߣn 

 is an eigen value of F (Aሻ = a0I + a1A+……………. + anAn 

d) ݁ఒ, log ߣ, ��� ��� ,are eigen values of ݁஺, log A ߣ 𝐴𝐴 respectively. 

e) |஺|
ఒ

 is an eigen value of adj A.  

 As AX =  ߣX 

 Let 1ߣ is eigen value of adj A 

 adj AX = adj 1ߣX 

 Multiplying by A, A adj AX =  1ߣAX 

    |𝐴𝐴| IX = ߣ 1ߣX                 [ adj A =   |𝐴𝐴| I] 

 ( |𝐴𝐴| - ߣ 1ߣ) X = 0  

 As X ് 0, |𝐴𝐴| - 0 = ߣ 1ߣ  ฺ |𝐴𝐴| = 1ߣ ฺ    ߣ 1ߣ = |஺|
ఒ

 

1.12 Caley Hamilton Theorem: 

Consider A - ߣI = [
2 − ߣ 1 1

Ͳ 1 − ߣ Ͳ
Ͳ Ͳ 2 − ߣ

] ՚characteristic matrix, Where A is a 

square matrix  

Characteristic polynomial: If we put characteristic matrix in determinant form 
and solved then we get polynomial that is called characteristic polynomial.  

 |� − อ = | �ߣ 
2 − ߣ 1 1

Ͳ 1 − ߣ Ͳ
Ͳ Ͳ 2 − ߣ

อ 

 |� −  0 = | �ߣ 

 อ
2 − ߣ 1 1

Ͳ 1 − ߣ Ͳ
Ͳ Ͳ 2 − ߣ

อ = 0 

 ሺ2 − ሺ1 ] ( ߣ − ሻሺ2ߣ − ሻ – 0] – 1 [0] + 1[0 - 1ߣ −  0 = [ߣ

 ሺ2 − 1 - [(Ȝ-�Ȝ��Ȝ2-2) ] ( ߣ ൅  0 = ߣ
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 ሺ2 − 1 - [(�Ȝ��Ȝ2-2) ] ( ߣ ൅  0 = ߣ

 �� ���Ȝ2 - �Ȝ����Ȝ2 - Ȝ3 – ����Ȝ + ߣ 6 - 4 

 - Ȝ3 ����Ȝ2 - �Ȝ����� �� 

 Ȝ3 - ��Ȝ2 ���Ȝ�- 3 = 0 

 This is called characteristic equation. 

Characteristic Roots ሺܛ܍ܝܔ܉ܞ ܖ܍܏ܑ܍ሻ : Roots of characteristic equation is called 
characteristic roots.  

State and Prove Caley Hamilton Theorem 

Statement: Every square matrix A satisfy its own characteristic equation. 

Proof: Let A = [aij]n x n be any square matrix and P (ߣ) = |𝐴𝐴 −  be a |ܫߣ
characteristic equation where ߣ be any constant, I is an identity matrix.  

 Show that |𝐴𝐴 −   0 = |ܫߣ

 |

𝑎𝑎11 − ߣ 𝑎𝑎12 𝑎𝑎13 ……… 𝑎𝑎1𝑛𝑛
𝑎𝑎21 𝑎𝑎21 − ߣ 𝑎𝑎23 ……… 𝑎𝑎2𝑛𝑛
…… …… …… …… ……
𝑎𝑎𝑛𝑛1 𝑎𝑎𝑛𝑛2 𝑎𝑎𝑛𝑛3 ……… 𝑎𝑎𝑛𝑛𝑛𝑛 − ߣ

|= 0 

 a0 +a1 ߣ + a2 2ߣ+ a3 3ߣ«««««����Dn ߣn  

          [ Matrix is n x n order therefore polynomial is of order n] 

If we put matrix A in place of ߣ then  

 a0 +a1A + a2A2+ a3A3 �««««����Dn An 

We know that, A adj A = |𝐴𝐴|I 

 (A - ߣI) adj (A - ߣI) = |� − − �| = I        [A.| �ߣ   [| �ߣ 

Now each element in (A - ߣI) is a polynomial of degree almost 1. 

Hence adj (A - ߣI) has polynomial of degree n-1. 

 adj (A - ߣI) = B0 +B1 ߣ + B2 2ߣ+ B3 3ߣ«««««����%n-1 ߣn-1 

 (A - ߣI) adj (A - ߣI) = (A - ߣI) [B0 +B1 ߣ + B2 2ߣ+ ««««����%n-1 ߣn-1] 

     = AB0 + AB1 ߣ + AB2 2ߣ+ ««««����$%n-1 ߣn-1 -  

    B0ߣ - B1 2ߣ - B2 3ߣ-  …………- Bn-1 ߣn 

     = AB0 + (AB1-Bo) ߣ + (AB2-B1) 2ߣ+ …….-  Bn-1 ߣn 

 Now (A - ߣI) adj (A - ߣI) = |� −  | �ߣ 
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 AB0 + (AB1-Bo) ߣ + (AB2-B1) 2ߣ+  

 …….-  Bn-1 ߣn = a0 +a1 ߣ + a2 2ߣ+ a3 3ߣ………… + an ߣn 

Compare coefficient of equal power of ߣ 

 AB0 = a0 

 AB1-Bo = a1 

 AB2-B1 = a2 

 ……… 

 ABn-1-Bn-2 = an-1 

 -Bn-1 = an 

 Multiplying with I, A, A2, ………, An and then add 

 AB0 = a0I 

 A2B1-Bo = a1A 

 A3B2-B1 = a2 A2 

 ……… 

 AnBn-1-A n-1Bn-2 = an-1An-1 

 -AnBn-1 = an An 

 Hence a0 +a1A + a2A2+ a3A3 +…………. + an An =0 

 Hence proved. 

Ex 1. Show that the matrix A = [
8 −8 −2
4 −3 −2
3 −4 1

] 

satisfies its characteristic equation and hence determine A-1. 

Sol: The characteristic matrix of A is,  

 อ
8 − ߣ −8 −2

4 −3 − ߣ −2
3 −4 1 − ߣ

อ = 0 

 Characteristic equation is given by |𝐴𝐴 −  0 = |ܫߣ 

OR 

If there is 2 x 2 matrix then 2ߣ -s1 ߣ +  |𝐴𝐴| = 0 

If there is 3 x 3 matrix then 3ߣ - s1 2ߣ + s2 ߣ -  |𝐴𝐴| = 0 

Where s1= sum of diagonal element of matrix A 
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And s2= sum of minors of diagonal element of matrix A 

Here matrix A is 3 x 3  

So Characteristic equation is given by 

 𝐴𝐴| = 0|  - ߣ s2 + 2ߣ s1 - 3ߣ 

 s1 = sum of diagonal element of matrix A = 8 – 3 + 1 = 6 

 s2 = sum of minors of diagonal element of matrix A 

   = ቚ−3 −2
−4 1 ቚ + ቚ8 −2

3 1 ቚ + ቚ8 −8
4 −3ቚ 

 = ( -3 - 8 ) + (8 + 6) + (-24 + 32) = (-11) + 14 + 8 = 11 

 Now |𝐴𝐴| = อ
8 −8 −2
4 −3 −2
3 −4 1

อ 

 = 8 (-3 – 8) - (-8) (4 +6) + (-2) (-16+9) = 8(-11)+80 +14 = 6 

 0 = 6 – ߣ 11 + 2ߣ 6- 3ߣ 

Now, in LHS we replace ߣ by A, we get 
 𝐴𝐴3 -6 𝐴𝐴2 + 11 𝐴𝐴 – 6I 

 𝐴𝐴2 = [
8 −8 −2
4 −3 −2
3 −4 1

] [
8 −8 −2
4 −3 −2
3 −4 1

] = [
2͸ −32 −2
14 −15 −4
11 −1͸ 3

] 

 𝐴𝐴3 = A 𝐴𝐴2 = [
8 −8 −2
4 −3 −2
3 −4 1

] [
2͸ −32 −2
14 −15 −4
11 −1͸ 3

]  = [
͹4 −1Ͳ4 1Ͳ
4Ͳ −51 −2
33 −52 13

] 

 𝐴𝐴3 -6 𝐴𝐴2+ 11 𝐴𝐴 – 6I = 

  [
͹4 −1Ͳ4 1Ͳ
4Ͳ −51 −2
33 −52 13

] – 6 [
2͸ −32 −2
14 −15 −4
11 −1͸ 3

] +11[
8 −8 −2
4 −3 −2
3 −4 1

]- 6 [
1 Ͳ Ͳ
Ͳ 1 Ͳ
Ͳ Ͳ 1

] 

  = [
͹4 −1Ͳ4 1Ͳ
4Ͳ −51 −2
33 −52 13

] - [
15͸ −192 −12
84 −9Ͳ −24
͸͸ −9͸ 18

] +  

     [
88 −88 −22
44 −33 −22
33 −44 11

]- [
͸ Ͳ Ͳ
Ͳ ͸ Ͳ
Ͳ Ͳ ͸

]   = [
Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ

] 

 𝐴𝐴3 -6 𝐴𝐴2+ 11 𝐴𝐴 – 6I = 0 ………. (1) ׵           

Thus, A satisfy its characteristic equation.  

To find A-1, multiply equation (1) by A-1 
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 𝐴𝐴3 A-1 -6 𝐴𝐴2 A-1+ 11 𝐴𝐴 A-1 – 6 I A-1 = 0 
 𝐴𝐴2 -6 𝐴𝐴+ 11 6 – ܫ A-1 = 0  …………………    [A A-1 = I, I = 1] 

 ฺ 6 A-1 = 𝐴𝐴2 - 6 𝐴𝐴+ 11 ܫ 

         = [
2͸ −32 −2
14 −15 −4
11 −1͸ 3

] – 6 [
8 −8 −2
4 −3 −2
3 −4 1

] + 11 [
1 Ͳ Ͳ
Ͳ 1 Ͳ
Ͳ Ͳ 1

]  = 

   [
−11 1͸ 1Ͳ
−1Ͳ 14 8
−͹ 8 8

] A-1 = ଵ
଺
 [
−11 1͸ 1Ͳ
−1Ͳ 14 8
−͹ 8 8

] 

1.13 Similarity of matrices:  

Matrix A and B of order n x n are said to be similar to each other if there exists an 
invertible n x n matrix P, such that AP = PB i.e. B = P-1AP  

For Similar matrices A, B, we have  

i. |𝐴𝐴| = |ܤ| 

Since A and B are similar, we have B = P-1AP 

  |�|  = |ܲିଵ��|         [ Taking determinant of both the side] 

 = |ܲିଵ||�| |�| ฺ = |ܲିଵܲ||�| ฺ  = |ܫ||�| ฺ  = |�|          [ As |1 = |ܫ] 

 |ܤ| = |𝐴𝐴| ׵

ii. Characteristic equation for A and B are same. 

 If A and B are similar to each other then 

 |𝐴𝐴 − ܤ| = |ܫߣ −  .ߣ for all real numbers ,|ܫߣ

ܤ|  − ��ଵିܲ| = |ܫߣ −  [As B = P-1AP]    |ܫߣ

       = |ܲିଵ�� − �ଵ��|  = |ܲିଵሺିܲߣ − �ሻ�|  = |ܲିଵ||ሺ�ߣ −  |�||ሻ�ߣ

            = |ܲିଵܲ||ሺ� − �ሻ| = |�||ሺ�ߣ − �ሻ|   = |ሺ�ߣ −  |ሻ�ߣ

Since |ܤ − �ሺ| = |ܫߣ −  ሻ|, the similar matrices A and B have same characteristic�ߣ
equation. 

1.14 Reduction of matrix to a diagonal matrix which has elements 
as characteristics values 

If a square matrix A of order n has n linearly independent eigen vectors, then a 
matrix P can be found such that P-1AP is a diagonal matrix.  

Proof: Let A be a square matrix of order 3.  
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 Let 1ߣ ǡ ǡ 2ߣ   be its eigen values and 3ߣ

 X1 = [
ଵݔ
ଵݕ
ଵݖ

], X2 = [
ଶݔ
ଶݕ
ଶݖ

], X3 = [
ଷݔ
ଷݕ
ଷݖ

] be the corresponding eigen vectors. 

 Denoting the square matrix [X1, X2, X3] by P. 

 P = [
ଵݔ ଶݔ ଷݔ
ଵݕ ଵݕ ଷݕ
ଵݖ ଶݖ ଷݖ

] 

 AP = A [X1, X2, X3] = [AX1, AX2, AX3] 

 We know that, AX = ߣX 

 3X3ߣ = 2X2, AX3ߣ = 1X1, AX2ߣ = AX1 ׵ 

 AP = [1ߣX1, 2ߣX2, 3ߣX3] 

       =[
ଵݔଵߣ ଶݔଶߣ ଷݔଷߣ
ଵݕଵߣ ଵݕଶߣ ଷݕଷߣ
ଵݖଵߣ ଶݖଶߣ ଷݖଷߣ

]  

      = [
ଵݔ ଶݔ ଷݔ
ଵݕ ଶݕ ଷݕ
ଵݖ ଶݖ ଷݖ

] x [
ଵߣ Ͳ Ͳ
Ͳ ଶߣ Ͳ
Ͳ Ͳ ଷߣ

] 

      = P D, where D is diagonal matrix. 

֜  P-1AP = P-1PD ׵   P-1AP = D 

P constitute eigen vectors of A and is called Modal matrix of A. 

D has eigen values as its diagonal elements and is called special matrix of A.  

Ex. 1 Reduce the matrix A = [
11 −4 −͹
͹ −2 −5
1Ͳ −4 −͸

] into a diagonal matrix. 

Sol: We know that,  D = P-1AP 

The characteristic equation of A is |𝐴𝐴 −  0 =| ܫߣ 

 [
11 − ߣ  −4 −͹

͹ −2 − ߣ −5
1Ͳ −4 −͸ − ߣ

] = 0 

 Here matrix A is 3 x 3  

 So Characteristic equation is given by 3ߣ - s1 2ߣ + s2 ߣ -  |𝐴𝐴| = 0 

 After solving for s1, s2 and |𝐴𝐴| , we get characteristic equation as,  

ߣ )ߣ ֜ 0 = ߣ 2 + 2ߣ 3 - 3ߣ   − 1ሻ ( ߣ − 2ሻ = 0 
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 .are the eigen values 2 = ߣ  and 1 = ߣ  ,0 = ߣ ֜ 

Now consider [A - ܫߣ] [ X ]= [ 0 ] 

 [
11 − ߣ  −4 −͹

͹ −2 − ߣ −5
1Ͳ −4 −͸ − ߣ

] ቈ
ݔ
ݕ
ݖ
቉=[

Ͳ
Ͳ
Ͳ
] 

 (11 −  z = 0(ߣ −6-) + y - 5z = 0; 10x - 4y(ߣ −2-) + x – 4y - 7z = 0; 7x (ߣ 

Case i:  0 =1ߣ in above equations  

 11x - 4y – 7z = 0 ֜ 7x -2y – 5z = 0 ֜ 10x -4y -6z = 0 

Now take any two equations. By rule of cross multiplication,  

 ௫
ଶ଴ିଵସ

 = ି௬
ିହହାସଽ

 = ௭
ିଶଶାଶ଼

 ֜  ௫
଺
 = ି௬

ି଺
= ௭

଺
  ֜ ௫

ଵ
 = ି௬

ିଵ
= ௭

ଵ
 

 X1 = (1, 1, 1)’ eigen vector corresponding to 0 = 1ߣ 

Case ii:  1 =2ߣ in main equations  

 10x - 4y – 7z = 0 ֜ 7x -3y – 5z = 0 10x -4y -7z = 0 

 Now take any two equations. By rule of cross multiplication,  

 ௫
ଶ଴ିଶଵ

 = ି௬
ିହ଴ାସଽ

 = ௭
ିଷ଴ାଶ଼

 ֜ ௫
ିଵ

 = ି௬
ିଵ

= ௭
ିଶ

 

          Divide by -1 , X2 = (1, -1, 2)’ eigen vector corresponding to 1 =2ߣ 

Case iii:  2 = 3ߣ in main equations  

 9x - 4y – 7z = 0 ֜ 7x -4y – 5z = 0 ֜ 10x -4y -8z = 0 

 Now take any two equations. By rule of cross multiplication,  

 ௫
ି଼

 = ି௬
ସ

 = ௭
ି଼

  

 Divide by -4,  ֜ ௫
ଶ
 = ௬

ଵ
= ௭

ଶ
 

 Take -1 common 

 X3 = (2, 1, 2)’ eigen vector corresponding to 2 =3ߣ 

 P = [
1 1 2
1 −1 1
1 2 2

] 

 Now for P-1  

 We know that,  P-1= ଵ
|௉|

 adj P 

 We know how to calculate P-1 and adj P. 
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 After calculation we get P-1 = 1 and adj P = [
−4 2 3
−1 Ͳ 1
3 −1 −2

] 

 P-1= ଵ
ଵ
 [
−4 2 3
−1 Ͳ 1
3 −1 −2

] 

 D = P-1AP 

      = [
−4 2 3
−1 Ͳ 1
3 −1 −2

] [
11 −4 −͹
͹ −2 −5
1Ͳ −4 −͸

] [
1 1 2
1 −1 1
1 2 2

]  

   = [
−4 2 3
−1 Ͳ 1
3 −1 −2

] [
Ͳ 1 4
Ͳ −1 2
Ͳ 2 4

] ֜ D = [
Ͳ Ͳ Ͳ
Ͳ 1 Ͳ
Ͳ Ͳ 2

] 

Whatever the eigen values is appear in the diagonal matrix. 

1.15 Summary 

In this chapter, we learned about types of matrices, matrix operations and a system 
of simultaneous linear equations in matrix form. We now understand what is 
adjoint of a matrix, invertible matrix and rank of a matrix and methods finding 
these. Students can solve a system of linear equations by row-reducing its 
augmented form. Students differentiated between Characteristics roots and 
characteristics vectors also able to reduce a matrix to a diagonal matrix.  

 1.16 References 

1.  Applied Mathematics II by P. N. Wartikar and J. N. Wartikar 

2.  Higher Engineering Mathematics by Dr. B. S. Grewal   

3.  Fundamentals of Matrix Computation by David S. Watkins 

 

1.17 Exercise 

Ex 1. If A = [ 3 −5
−4 2 ] Show that A2 – 5A – 14I = 0 

Ex 2. A = [
4 −1 −4
3 Ͳ −4
3 −1 −3

], show that A2 = I 
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Ex 3��6KRZ�WKDW�$%���%$�LQ�HDFK�RI�WKH�IROORZLQJ�FDVHV� 

a. A = [5 −1
͸ ͹ ] and B = [2 1

3 4] b. A = [
1 2 3
Ͳ 1 Ͳ
1 1 Ͳ

] and B = [
−1 1 Ͳ
Ͳ −1 1
2 3 4

] 

Ex 4. Find the inverse of given matrices 

 1ሻ [4 1
2 3]    2) [

1 2 5
1 −1 −1
2 3 −1

] 3)[
2 −3 3
2 2 3
3 −2 2

] 

Ex 5.  If A = [2 3
5 −2], show that A-1 =  ଵ

ଵଽ
 A 

Ex 6.  If A = [2 3
5 −2], show that A2 +3A +I = 0 and hence find A-1. 

Ex 7. Find the rank of the following matrices  

1.  A = [

2 −1 3
1 Ͳ 1
Ͳ 2 −1
1 1 4

];   2.  A = [

1 −1 1 −1
−1 1 −1 1
1 −1 1 −1

−1 1 −1 1

] 

Ex 8.  If A = [
1 2 −3
2 3 2
3 3 −4

] , find A-1 and hence solve the system of linear equations:  

 x + 2y - 3z = -4;  2x + 3y +2z = 2;  3x -3y - 4z = 1 [ Ans: x= 3, y = -2 , z = 1] 

Ex 9. Use matrix method to show that the following system of equations is 
inconsistent: 3x - y +2z = 3:2x + y +3z = 5; x -2y - z = 1  

Ex 10. Show that the matrix A = [
͸ −2 2

−2 3 −1
2 −1 3

] 

satisfies its characteristic equation and hence determine A-1. 

Ex 11. Show that the matrix A = [
4 −3 −3
3 −2 −3

−1 1 2
] 

satisfies its characteristic equation and hence determine A-1. 

Ex 12. Reduce the matrix A = [−1 3
−2 4] into a diagonal matrix. [ Ans: D =[1 Ͳ

Ͳ 2] ] 

Ex 13. Reduce matrix A = [−19 ͹
−42 1͸] into a diagonal matrix.[Ans: D = [2 Ͳ

Ͳ −5] 

 

��������
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Unit I 

2 
COMPLEX NUMBERS 

Unit structure 
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2.8  Circular functions of complex angles  
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2.11  Inverse hyperbolic functions 
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2.15  j(=i) as an operator (Electrical circuits) 

2.16  Summary 
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2.0 Objective 

After going through this chapter, students will able to  

• Compute sums, products, quotients, conjugate, modulus and argument of 
complex numbers. 

• Understand the graphical representation of complex numbers 

• Write the complex numbers in polar form, exponential form  

• Learn about circular, hyperbolic function, inverse hyperbolic function 

• Obtain relations between circular and hyperbolic functions 

• Learn about graphs of the hyperbolic functions and logarithms of complex 
quality 

2.1 Introduction:  

This chapter is concerned with the representation and manipulation of complex 
numbers. It has some introductory ideas associated with complex numbers, their 
algebra and geometry, algebraic properties of complex numbers, Argand plane and 
polar representation of complex numbers, exponential form of complex numbers, 
mathematical operation with complex numbers and their representation on 
Argand’s diagram, circular functions of complex angles, hyperbolic functions, 
relations between circular and hyperbolic functions, Inverse hyperbolic functions, 
graphs of the hyperbolic functions. This includes how complex numbers add and 
multiply, and how they can be represented graphically. Finally, we look the 
logarithms of complex quality and application of complex number in electrical 
circuit. 

2.2  Complex number:    

Imaginary Numbers: If the square of a given number is negative then such a 
number is called an imaginary number.  

 Eg. ξെͳ, ξെʹ are imaginary numbers. 

 We denote ξെͳ as i. 

 Thus, ξെͶ = 2i, ξെͻ = 3i and ξെͷ = i ξͷ 

 Powers of i: 

 i0 = 1, i1 = i, i2 = -1, i3 = i2 x i= (-1) x i = -i, i4 = i2 x i2 = (-1) x (-1) =1  
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 Thus,   

 
Complex Numbers: The numbers of the form (a + ib), where a and b are real 
numbers and i = ξെͳ, are known as complex numbers. The set of all complex 
numbers is denoted by C.  

א C = {(a + ib):a , b ׵  ܴሽ 

 Eg. Each of the numbers (5 + 6i), (-4 + ξ͵�i), and (ଷ
ସ
  - ହ

଻
�i)  

 is a complex number.  

 For a complex number, z = (a + ib), 

 a = real part of z, written as Re (z) and b = imaginary part of z,  

 written as Im (z). 

 If z = (5 + 6i) then Re(z) = 5 and Im(z) = 9. 

Purely Real and Purely Imaginary Numbers: 

A complex numbers z is said to be  

i. Purely real, if Im(z) = 0 

ii. Purely imaginary, if Re(z) = 0 

Thus, each of the numbers 2, -8, ξͶ is purely real and 3i, (ξͷ� i), - ହ
଻
 i is purely 

imaginary. 

Conjugate of a Complex Number: 

Conjugate of a complex number z = (a + ib) is defined as, ݖҧ = (a - ib). 

Eg, ሺ͵ ൅ �͹Ç�ሻതതതതതതതതതതതത = (3 - 7i) 

Modulus of Complex Number: 

Modulus of complex number Z = (a + ib), denoted by ȁݖȁ = ξܽଶ ൅ ܾଶ. 

Eg. If z = (2 + 3i) then ȁݖȁ = ξʹଶ ൅ ͵ଶ = ξͳ͵ 

       If z = (-5 - 4i) then ȁݖȁ = ඥሺെͷሻଶ ൅ ሺ�െ�Ͷ�ሻଶ = ξͶͳ 

2.3 Equality of Complex Number:  

If z1 = a1 +ib1 and z2 = a2 +ib2 then  z1 = z2 ֞ a1 = a2 and b1 = b2. 

Ex. If 2y + (3x - y) i = (5 - 2i), find the values of x and y. 

i0 = 1, i1 = i,  i2 = -1, i3 = -i, i4=1 
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Sol: Equating the real and imaginary parts, we get 

 2y + (3x - y) i = (5 - 2i) ฻ 2y = 5 and 3x – y = -2 

 ฻ y= ହ
ଶ
 and 3x - ହ

ଶ
 = -2 ฻ y= ହ

ଶ
 and x =  ଵ

଺
  

 Hence x = ଵ
଺
 and y= ହ

ଶ
 

Sum and Difference of Complex Number:  

If z1 = (a1 +ib1) and z2 = (a2 +ib2) then  

i. z1 + z2 = (a1 + a2) + i (b1 + b2)  ii. z1 - z2 = (a1 - a2) + i (b1 - b2) 

Ex. i. z1 = (3 + 5i) and z2 = (- 5 + 2i) then 

 z1 + z2 = {(3 + (-5)} + i (5 + 2) = (-2 + 7i)  

 z1 - z2 = {(3 - (-5)} + i (5 - 2) = (8 + 3i) 

Properties of Addition of Complex Numbers: 

i. Closure Property: The sum of two complex numbers is always a complex 
number. 

ii. Commutative Law:  Addition of two complex numbers is commutative. 

  For any two complex numbers z1 and z2,  z1 + z2 = z2 + z1, for all z1, z2 א C 

iii. Associative Law: Addition of three complex numbers is associative.  

 For any complex numbers z1, z2 and z3,  

 (z1 + z2) + z3 =z1 + (z2 + z3) for all z1, z2, z3 א C 

iv. Existence of Additive Identity: For any complex numbers z,  

 z + 0 = 0 + z = z ,0 is the additive identity for complex number. 

v. Existence of Additive Identity: For any complex numbers z,  

 z + (-z) = (-z) + z = 0 

Thus, every complex number z has (-z) as its additive inverse. 

Multiplication of Complex Numbers:  

Let z1 = (a1 +ib1) and z2 = (a2 +ib2) then  z1 z2  = (a1 +ib1) (a2 +ib2) 

 = (a1 a2 - b1b2) + i (a1b2 +b1a2) 

  .z1 z2 = {Re(z1). Re(z2) - Im(z1). Im(z2)}+ i{Re(z1) ׵ 

 Im(z2) -    Im(z1). Re(z2)} 

Ex. 1.  Let z1 = (4 + 2i) and z2 = (6 + 3i) then 
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        z1 z2= (4.6 – 2.3) + i (4.3 + 6.2) = (24 - 6) + i (12 + 12) = 18 + 24i 

Properties of Multiplication of Complex Numbers: 

a. Closure Property: The product of two complex numbers is always a 
complex number. 

b. Commutative Law:  Multiplication of two complex numbers is 
commutative.  

 For any two complex numbers z1 and z2,  

 z1.z2 = z2.z1, for all z1, z2 א C 

c. Associative Law: Multiplication of three complex numbers is associative.  

 For any complex numbers z1, z2 and z3,  

 (z1.z2). z3 =z1. (z2.z3) for all z1, z2, z3 א C 

d. Existence of Multiplicative Identity: the complex number  

 (1 + i0) is multiplicative identity in C. 

 Let z = (a + ib) then  

 z x 1 = (a + ib). (1 + i0)  = {(a.1 -b.0) + i(a.0 + b.1)} = (a +ib) = z 

 Similarly, z x 1 = 1x z = z for all z א C 

 Hence, the complex number 1 = (1 + i0) is the multiplicative identity. 

e. Existence of multiplicative Identity:  

 Let z = (a + ib) then  

 z-1 = ଵ
௭
 = ଵ

ሺୟ�ା�୧ୠሻ
� =  ଵ

ሺୟ�ା�୧ୠሻ
�x �ሺୟ�ି��୧ୠሻ�

ሺୟ�ି�୧ୠሻ
  = ሺୟ�ି�୧ୠሻ

௔మା�௕మ
  

 Clearly, z x z-1 = z-1 x z = 1 

 Thus, every z = (a + ib) has its multiplicative inverse, given by,  

 z-1 = ଵ
௭
 = ሺୟ�ି�୧ୠሻ

௔మା�௕మ
�= ௭ҧ

ȁ௭ȁమ
 ȁ2ݖzz-1 = ȁ ׵  

 Points to remember: 

1. z = (a + ib) ֜ ݖҧ = (a - ib) and ȁݖȁ2 = ሺܽଶ ൅�ܾଶ) 

2. z = (a + ib) ֜ z-1 = ௭ҧ
ȁ௭ȁమ

  = ሺୟ�ି�୧ୠሻ
௔మା�௕మ

  

f. Distributive Laws: For any complex numbers z1, z2 and z3,  

 z1. (z2+ z3) = z1z2 + z1z3  

 (z1 + z2).z3 = z1z3 + z2z3 for all z1, z2, z3 א C 
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Division of Complex Numbers:  

Let z1 and z2 be complex numbers such that z2 ് 0 then 
୸ଵ
୸ଶ

 = z1. ଵ୸ଶ = z1. z2-1. 

Eg. Find ௭ଵ
௭ଶ

 when z1 = ሺ6+3i) and z2 = ሺ3 – i) 

Sol:  We have ୸ଵ
୸ଶ

 = z1. z2-1. 

 z2-1= ௭ଶതതതത
ȁ௭ଶȁమ

 = ሺଷିపሻതതതതതതതത

ۀ�ଷమା�ሺି௜ሻమڿ
 = ሺଷା�୧ሻ

ଵ଴
 

 ୸ଵ
୸ଶ

 = z1. z2-1 

         = ሺ6+3i). ሺଷା�୧ሻ
ଵ଴

 = ሺ଺ାଷ୧ሻǤሺଷା୧ሻǤ��
ଵ଴

 = ሺ଺ǤଷିଷǤଵሻା୧ሺ଺ǤଵାଷǤଷሻǤ
ଵ଴

 = ሺଵହାଵହ୧ሻǤ
ଵ଴

  = ଵହሺଵା୧ሻǤ
ଵ଴

 = ଷሺଵା୧ሻǤ
ଶ

 

Some Identities on Complex Numbers: 

For any complex numbers z1 and z2,  

i. ሺz1 + z2)2= z12 + z22 + 2 z1z2   

ii. ሺz1 - z2)2= z12 + z22 - 2 z1z2 

iii. ሺz12 - z22) = ሺz1 + z2)�ሺz1 - z2) 

iv. ሺz1 + z2)3= z13 + z23 + 3 z1z2ሺz1 + z2) 

v. ሺz1 + z2)3= z13 - z23 - 3 z1z2ሺz1 - z2) 

Students can solve these identities as exercise.  

2.4  Graphical representation of Complex Number  
(Argand’s Diagram):  

Complex Plane or Argand Plane: 

Let X’OX and YOY’ be the mutually perpendicular lines, known as the x axis and 
the y axis respectively. The complex number (x + iy) corresponds to the ordered 
pair (x, y) and it can be represented by the point P(x, y) in the x-y plane. The x-y 
plane is known as the complex plane or Argand plane. X axis is called the real axis 
and y axis is called the imaginary axis.  
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Note that every number on the x axis is a real number, while each on the y axis is 
an imaginary number. 

The complex numbers represented geometrically in the above diagram are  

(2 + 4i), (-3 + 2i), (-4 -3i), (3 - 4i), (5 + 0i), (-4 + 0i), (0 + 3i), (0 - 3i)  

Represented by the points, A (2,4), B (-3, 2), C (-4, -3), D (3, -4), E (6,0),  

F (-3, 0), G (0, 2) and H (0, -3) respectively. 

2.5 Polar form of a Complex Number: 

Let the complex number z = x + iy be represented by the point P (x, y) in the 
complex plane. Let ס XOP = ߠ and ȁܱܲȁ= r > 0.  

Then, P (r,ߠ�) are called the polar coordinates of P. 

We call the origin O as pole. 

Clearly, x = r cosߠ and y = r sinߠ 

We have, z = x + iy  = r cosߠ + i r sinߠ  

       = r (cosߠ + i sinߠ). 

This is called the polar form, or trigonometric form, or modulus-amplitude form, 
of z. 
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Here, r =�ඥݔଶ ൅ �ଶ ൌݕ ȁݖȁ is called the modulus of z.  

And ߠ is called the argument, or amplitude of z, written as arg (z), or amp (z). 

The value of ߠ such that -ߨ ൏ ߠ ൑  .is called the principal argument of z ߨ�

2.5.1 Polar form of x + iy for different signs of x, y: - 

Method for finding the Principal Argument of a Complex Number  

Case I When z = (x +iy) lies on one of the axes:  

I. When z is purely real. In this case, z lies on the x axis. 

i. If z lies on positive side of the x axis, then 0 = ߠ. 

ii. If z lies on negative side of the x axis, then ߨ = ߠ. 

II. When z is purely imaginary. In this case, z lies on the y axis. 

i. If z lies on the y axis and above the x axis then ߠ = గ
ଶ
. 

ii. If z lies on the y axis and above the x axis then ߠ = గ
ଶ
. 

Case II When z = (x +iy) does not lies on any axes:  

Step 1. Find the acute angle ߙ by tan ߙ�= ቚூ௠�ሺ୸ሻ�
ோ௘�ሺ୸ሻ

ቚ. 

Step 2. Find the quadrant in which P (x, y) lies.  

Then,  ߠ = arg (z) may be obtained as under. 

i. When z lies in quad I; Then, ߙ = ߠ ֜ arg (z) = ߙ 
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ii. When z lies in quad II; Then, ߠ = ሺߨ െ ሻ ߙ� ֜ arg (z) = ሺߨ െ  ሻ ߙ�

iii. When z lies in quad III; Then, ߠ = ሺߙ� െ ߨ�ሺݎ݋ሻߨ� ൅ ሻ ߙ ֜ arg (z) = 
ሺߙ� െ ߨ�ሺݎ݋�ሻߨ� ൅  ሻ ߙ

iv. When z lies in quad IV; Then, ߠ = െߙ ֜ arg (z) = - ߙ 

 
Ex. 1. For following complex numbers find the polar form. 

i. z = (1+iξ͵)   ii. z = (-1- iξ͵)   

 Sol. i.  Let z = (1+iξ͵)  i.e. x=1 and y = ξ͵ 

 We know that, Polar form = r (cos ߠ ൅ ݅ ���  ሻߠ

 We have to find e and ߠ 

 We know that, r =�ඥݔଶ ൅ ଶ = =�ξͳݕ ൅ ͵ = 2 

 r = 2 ׵ 

 Let tan ߙ�= ቚூ௠�ሺ୸ሻ
ோ௘�ሺ୸ሻ

ቚ = ቚ௬
௫
ቚ = ቚξଷ

ଵ
ቚ = ξ͵ 

 tan ߙ ൌ ��� గ
ଷ
��� = tan 60 = ξ͵, tan 60 ׶]             గ

ଷ
Ǥ ߨ ൌ ͳͺͲሿ 

ߙ  ൌ గ
ଷ
 

గ = ߠ ׵  ߙ = ߠ ׵ ,points (1, ξ͵) lies in I quad ׶ 
ଷ
 

Polar form of z = 2 (cos గ  ׵ 
ଷ
 + i sin గ

ଷ
 ) 

 ii.   Let z = (-1- iξ͵)  i.e. x= - 1 and y = - ξ͵ 

 Sol: We know that, Polar form = r (cos ߠ ൅ ݅ ���  ሻߠ
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 We have to find e and ߠ 

 We know that, r =�ඥݔଶ ൅ ଶ = =�ξͳݕ ൅  r = 2 ׵  2 = ͵

 Let tan ߙ�= ቚூ௠�ሺ୸ሻ
ோ௘�ሺ୸ሻ

ቚ  = ቚ௬
௫
ቚ = ቚିξଷ

ି�ଵ
ቚ  = ξ͵ 

 tan ߙ ൌ ��� గ
ଷ
��� = tan 60 = ξ͵, tan 60 ׶]             గ

ଷ
Ǥ ߨ ൌ ͳͺͲሿ 

ߙ  ൌ గ
ଷ
 

ߙ = ߠ ׵ ,points (- 1, - ξ͵) lies in III quad ׶  െ  ߨ�

గ = ߠ ׵ 
ଷ
గିଷగ = ߨ – 

ଷ
 = ିଶగ

ଷ
 

Polar form of z = 2 (cos ିଶగ  ׵ 
ଷ

 + i sin ିଶగ
ଷ

 ) 

Exercise:  

Ex 1.  If z is a non-zero complex number, such that 2iz2 = ݖҧ the find ȁݖȁ  

 [Ans: ȁݖȁ=1/2] 

Ex. 2 If | z | = 1, then find the value of ଵା௭
ଵା�௭ҧ

.    

 [Ans: z] 

2.6 Exponential form of Complex Numbers: 

We know that if x is a real number, then 

݁௫= 1 + x + ௫
మ

ଶ�Ǩ
 +  ௫

య

ଷ�Ǩ
  +  ௫

ర

ସ�Ǩ
 + ………………….. (1) 

Assuming this is true for all values of x (real or complex) 

Let substitute iߠ for x in equation (1) 

 ݁୧ఏ= 1 + iߠ + ௜
మఏమ

ଶ�Ǩ
 +  ௜

యఏయ

ଷ�Ǩ
  +  ௜

రఏర

ସ�Ǩ
+ …………………… 

 Put i2 = -1 

 ݁୧ఏ= 1 + iߠ - ఏ
మ

ଶ�Ǩ
 -  ௜ఏ

య

ଷ�Ǩ
  +  ఏ

ర

ସ�Ǩ
+ …………………… 

 ݁୧ఏ  = (1 - ఏ
మ

ଶ�Ǩ
  +  ఏ

ర

ସ�Ǩ
 - ఏ

ల

଺�Ǩ
……) + i ( ߠ  -  ௜ఏ

య

ଷ�Ǩ
  +  ఏ

ఱ

ହ�Ǩ
 - ఏ

ఱ

଻�Ǩ
………) 

We know that,  

 sinߠ = ߠ�  -  ௜ఏ
య

ଷ�Ǩ
  +  ఏ

ఱ

ହ�Ǩ
 - ఏ

ఱ

଻�Ǩ
……  and cos 1 = ߠ - ఏ

మ

ଶ�Ǩ
  +  ఏ

ర

ସ�Ǩ
 - ఏ

ల

଺�Ǩ
………… 

 (ߠi sin + ߠcos) =  ୧ఏ݁ ׵  
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 Complex number z = x +iy        (cartesian form) ׵ 

   = r (cosߠ + i sinߠ) (Polar form) 

   = r ݁୧ఏ   (Exponential form) 

Exponential form of x + iy = r ࣂܑࢋ 

 ݁୧ఏ  = (cosߠ + i sinߠ) and ݁ି୧ఏ  = (cosߠ - i sinߠ) 

2.7 Mathematical operation with complex numbers and their 
representation on Argand’s Diagram: 

1.  Addition of Complex Numbers: 
 Let z1 and z2 be two complex numbers. 
 z1= (x1 +iy1) and z2= (x2 +iy2)  
 z1 + z2 = (x1 + x2) + i (y1 + y2) 
 Graphical representation (Argand’s diagram): 
 Represent the complex numbers z1 and z2 by vectors ��ͳሬሬሬሬሬሬሬሬԦ  and ��ʹሬሬሬሬሬሬሬሬԦ 

respectively.  

 
 Now complete the parallelogram OP1P3P2. 
 By properties of parallelograms, opposite sides of parallelogram are equal 

and diagonals of parallelogram bisect each other. 

and P (௫ଵା௫ଶ (0,0) 0 ׵ 
ଶ

, ௬ଵା௬ଶ
ଶ

) 

 We can calculate coordinates of P3. 
 Let consider P3(X, Y) 
  ,coordinates of P3 ׵ 

  ௑ା଴
ଶ

ൌ� ௫ଵା௫ଶ
ଶ

  ֜ X = (x1 + x2) 

 ௒ା଴
ଶ

ൌ� ௬ଵା௬ଶ
ଶ

  ֜ Y = (y1 + y2) 
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 coordinates of P3(x1 + x2, y1 + y2) ׵ 
 If we represent P3 in complex number as z3 
 z3 = (x1 + x2) + i (y1 + y2) 
  = x1 + iy1 + x2 + iy2 
 z3 = z1 + z2            ሾ׶ z1= (x1 +iy1) and z2= (x2 +iy2)] 
2.  Subtraction of Complex Numbers: 
 Let z1 and z2 be two complex numbers. 
 z1= (x1 +iy1) and z2= (x2 +iy2)  
 z1 - z2 = (x1 - x2) + i (y1 - y2) 
 Graphical representation (Argand’s diagram): 
 Represent the complex numbers z1 and z2 by vectors ��ͳሬሬሬሬሬሬሬሬԦ  and ��ʹሬሬሬሬሬሬሬሬԦ 

respectively.  

 
 Take negative of complex number of z2 
 Now complete the parallelogram OP3P4 P1. 
 By properties of parallelograms, opposite sides of parallelogram are equal 

and diagonals of parallelogram bisect each other. 

o (0,0) and P (௫ଵି௫ଶ ׵ 
ଶ

, ௬ଵି௬ଶ
ଶ

) 

 We can calculate coordinates of P4. 
 Let consider P4(X, Y) 
  ,coordinates of P4 ׵ 

  ௑ା଴
ଶ

ൌ� ௫ଵି௫ଶ
ଶ

  ֜ X = (x1 - x2) 

 ௒ା଴
ଶ

ൌ� ௬ଵି௬ଶ
ଶ

  ֜ Y = (y1 - y2) 

 coordinates of P3(x1 - x2, y1 - y2) ׵ 
 If we represent P4 in complex number as z4 
 Z4 = (x1 - x2) + i (y1 - y2) 
      = (x1 +iy1) - (x2 + iy2) 
 Z4 = z1 - z2            ሾ׶ z1= (x1 +iy1) and z2= (x2 +iy2)] 
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3. Multiplication of Complex Numbers: 

 Let z1 and z2 be two complex numbers. 
 z1= (x1 +iy1) and z2= (x2 +iy2)  
 z1.z2 = (x1 - x2). i (y1 - y2) 
                 = x1x2 +ix1y2+ix2y1 - y1y2           [as i2 = -1] 
                = (x1x2 - y1y2) +i (x1y2+x2y1) 
 Let consider the complex numbers in polar form. 
 Let z1 = (x1 +iy1) = r1(cos1 ߠ+ i sin1 ߠ) = r1 ݁௜ఏଵ 
             z2 = (x2 +iy2) = r2(cos2 ߠ+ i sin2 ߠ) = r2�݁௜ఏଶ 

 Then z1. z2 = r1 ݁௜ఏଵ. r2�݁௜ఏଶ 

                          = r1r2݁௜ሺఏଵାఏଶሻ 
         = r1r2 [cosሺߠͳ ൅ ͳߠi sinሺ + (ʹߠ ൅  [ሻʹߠ
 The product of the complex numbers is a complex number whose modulus 

is the product of their moduli and whose amplitude is the sum of their 
amplitudes. 

 Graphical representation (Argand’s diagram): 
 Let P1 represent z1 = r1(cos1ߠ+ i sin1ߠ),  
      P2 represent z2 = r2(cos2ߠ+ i sin2ߠ) and OM = 1 unit 

 
 We get ȟ OP1M. 
 Construct the ȟ OP3P2 similar to ȟ OP1M. 

 For modulus, ை௉ଷ
ை௉ଵ

 = ை௉ଶ
ைெ

 ֜�ை௉ଷ
௥ଵ

 = ௥ଶ
ଵ

 ֜ OP3 = r1r2 

 To calculate argument,  
 2ߠ + 1ߠ =   1ߠ + 2ߠ = P2OP3ס + XOP2ס = XOP3ס� 
 P1(r1, 1ߠ) represents the complex number r1(cos1ߠ+ i sin1ߠ) and  
 P2(r2, 2ߠ) represents the complex number r2(cos2ߠ+ i sin2ߠ). 
 Similarly, P3(r1r2, 2ߠ�+1ߠ) represents r1r2 [cosሺߠͳ ൅ ͳߠi sinሺ + (ʹߠ ൅  [ሻʹߠ

whose modulus is the product of their moduli and whose amplitude is the 
sum of their amplitudes. 

mu
no
tes
.in



45

Chapter 2: Complex Numbers

  Hence z1. z2 giving simple graphical construction for a product.   

4. Quotient of Complex Numbers: 

 The product of two conjugate complex numbers is a real number i.e (x +iy) 
(x - iy)= x2 + y2 leads to the following method of division, where the 
denomination is always expressed as a real number.  

 Let z1 and z2 be two complex numbers. 
 z1= (x1 +iy1) and z2= (x2 +iy2)  
  

 Thus, ୶ଵ�ା୧୷ଵ
୶ଶ�ା୧୷ଶ

  = ୶ଵ�ା୧୷ଵ
୶ଶ�ା୧୷ଶ

 . ୶ଶି୧୷ଶ
୶ଶି୧୷ଶ

 

    = �ሺ୶ଵǤ୶ଶା୷ଵǤ୷ଶሻା୧ሺ୶ଶǤ୷ଵି୶ଵǤ୷ଶሻ
௫ଶమା�௬ଶమ

 

    = �ሺ୶ଵǤ୶ଶା୷ଵǤ୷ଶሻ
௫ଶమା�௬ଶమ

 + ୧ሺ୶ଶǤ୷ଵି୶ଵǤ୷ଶሻ
௫ଶమା�௬ଶమ

 

 But it is more convenient to divide the complex numbers in their polar 
forms or better in exponential form. 

 ୶ଵ�ା୧୷ଵ
୶ଶ�ା୧୷ଶ

 = ୰ଵ�௘
೔ഇభ

୰ଶ�௘೔ഇమ
 = ୰ଵ�

୰ଶ�
 ݁௜ሺఏଵିఏଶሻ 

 ୶ଵ�ା୧୷ଵ
୶ଶ�ା୧୷ଶ

 = ୰ଵ�௘
೔ഇభ

୰ଶ�௘೔ഇమ
 = ୰ଵ�

୰ଶ�
 ሼ���ሺߠͳ െ ሻʹߠ െ ݅� ͳߠሺ݊݅ݏ െ  {ሻʹߠ

 The modulus of the quotient of two complex numbers is the quotient of ׵ 
their moduli and amplitude of the quotient is the difference of their 
amplitudes.  

 Graphical representation (Argand’s diagram): 
 Let 2ߠ < 1ߠ 
 Let P1 represent z1 = r1(cos1ߠ+ i sin1ߠ),  
      P2 represent z2 = r2(cos2ߠ+ i sin2ߠ) and OM = 1 unit along X axis. 
 Construct ȟ OP1 P2 similar to ȟ OP3M. 

 ை௉ଵ
ை௉ଷ

 = ை௉ଶ
ைெ

 ֜� ௥ଵ
ை௉ଷ

 = ௥ଶ
ଵ

 ֜ OP3 = ௥ଵ
௥ଶ 

 2ߠ - 1ߠ =  XOP2ס - XOP1ס = XOP3ס 
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 P1(r1, 1ߠ) represents the complex number r1(cos1ߠ+ i sin1ߠ) and  
 P2(r2, 2ߠ) represents the complex number r2(cos2ߠ+ i sin2ߠ). 

 We get, P3 = ( ௥ଵ
௥ଶ
�, ሺ2ߠ�-1ߠ) gives complex number 

  ௥ଵ
௥ଶ
� [cosሺ2ߠ�-1ߠ) – i sin ሺߠͳ െ ሻ] which is equal to ௭ଵʹߠ

௭ଶ
.  

ቚ௭ଵ ׵ 
௭ଶ
ቚ = ȁ௭ଵȁ

ȁ௭ଶȁ
  and arg ௭ଵ

௭ଶ
 = arg z1 -arg z2 

5. Powers of Complex Numbers DeMoivre’s Theorem: 

 Statement: If n is any real number, one of the values of (cosߠ+ i sinߠ)n is 
cos݊ߠ+ i sin݊ߠ. 

 Proof: Here we consider three cases. 

i.        n is positive integer   ii. n is negative integer and iii. n is a fraction 

i. Let n is positive integer:  
(cosߠ+ i sinߠ)n = (cosߠ+ i sinߠ) (cosߠ+ i sinߠ)……..n times 

       = cos [ ߠ ൅ ߠ ൅ ……. n times] + i sin [ ߠ ൅ ߠ ൅   ……. n times] 
       = cos݊ߠ+ i sin݊ߠ  

ii. Let n is negative integer:  
 Let n = -m, where m is a positive integer 

           (cosߠ+ i sinߠ)n = (cosߠ+ i sinߠ)-m   

                                    = ଵ
ሺୡ୭ୱఏା�୧�ୱ୧୬ఏሻౣ

a -m = ଵ ׶]      
௔೘

 ] 

                                    = ଵ
ୡ୭ୱ୫ఏା�୧�ୱ୧୬୫ఏ

       [ from ( i)] 

                                    = ଵ
ୡ୭ୱ୫ఏା�୧�ୱ୧୬୫ఏ

 . ୡ୭ୱ୫ఏି�୧�ୱ୧୬୫ఏ
ୡ୭ୱ୫ఏି୧�ୱ୧୬୫ఏ

 

                                    = ୡ୭ୱ୫ఏି�୧�ୱ୧୬୫ఏ
௖௢௦మ�௠ఏା�௦௜௡మ�௠ఏ

 [i2 = - 1 ׶]        

                                    = �ߠ��� െ ׶ ]             ߠ������� ߠଶ�݉ݏ݋ܿ ൅ ߠଶ�݉݊݅ݏ ൌ ͳሿ 
                                   = ���ሺെ�ሻߠ ൅ ������ሺെ�ሻߠ   
                                   = ��� ݊ ߠ ൅ �� ��� ݊    ߠ

iii. Let n be a fraction: 
 n = ࢖

ࢗ
 , where p and q are + ve or -ve integer. 

 from (i) and (ii) we have,  

 (cos ఏ
௤
+ i sin�ఏ

௤
)q = cosߠ+ i sinߠ 

׶  ሺ�ߠ�� ൅ ሻߠ������
భ
೜ = cosఏ

௤
+ i sinఏ

௤
  

 ሺ�ߠ�� ൅ ߠ���ሻ௡ = ሺߠ������ ൅ ሻߠ������
೛
೜        [׶ n = ࢖

ࢗ
 ] 
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    = [ ሺ�ߠ�� ൅ ሻߠ������
భ
೜]p  = [cosఏ

௤
�+ i sinఏ

௤
]p  

    = cos௣
௤
i sin௣ +ߠ�

௤
 ߠ 

             ሺ�ߠ�� ൅  ߠi sin n +ߠ݊ ሻ௡ = cosߠ������
Ex 1. ([SUHVV�VLQ��ș�DQG�FRV��ș�LQ�WHUPV�RI�SRZHUV�RI�FRV�ș�DQG�VLQ�ș�� 
 Sol: 8VLQJ�GH�0RLYUH¶V�WKHRUHP�� 
 FRV��ș���i VLQ��ș� ��FRV�ș���LVLQ�ș��3  
          = (cos3 ș�í���FRV�ș�VLQ2 ș����L���VLQ�ș�FRV2 ș�í�VLQ3 ș� 
  We can equate the real and imaginary coefficients separately, 
  L�H��FRV��ș� �FRV3 ș�í���FRV�ș�VLQ2 ș� ���FRV3 ș�í���FRV�ș� 
       VLQ��ș� ���VLQ�ș�FRV2 ș�í�VLQ3 ș = ��VLQ�ș�í���VLQ3 ș 

([����,I�]� ��FRV�ș���LVLQ�ș���VKRZ�WKDW�]n + ଵ
௭೙

 = 2 cos n ș�DQG�]n - ଵ
௭೙

 = 2 isin n ș 

 Sol: Let z = �FRV�ș���LVLQ�ș� 
 %\�GH�0RLYUH¶V�WKHRUHP�� 
 zn  ��FRV�ș���LVLQ�ș��n  �FRV�Qș���LVLQ�Qș 

 ଵ
௭೙

 = z-n  �FRV�Qș�– LVLQ�Qș 

 zn + ଵ
௭೙

 = �FRV�Qș���L�VLQ�Qș������FRV�Qș�– LVLQ�Qș� = ��FRV�Qș 

 Also,  zn -  ଵ
௭೙

 = �FRV�Qș���L�VLQ�Qș���- �FRV�Qș�– LVLQ�Qș� = ��VLQ�Qș 

Ex 3 Simplify ( ଵ�ା�ୡ୭ୱ ଶ஘�ା�୧ୱ୧୬ଶ஘
ଵ�ା�ୡ୭ୱ ଶ஘ି�୧ୱ୧୬ଶ஘

 )30 

 Sol: Let Z = FRV��ș���L�VLQ��ș 

 As ȁݖȁ = ȁݖȁ2 = zݖҧ = 1, we get ݖҧ = ଵ
௭
 FRV��ș�- L�VLQ��ș 

׵  ଵ�ା�ୡ୭ୱ ଶ஘�ା�୧ୱ୧୬ଶ஘
ଵ�ା�ୡ୭ୱଶ஘ି�୧ୱ୧୬ଶ஘

 = ଵା௭�
ଵା�భ೥

 = ሺଵା௭ሻ௭
௭ାଵ

 = z 

ଵ�ା�ୡ୭ୱ ) ׵  ଶ஘�ା�୧ୱ୧୬ଶ஘
ଵ�ା�ୡ୭ୱଶ஘ି�୧ୱ୧୬ଶ஘

 )30 = Z30 = �FRV��ș���L�VLQ��ș�30  = FRV���ș���L�VLQ���ș 

Ex 4. Simplify (1+ i)18 
 Sol: Let 1 +i = r �FRV�ș���L�VLQ�ș��WKHQ�ZH�JHW 

 r = ξͳଶ ൅ ʹଶ = ξʹ ; ߙ = tan -1 = ( ଵ
ଵ
) = గ

ସ
� 

 ș� ߙ� =  గ
ସ
 [i lies in the first quadrant + �1׶ ]     

ξʹ (cos గ = (i +1) ׵ 
ସ
 + i sin గ

ସ
) 

 Raising to power 18 on both sides 
 (1+ i)18 = ሾξʹ (cos గ

ସ
 + i sin గ

ସ
)]18 = ξʹ 18(cos గ

ସ
 + i sin గ

ସ
)18 

 By GH�0RLYUH¶V�WKHRUHP�� 

 (1+ i)18 = 29 (cos ଵ଼గ
ସ

 + i sin ଵ଼�గ
ସ

) = 29 (cos ଽగ
ଶ

 + i sin ଽ�గ
ଶ

) 

           = 29 (cos [Ͷߨ +  గ
ଶ
 ]+ i sin ሾͶߨ� ൅��గ

ଶ
�ሿ) = 29 (cos  గ

ଶ
 + i sin �గ

ଶ
�) = 29i =  
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Ex 5. Find cube root of unity. 
 Sol: we have to find 11/3 
 Let z = 11/3  i.e. z3 = 1 
 In polar form, z3 = 1 can be written as  
 z3 = cos (0 + 2kߨ�) + i sin (0 + 2kߨ�) = ݁௜ଶ௞஠ , k = 0, 1, 2,... 

 z = (cos ଶ௞గ
ଷ

 + i sin ଶ௞గ
ଷ

) = ݁௜
మೖഏ
య , k = 0, 1, 2 

 Taking k = 0, 1, 2 we get, 
 k = 0, z = (cos 0+ i sin 0) = 1 

 k = 1, z = (cos ଶగ
ଷ

 + i sin ଶగ
ଷ

) = (cos (ߨ െ�గ
ଷ
 ) + i sin (ߨ െ�గ

ଷ
 ) ) 

          = - cos�గ
ଷ
  + i sin �గ

ଷ
 = - ଵ

ଶ
 + i ξଷ

ଶ
 

 k = 2, z = (cos ସగ
ଷ

 + i sin ସగ
ଷ

) = (cos (ߨ ൅�గ
ଷ
 ) + i sin (ߨ ൅ గ

ଷ
 ) ) 

              = - cos�గ
ଷ
  - i sin �గ

ଷ
 = - ଵ

ଶ
 - i ξଷ

ଶ
 

The cube root of unity are 1,  ିଵା௜ξଷ ׵ 
ଶ

, ିଵି�௜ξଷ
ଶ

 

Exercise: 

Ex. 1  Simplify   ሺെξ͵ ൅ ͵݅ሻ    [Ans: 2 ξ͵ (cos ଶగ
ଷ

 + i sin ଶగ
ଷ

) 

Ex. 2  Simplify   ቀ��� గ
଺
൅ ݅� ��� గ

଺
�ቁ18     [ Ans: 1] 

2.8 Circular functions of complex angles:  

We know that,  

݁୧௫  = (��� ��� i +ݔ �) =  and ݁ି୧௫ (ݔ�� ��� i - ݔ  (ݔ

�) =�୧௫  + ݁ି୧௫݁ ׵�� ��� i +ݔ �) +(ݔ�� ��� i - ݔ � 2 = (ݔ��  ݔ

And ݁୧௫  -  ݁ି୧௫�= (��� ��� i +ݔ �) - (ݔ�� ��� i - ݔ ��� i 2 = (ݔ  ݔ

� ׵�� ࢋ = ݔ
ܑ࢞��ାࢋ�షܑ࢞

૛
 and    ��� �ൌ ݔ ࢋ

షܑ࢞ࢋ�ି�ܑ࢞

૛࢏�
 

These are known as exponential values of the sine and cosine.  

For any non-real quantity z, where the geometrical definitions of sin z, cos z no 
longer have a meaning, we may regard them as defined as above so that,  

ܖܑܛ ࢠ ൌ � ࢋ
ࢠషܑࢋ�ି�ࢠܑ

૛࢏�
ܛܗ܋   ;  ࢋ =  ࢠ

ࢠషܑࢋ���ାࢠܑ

૛
  

ܖ܉ܜ ࢠ�࢔࢏࢙ =�ࢠ
ࢠ�࢙࢕ࢉ

ࢠషܑࢋ�ି�ࢠܑࢋ = 

ሻࢠషܑࢋ�ାࢠܑࢋሺ࢏
܋܍ܛܗ܋  ; ૚ = ࢠ

ܖܑܛ ࢠ
 = ૛࢏�

ࢠషܑࢋ�ି�ࢠܑࢋ
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܋܍ܛ ૚ = ࢠ
�ܛܗ܋ ࢠ

 = ૛�
ࢠషܑࢋ��ାࢠܑࢋ

ܜܗ܋  ; ૚ = ࢠ
�ܖ܉ܜ ࢠ

ࢋ�ሺ࢏ = 
ሻࢠషܑࢋ�ାࢠܑ

ࢠషܑࢋ�ି�ࢠܑࢋ
 

2.9 Definition of Hyperbolic Function: 

Hyperbolic Functions: The hyperbolic functions are the complex analogues of the 
trigonometric functions. The analogy may not be immediately apparent and their 
definitions may appear at first to be somewhat arbitrary. However, careful 
examination of their properties reveals the purpose of the definitions. For example, 
their close relationship with the trigonometric functions, both in their identities and 
their calculus, means that many of the familiar properties of trigonometric functions 
can also be applied to the hyperbolic functions. 

Definitions: The two fundamental hyperbolic functions are cosh x and sinh x, 
which, as their names suggest, are the hyperbolic equivalents of cos x and sin x. 
They are defined by the following relations.  

 Hyperbolic cosine of x, ���� ௘ = ݔ
ೣ��ା�௘షೣ

ଶ
  

Hyperbolic sine of x, ���� ௘ = �ݔ
ೣ��ି�௘షೣ

ଶ
 

���� ���� is an even function and ݔ  is an odd function. By analogy with the �ݔ
trigonometric functions, the remaining hyperbolic functions are,  

���� ୱ୧୬୦௫ =  ݔ
ୡ୭ୱ୦௫

 = ሺ�௘
ೣ�ି�௘షೣሻ

ሺ�௘ೣ��ା�௘షೣሻ
 ;   ���� ଵ = ݔ

ୡ୭ୱ୦௫
 = ଶ

ሺ�௘ೣ��ା�௘షೣሻ
 

������ ଵ = ݔ
ୱ୧୬୦௫

 = ଶ
ሺ�௘ೣ�ି�௘షೣሻ

 ;  ���� ଵ = ݔ
୲ୟ୬୦௫

 = ሺ�௘
ೣ��ା�௘షೣሻ

ሺ�௘ೣ�ି�௘షೣሻ
 

Identities of Hyperbolic function: 

1. ����ሺെݔሻ�= - ���� � .2  ݔ���ሺെݔሻ�=  ����  ݔ

3.       ����ሺെݔሻ�= - ���� ����ଶ - 1 .4    ݔ ��� = ݔ�ଶ  ݔ

5.       ����ଶ ����ଶ - ݔ �����ሺ .6     1= ݔ ൅ �ሻ�= ���� �ݔ ���� ��+ ���� �ݔ ���� �� 

7.       ����ሺ� ൅ �ሻ�= ���� �ݔ ���� ��+ ���� �ݔ ���� �� 

Now, we prove identity 5, rest of the identities can solve by students as exercise. 
Prove that ����ଶ ����ଶ - ݔ  1= ݔ
Proof:  L. H. S. = ����ଶ ����ଶ – ݔ  ݔ

   = [ ௘
ೣ��ା�௘షೣ

ଶ
]2 - [ ௘

ೣ�ି��௘షೣ

ଶ
]2 

   = ௘
మೣ��ାଶǤ௘ೣ�௘షೣା௘షమೣ

ସ
 - ௘

మೣ�ିଶǤ௘ೣ�௘షೣା௘షమೣ

ସ
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   = ଵ
ସ
 ሾ݁ଶ௫ ��൅ ʹ ൅�݁ିଶ௫ െ ݁ଶ௫ ൅ ʹ െ ݁ିଶ௫ሿ 

   = ଵ
ସ
 ሾͶሿ  = 1= R.H.S 

Prove that 1 - ����ଶ ��� = ݔ�ଶ  ݔ
Proof: Just now we proved, ����ଶ ����ଶ - ݔ  1= ݔ
Divide by ����ଶ   ݔ
ୡ୭ୱ୦మ ௫
ୡ୭ୱ୦మ ௫

 - ୱ୧୬୦
మ ௫

ୡ୭ୱ୦మ ௫
 = ଵ

ୡ୭ୱ୦మ ௫
 

1 - ����ଶ ��� = ݔ�ଶ  ݔ

2.10 Relations between Circular and Hyperbolic Functions: 
By definitions of sin z and cos z,  

��� ݖ ൌ � ௘
౟೥�ି�௘ష౟೥

ଶ�௜
 and ��� ௘ =  ݖ

౟೥��ା�௘ష౟೥

ଶ
  

Put z = ix 

���ሺ��ሻ ൌ �
݁୧ሺ୧୶ሻ �െ�݁ି୧ሺ୧୶ሻ

ʹ�݅
 

             = ௘
ష౮�ି�௘౮

ଶ�௜
 [i2 = -1׶]                        

             = ିଵ
௜

 ሾ�௘
౮�ି�௘ష౮

ଶ�
�ሿ   = ௜

మ

௜
 ሾ�௘

౮�ି�௘ష౮

ଶ�
�ሿ  = i ����  ݔ

���ሺ��ሻ ൌ � ௘
౟ሺ౟౮ሻା�௘ష౟ሺ౟౮ሻ

ଶ�
   = ௘

ష౮ା�௘౮

ଶ�
     =  ����  ݔ

Thus, we have,  

���ሺ��ሻ = i ���� �  ;ݔ��ሺ��ሻ = ���� ���� ���ሺ��ሻ = i  ;ݔ  ݔ

These definitions enable us to deduce the properties of hyperbolic functions from 
those of circular functions.  

I. ���ଶ ���ଶ + ݖ  .1 = ݖ

 ���ଶ ���ଶ + ݖ ሺ௘ = ݖ
౟೥��ା�௘ష౟೥

ଶ
 )2 + ሺ௘

౟೥�ି�௘ష౟೥

ଶ௜
 )2 

                         = ሺ௘
మ౟౰�ାଶ�ା�௘షమ౟೥

ସ
 ) - ሺ௘

మ౟೥�ିଶ�ା�௘షమ౟೥

ସ
 )  =  ସ

ସ
 [i2 = -1׶]   1 =  

II. ����ଶ ����ଶ - ݔ  .1 = ݔ

 Put z = ix in I 

 ���ଶሺ��ሻ + ���ଶሺ��ሻ =1  ֜  ����ଶ �ሺ  + ݔ ݄݊݅ݏ  1= 2(ݔ

 ֜ ����ଶ �2����ଶ  + ݔ � ֜ 1= ݔ���ଶ ����ଶ  - ݔ  [i2 = -1׶]            1= ݔ

III. sin (z1 ± z2) = sin z1.cos z2 ± cos z1. sin z2 
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 Put z1 = ix and z2 = iy 

 sin i (x ± y) = sin (ix). cos (iy) ± cos (ix). sin (iy) 

 sinh (x ± y) = sinh x. cosh y ± cosh x. sinh y 

 Similarly, from the expansion of cos (z1 ± z2), we get,  

 cosh (x ± y) = cosh x. cosh y ± sinh x. sinh y 

We have following formulae for hyperbolic function which can be deduced from 
those of circular functions by similar methods as illustrated above. 

a. tanh (x ± y) = ୲ୟ୬୦௫�േ୲ୟ୬୦௬
ଵ�േ୲ୟ୬୦௫ ୲ୟ୬୦௬

 

b. sinh x + sinh y = 2 sinh ௫ା௬
ଶ

 . cosh ௫ା௬
ଶ

 

 sinh x - sinh y = 2 sinh ௫ି�௬
ଶ

 . cosh ௫ି�௬
ଶ

 

 cosh x + cosh y = 2 cosh ௫ା௬
ଶ

 . cosh ௫ା௬
ଶ

 

 cosh x - cosh y = 2 sinh ௫ା௬
ଶ

 . sinh ௫ା௬
ଶ

 

c. ����ଶ ଵ = ݔ
ଶ
 (1 + cosh 2x) and ����ଶ ଵ = ݔ

ଶ
 (cosh 2x -1) 

2.11 Inverse Hyperbolic Functions: 

Let x and y be two complex numbers.  

If  ����  = x then y is called the inverse hyperbolic sin of x and is written as y =�ݕ
����ିଵ   .ݔ

����ିଵ ି���� ,ݔଵ ଵି���� ,ݔ  .etc are called inverse hyperbolic function ݔ

1. Prove that ����ିଵ ଶݔlog (x + ξ = ݔ ൅ ͳ ) 

 Proof: Let sinh y = x then y = ����ିଵ  ݔ

           sinh y = x ………………..     (1) 

           sinh2 y = x2 ……………….   (squaring both the sides) 

           sinh2 y + 1 = x2 +1 ………...  (adding 1 toboth the sides) 

           cosh2 y = x2 +1 …………....   ( ׶cosh2ߠ – sinnh21=ߠ�) 

   cosh y = ξݔଶ ൅ ͳ…………(2) (Take square root ) 

 Add (1) and (2) 

 sinh y + cosh y = x + ξݔଶ ൅ ͳ 
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 If x is real, we have, cosh y = ௘
౯��ା�௘ష౯

ଶ
  and sinh y = ௘

౯�ି�௘ష౯

ଶ
   

௘ ׵ 
౯�ି�௘ష౯

ଶ
 + ௘

౯ା�௘ష౯

ଶ
 = x + ξݔଶ ൅ ͳ   ฺ  ௘

౯�ି�௘ష౯ା�௘౯�ା�௘ష౯

ଶ
 = x + ξݔଶ ൅ ͳ 

 ଶ�௘౯�
ଶ

 = x + ξݔଶ ൅ ͳ ฺ  ݁ ୷ = (x + ξݔଶ ൅ ͳ ) = y = log (x + ξݔଶ ൅ ͳ ) 

        ����ିଵ ଶݔlog (x + ξ = ݔ ൅ ͳ ) ……… (׶ y = ����ିଵ  ( ݔ

2. ����������� ����ିଵ ଶݔlog (x + ξ = ݔ െ ͳ ) 

 Proof: Let cosh y = x then y = ����ିଵ  ݔ

 cosh y = x ………………..  (1) 

  cosh2 y = x2 ………………. (squaring both the sides) 

  cosh2 y - 1 = x2 -1 ………... (subtracting 1 from both the sides) 

  sinh2 y = x2 -1 …………....   ( ׶cosh2ߠ – sinnh21=ߠ�) 

 sinh y = ξݔଶ െ ͳ…………(2) (Take square root ) 

 Add (1) and (2) 

 cosh y + sinh y = x + ξݔଶ െ ͳ 

 If x is real, we have, cosh y = ௘
౯��ା�௘ష౯

ଶ
  and sinh y = ௘

౯�ି�௘ష౯

ଶ
   

௘ ׵ 
౯��ା�௘ష౯

ଶ
 + ௘

౯�ି�௘ష౯

ଶ
 = x + ξݔଶ െ ͳ 

  ௘
౯��ା�௘ష౯ା�௘౯�ି�௘ష౯

ଶ
 = x + ξݔଶ െ ͳ 

 ଶ�௘౯�
ଶ

 = x + ξݔଶ െ ͳ      ฺ  ݁୷ = (x + ξݔଶ െ ͳ ) 

 y = log (x + ξݔଶ െ ͳ )  

          ����ିଵ ଶݔlog (x + ξ = ݔ െ ͳ ) ……… (׶ y = ����ିଵ  ( ݔ

3.  Prove that ����ିଵ ଵ = ݔ
ଶ�

 log ଵା௫
ଵି௫

 

 Proof: Let tanh y = x then y = ����ିଵ  ݔ

 tanh y = x 

 ௘౯�ି�௘ష౯

௘౯ା�௘ష౯
 = x ………………. ( tan x= ௦௜௡௫

ୡ୭ୱ௫
 ) 

 ௘౯ା௘ష౯

௘౯ି�௘ష౯
 = ଵ

௫
 

 ௘౯ା௘ష౯ା௘౯ି�௘ష౯

௘౯ା�௘ష౯ି௘౯ି�௘ష౯�
 = ଵା௫

ଵି௬
…….. (if ௫

௬
 = ௔

௕
 then ௫ା௬

௫ି௬
 = ௔ା௕

௔ି௕
) 
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 ௘౯ା௘౯

�௘ష౯ା�௘ష౯�
 = ଵା௫

ଵି௬
    

  ଶ௘౯

�ଶ௘ష౯�
 = ଵା௫

ଵି௬
 

  ݁௬Ǥ ݁௬= ଵା௫
ଵି௬

 

  ݁ଶ௬= ଵା௫
ଵି௬

 

  2y =log �ଵା௫
ଵି௬

 

   y = ଵ
ଶ
 log �ଵା௫

ଵି௬
 

 ����ିଵ ଵ =��ݔ
ଶ
 log �ଵା௫

ଵି௬
 …………. (y = ����ିଵ  (ݔ

2.12 Differentiation and Integration:  

a. y = ܿݔ�݄ݏ݋,    ௗ௬
ௗ௫

׬ ׵        ,ݔ�݄݊݅ݏ =  ݔ݀�ݔ�݄݊݅ݏ ൌ   ݔ�݄ݏ݋ܿ

b. y = ݔ�݄݊݅ݏ,    ௗ௬
ௗ௫

׬ ׵        ,ݔ�݄ݏ݋ܿ =  ݔ݀�ݔ�݄ݏ݋ܿ ൌ  ݔ�݄݊݅ݏ

c. y = ݔ�݄݊ܽݐ,   ௗ௬
ௗ௫

 = ����ଶ ׬ ׵        ,ݔ ����ଶ ݔ ݔ݀� ൌ  ݔ�݄݊ܽݐ

d. y = ����ିଵ ௫
௔
 ,   ௗ௬

ௗ௫
 ଵ
ξ௔మା௫మ

׵              ,  ׬ ௗ௫
ξ௔మା௫మ

ൌ ����ିଵ ௫
௔
 

e. y = ����ିଵ ௫
௔
 ,   ௗ௬

ௗ௫
 ଵ
ξ௫మା௔మ

׵               ,  ׬ ௗ௫
ξ௫మା௔మ

ൌ ����ିଵ ௫
௔
 

f. y = ����ିଵ ௫
௔
 ,   ௗ௬

ௗ௫
 ௔
௔మି�௫మ

׵                   ,  ׬ ௗ௫
௔మି�௫మ

ൌ  ଵ
௔
����ିଵ ௫

௔
 

g. y = ������ିଵ ௫
௔
 ,   ௗ௬

ௗ௫
 ି௔
௫�ξ௔మା௫మ

׵         ,   ׬ ௗ௫
௫�ξ௔మା௫మ

ൌ  െ ଵ
௔
������ିଵ ௫

௔
 

h. y = ����ିଵ ௫
௔
 ,   ௗ௬

ௗ௫
 ି௔
௫�ξ௔మା௫మ

׵              ,  ׬ ௗ௫
௫�ξ௔మା௫మ

ൌ  െ ଵ
௔
����ିଵ ௫

௔
 

         Series for cosh x and sinh x :-  

 ݁௫ = 1 + x + ௫
మ

ଶǨ
 + ௫

య

ଷǨ
 + ……………….. 

 ݁ି௫ = 1 - x + ௫
మ

ଶǨ
 - ௫

య

ଷǨ
 + ……………….. 

 cosh x = ଵ
ଶ
 ( ݁௫ ൅�݁ି௫ሻ =  1 + ௫

మ

ଶǨ
 + ௫

ర

ସǨ
 + ……………….. 

 sinh x = ଵ
ଶ
 ( ݁௫ െ�݁ି௫ሻ = x + ௫

య

ଷǨ
 + ௫

ఱ

ହǨ
 + ……………….. 

        tanh x = ௦௜௡௛�௫
௖௢௦௛�௫

 = x -  ଵ
ଷǨ

� + ଷݔ  ଶ
ଵହ

 ..……………… +ହݔ  
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2.13 Graphs of the hyperbolic functions: 

First, we draw the graphs of ݁௫ǡ ݁ି௫ and -�݁ି௫ 

 

 

 

 

 

 

 

We know that, 

 ���� ௘ = ݔ
ೣ��ା�௘షೣ

ଶ
 , ���� ௘ = �ݔ

ೣ��ି�௘షೣ

ଶ
 and ���� ௘ = �ݔ

ೣ��ି�௘షೣ

௘ೣ�ା�௘షೣ
 

 For ���� ��     ��ǡݔ��� ௘ = ݔ
ೣ��ା�௘షೣ

ଶ
 = ௘

ೣ

ଶ
 + ௘

షೣ

ଶ
  

 

Note: ����  = (ݔ-) is an EVEN function. It is symmetric about Y axis and cosh ݔ
����  ݔ

 Domain: { x ߳�ܴሽ�and Range: {y ߳�ܴ / y൒ 1} 

 x՜ - λ݄݊݁ݐ� ���� ݔ �՜ λ and  

 x՜ λ then ����  ՜ λ ݔ

For ����  ��ǡݔ

 ���� ௘ = �ݔ
ೣ��ି�௘షೣ

ଶ
 = ௘

ೣ

ଶ
 - ௘

షೣ

ଶ
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Note: ���� �����െ = (ݔ-) is an ODD function and sinh ݔ  ݔ

 Domain: { x ߳�ܴሽ�and Range: {y ߳�ܴ} 

 x՜ - λ݄݊݁ݐ� ���� ݔ �՜ - λ and  

 x՜ λ then ���� ՜ ݔ λ 

For ����  ��ǡݔ

 ���� ௘ = �ݔ
ೣ��ି�௘షೣ

௘ೣ�ା�௘షೣ
  =  ୱ୧୬୦௫

ୡ୭ୱ୦௫
  

 

Note: ����  = (ݔ-) is an ODD function. It is symmetric about origin and tanh ݔ
െ������  ݔ

 Domain: { x ߳�ܴሽ�and Range: {y ߳�R / -1 < y < 1} 

 x՜ - λ݄݊݁ݐ� ���� ݔ �՜ - 1and x՜ λ then ����  ՜ 1 ݔ

The values of sinh x, cosh x and tanh x for x = - λ, 0 and +�λ�from definition are 
as follows 

mu
no
tes
.in



56

 APPLIED MATHEMATICS

x sinh x cosh x tanh x 

െ�λ െ�λ ൅�λ -1 

0             0              1 0 

൅�λ ൅�λ ൅�λ 1 

2.14 Logarithms of complex quality:  

Let z = x + iy  

Expressing the complex number in general polar form,  

z = r (cosߠ + sin ߠ) 

x + iy = r (cosߠ + sin ߠ)………….. (A) 

Equating real and imaginary parts, 

 x = r cos(1) .………………ߠ 

 y = r sin (2) ..………………ߠ 

 Eq (1)2+ Eq(2)2 

 x2 + y2 = r2cos2 ߠ + r2 sin2 ߠ 

 x2 + y2 = r2 …………………..              [ cos2 ߠ + sin2 1 = ߠ] 

ଶݔr = ඥ ׵  ൅  ଶݕ

      Eq (2) / Eq (1) 

  ୰�ୱ୧୬�ఏ
୰�ୡ୭ୱఏ

 = ௬
௫
 

  tan ߠ  = ௬
௫
 

ଵି���  = ߠ�   ௬
௫
 

   Take a log of Eq (A) 

   log (x + iy) = log r (cosߠ + sin ߠ)   = log r ݁௜ఏ  = log r + log ݁௜ఏ 

         = log r + iߠ�                            [log e = 1] 

  log (x + iy) = log ඥ࢞૛ ൅ ࢟૛  + i ିܖ܉ܜ૚ ࢟
࢞
 

1.  Prove that log (x + iy) = log ඥݔଶ ൅ ଶ  + i ���ିଵݕ ௬
௫
 + 2nߨ i 

 Proof: Let z = x + iy  
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 Expressing the complex number in general polar form,  

 z = r (cosߠ + sin ߠ) 

 x + iy = r (cosߠ + sin ߠ)………….. (A) 

 Equating real and imaginary parts, 

 x = r cos(1) .………………ߠ 

 y = r sin (2) ..………………ߠ 

 Eq (1)2+ Eq(2)2 

 x2 + y2 = r2cos2 ߠ + r2 sin2 ߠ 

 x2 + y2 = r2 …………………..             (cos2 ߠ + sin2 1 = ߠ) 

ଶݔr = ඥ ׵  ൅  ଶݕ

 Eq (2) / Eq (1) 

  ୰�ୱ୧୬�ఏ
୰�ୡ୭ୱఏ

 = ௬
௫
 

 tan ߠ  = ௬
௫
 

ଵି���  = ߠ  ௬
௫
 

  Take a Log of Eq (A) 

  Log (x + iy) = Log r (cosߠ + sin ߠ) 

 (Take general value of Log) 

 = log r {cos (2nߨ ൅ ߨi sin (2n + (ߠ ൅  {(ߠ

  = log r ݁௜ሺଶ୬గାఏሻ� 

  = log r + log ݁௜ሺଶ୬గାఏሻ� [׶�log mn=log m + log n]  

  = log ඥݔଶ ൅ ߨଶ + i(2nݕ ൅  [log mn=n log m׶]           log e (ߠ

 Log (x + iy)   = log ඥݔଶ ൅ ߨଶ + i (2nݕ ൅ ���ିଵ ௬
௫
 [�log e=1׶]               (

This shows that for different value of n, the logarithm of a complex quantity x + iy 
is multivalued  

Ex. 1. Prove that Log (1 + i) = ଵ
ଶ
�log 2 + i(2nߨ ൅ గ

ସ
) 

Sol: we know that,  

Log (x + iy) = log ඥݔଶ ൅ ߨଶ + i(2nݕ ൅ ���ିଵ ௬
௫
) 
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L. H. S. = Log (1 + i) 

             = log ξ૚૛ ൅ ૚૛ + i(2nߨ ൅ ���ିଵ ଵ
ଵ
) 

            = log ξ૛ + i(2nߨ ൅ గ
ସ
׶)                ( ���ିଵͳ ൌ � గ

ସ
) 

            = log (ʹ
భ
మ)+ i(2nߨ ൅ గ

ସ
)   

             = ଵ
ଶ�
�log (2) + i(2nߨ ൅ గ

ସ
)   

   = R. H. S. 

Ex. 2. Prove that Log (-5) = �log 5 + i(2nߨ ൅  (ߨ

Sol: we know that,  

Log (x + iy) = log ඥݔଶ ൅ ߨଶ + i(2nݕ ൅ ���ିଵ ௬
௫
) 

L. H. S. = Log (-5) 

             = log (-5) + 2nߨ i 

             = log 5(-1) + 2nߨ i 

             = log 5 +log (-1) + 2nߨ i 

            = log 5 +log (cos ߨ + i sin ߨ) + 2nߨ i (׶ �ߨ�� ൅ ߨ������ ൌ ͳሻ 

            = log 5 +log ݁௜గ + 2nߨ i 

            = log 5 +i ߨlog e + 2nߨ i 

            = log 5 + i (2nߨ + ߨ )  

            = R.H.S 

Exercise:  

Ex1. Prove that log (௔ା௜௕
௔ି௜௕

 ) = 2i tan-1(௫
௬
) 

Ex. 2 Show that log (1 +  ݁௜ఏ) = log (2 cos ఏ
ଶ
) + ଵ

ଶ
 iߠ, if - ߨ ൏ ߠ ൏  ߨ�

2.15 j(=i) as an operator (Electrical circuits) 

j operator is a mathematical operator which when multiplied with any vector, rotate 
that vector by 900 in anti-clock wise direction.  
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j operator has assigned a value of ξെͳ. Thus, it is an imaginary number.  

When operator j is operated on vector A, will get new vector jA. This new vector 
is displaced from displaced the original vector by 900 in anti-clockwise direction. 
the magnitude of vector is remains unchanged when the vector is operated by j.  

If the j is applied on the vector jA, the new vector j2A will be the 1800 in anti-
clockwise direction. The new vector j2A is in opposite to the original vector A. 
Hence j2A= -A. 

Similarly, when j2A is operated with j, the new vector so produced j3A will 2700 
ahead of the A. Hence, j3A =-jA. In the same way j4A= A 

From above, we can say that, 

j2 = -1;  j3= j2.j = -j;  j2 = j2 j2= 1;  (1/j) = -j 

 

We know that from Euler’s Formula, 

݁୧௫  = (��� ��� i +ݔ  (ݔ
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Substitute x = గ
ଶ
 since cos గ

ଶ
 = 0, sin గ

ଶ
 = 1, we get, ݁௜

ഏ
మ   = i 

If we take a radius vector of length ‘a’ along a horizontal line then  

ai = a ݁௜
ഏ
మ  = ia;  ai2 = a ݁௜గ = -a;  ai3 = a ݁௜

యഏ
మ  = -ia;  ai4 = a ݁௜ଶగ = a 

Thus, if we take a radius vector of length ‘a’ along a horizontal line the effect of 
raising i to a power n is equivalent to turning this radius vector through an angle 
nగ
ଶ
.  

 

 

i. Operation of j (=i) on a sin pt: 

 A sin pt is the projection of vector ܱܣሬሬሬሬሬԦ (= a) on the horizontal line, where pt 
is an angle made by it with vertical, as shown in the fig.  

 

 Then j (a sin pt) represents the projection of ܱܣԢሬሬሬሬሬሬሬԦ (= a) on the horizontal line, 
when ܱܣሬሬሬሬሬԦ is turned through గ

ଶ
. 

 Ԣ on XOX’ = a cos ptܣܱ j (a sin pt) = Projection of ׵ 

 j (a sin pt) = a cos pt ׵ 

ii. Operation of (a + jb) on a sin pt: 

 (a + jb) sin pt = a sin pt + jb sin pt 

           = a sin pt + b cos pt         [from (i)] 

૛ࢇsin pt = ξ (a + jb) ׵  ൅ ௕ = ߙ Where tan        ,(ࢻ + sin pt) ૛࢈
௔
 

 Operation of (a - jb) on a sin pt: 

 (a - jb) sin pt = a sin pt - jb sin pt 

           = a sin pt - b cos pt         [from (i)] 
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૛ࢇsin pt = ξ (a - jb) ׵  ൅ ௕ = ߙ Where tan    ,(ࢻ - sin pt) ૛࢈
௔
 

iii. Operation of ଵ
ୟ�ା�୨ୠ

 on a sin pt: 

 ଵ
ୟ�ା�୨ୠ

 sin pt = ୟ�ି�୨ୠ
௔మା௕మ

 sin pt 

        = ଵ
௔మା௕మ

 ξܽଶ ൅ ܾଶ (sin pt - ߙ),  Where tan ߙ = ௕
௔
       [from (ii)] 

ଵ ׵ 
ୟ�ା�୨ୠ

 sin pt = ଵ
ξ௔మା௕మ

  (sin pt - ߙ) 

 Similarly,  

ଵ ׵ 
ୟ�ି�୨ୠ

 sin pt = ଵ
ξ௔మା௕మ

  (sin pt + ߙ) 

In electrical engineering, j operator has a great significance and application. You 
will encounter this operator often in electrical machine, power system, AC Network 
etc.  

We know that impedance of a circuit is a complex quantity i.e. it is having real part 
and imaginary part. Real part signifies resistive portion whereas imaginary part 
denotes reactance part of the impedance.  

In an electric circuit containing resistance R, inductance L and capacity C in series. 
We know that, if current I flow through the circuit at any time due to applied 
hormonic E. M. F. E0 sin pt, we have, 

ER = RI in phase with I 

EL = LpI in quadrature with I (leading) 

EC = ூ
େ୮

 in quaduture with I (lagging) 

Where ER, EL and EC are voltage drops across R, L and C respectively. 
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As current through reactance either lags or lead the voltage by 900. Therefore, this 
reactance is represented by using j operator. The current through resistance remain 
in phase with the voltage, hence resistance is taken as reference and reactance (say 
E) is rotated with respect to this reference when operated with j operator.  

The total impendence which impedes the circuit in AC circuit given by addition of 
these vectors.  

Hence impendence Z is written as Z = (R േ jE). It may be noted that the capacitive 
and inductive reactance are (-j/݌ܥ) and jLp.  

z  = R + jLp + (ି௝ ׵
େ୮

) 

 = R + j (Lp - ଵ
େ୮

) 

 

If E0 sin pt be applied voltage, the current I in the circuit is given by,  

 ୉଴�ୱ୧୬�୮୲
୍

 = z 

I = ୉଴�ୱ୧୬�୮୲ ׵ 
୸

 

�I = ୉଴ ׵ 
ୖ�ା�୨�ሺ୐୮�ି భ

ి౦ሻ
 ������ 

 = ୉଴�

ටோమାሺ୐୮�ି భ
ి౦ሻ

మ
 ����ሺ�� – ߙ), where ߙ = tan -1 

ሺ୐୮�ି భ
ి౦

ோ
 

ଵ ׶ ]     
ୟ�ା�୨ୠ

 sin pt = ଵ
ξ௔మା௕మ

  (sin pt - ߙ)] 

2.16 Summary: 

Complex Numbers can be presented in rectangular, polar or exponential form with 
the conversion between each complex number algebra form including addition, 
subtracting, multiplication and division. We learned about introductory ideas 
associated with complex numbers, their algebra and geometry, algebraic properties 
of complex numbers, Argand plane and polar representation of complex numbers, 
mathematical operation with complex numbers and their representation on 
Argand’s Diagram, circular functions of complex angles, hyperbolic functions, 
relations between circular and hyperbolic functions, inverse hyperbolic functions, 
graphs of the hyperbolic functions. Finally, we looked the Logarithms of complex 
quality and application of complex number in electrical circuit.  
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2.17 References:  

1. Applied Mathematics II by P. N. Wartikar and J. N. Wartikar 

2. Higher Engineering Mathematics by Dr. B. S. Grewal 

 3.  Complex numbers from A to Z by Titu Andreescu and Dorin Andrica 

2.17 Exercise:  

Ex. 1 If | z1 | = 1, | z2 | = 2, | z3 | = 3 and | 9z1 z2 + 4z1 z3 + z2 z3 | = 12, then 
find the value of | z1 + z2 + z3 |.        [ 
Ans: | z1 + z2 + z3 | = 2] 

Ex.2  z1, z2, and z3 are complex numbers such that z1 + z2 + z3 = 0 and 
| z1 | =| z2 | =| z3 | = 1 then find z12 + z22 + z33     

 [Ans: 0] 

Ex. 3  Find the fourth roots of unity  [Ans: 1, i, -1, -i] 

Ex. 4  Find all cube root of ሺξ͵ ൅ ݅ሻ  

[Ans: 21/3 (cos గ
ଵ଼

 + i sin గ
ଵ଼

), 21/3 (cos ଵଷగ
ଵ଼

 + i sin ଻గ
଼

), 21/3 (cos ଶହగ
ଵ଼

 + i sin ଶହగ
ଵ଼

)] 

Ex. 5 Simplify ( ଵା�ξଷ௜
ଵି�ξଷ௜

ሻ10                                       [Ans: (cos ଶగ
ଷ

 + i sin ଶగ
ଷ

)] 

Ex 6 Prove that Log i = log i +2nߨ� i 

Ex 7 Prove that i log (௫ି௜
௫ା௜

  tan-1x 2 - ߨ = ( 

Ex 8 Show that tan ( i log ௔ା௜௕
௔ି௜௕

 ) = ଶ௔௕�
௔మ�ା�௕మ��

 

��������
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Unit 2 

3 
DIFFERENTIAL EQUATION 

EQUATION OF THE FIRST ORDER AND OF THE FIRST DEGREE 

Unit Structure 

3.1 Objectives 

͵Ǥʹ Introduction 

3.3 Ordinary Differential Equation 

͵ǤͶ Separable Variables - Differential Equation  

͵Ǥͷ Equations reducible to homogeneous forms 

3.6 Existence of a solution for a differential equation 

3.7 Homogeneous polynomial 

3.7.1 Homogeneous function 

3.7.2 Homogeneous Differential Equation 

3.7.3 Non Homogeneous Differential Equation 

3.8 Exact Differential Equation 

3.9   Integrating Factors 

3.10 Integrating Factor of a homogeneous equation 

3.11 Linear Equation and equation reducible to homogeneous form 

3.12 Partial Differential Equation-An Overview 

3.13 Summary 

3.14 References 

3.15 Questions 

3.1 Objectives  

- recognize and solve problems in ordinary differential equations 

- Understand the application of differential equation in physics and 
engineering branches such as electronics, electrical, mechatronics etc.  

- Evaluate first order differential equations including separable, 
homogeneous, non-homogeneous exact, and linear and partial 
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- Identify research problems where differential equations can be used to 
model the system 

- Analyze mathematical models to solve application problems such as 
circuits, population modeling, orthogonal trajectories, and slopes 

3.2 Introduction 

In an equation constituting of dependent and independent variable, when the 
derivatives of the former can be represented with respect to one or more 
independent variables such equations are called Differential Equation. Some of 
the differential equations that can be solved by standard procedures are as 
follows: 

- Differential equation in which variables are separable 

- Homogeneous differential equations 

- Non homogeneous differential equations which can be reduced 
homogeneous differential equations 

- Linear differential equations 

- Bernoulli’s differential equations that are nonlinear and can be reduced to 
linear form.  

- Exact differential equations 

A first order differential equation is an equation that can be represented in the 
form  

F (t, y, dy/dt) = 0 or in other words 	ሺ�ǡ �ǡ �Ԣሻ                        
Equation 1 

where �Ԣ is the first order derivative of y 

This equation can also be represented as 

	ሺ�ǡ �ሺ�ሻǡ �Ԣሺ�ሻሻ �ൌ �Ͳ   for every value of t                                      
Equation 2 

and is function of three variables ሺ�ǡ �ǡ �Ԣ).  

A differential equation’s order is determined by the highest-order derivative 
whereas the degree is the highest power to which a variable is raised within an 
equation. The higher the order of the differential equation, the more arbitrary 
constants need to be added to the general solution. Below are a few examples that 
depict different scenarios 

Examples   �ԢԢԢ� ൅ �ԢԢ ൅ �Ԣ� ൅ �� ൌ �Ͳ   Equation 3 

   �Ԣ� െ �� ൌ �Ͷ     Equation 4 
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3.3. Ordinary Differential Equation 

Ordinary Differential Equation (ODE) is described as the relation having an 
independent variable x,a dependent variable y and associated derivatives of y. 
The order of the ordinary differential equation is the order of the highest 
derivative in that equation. Few examples of ordinary differential equation are as 
follows:  

Equation Order Degree  

�ଷ ൅��ଷ��Ȁ��� ൌ Ͳ 1 3 Equation 5 

�ଷ ൅��ଷ�ଶ�Ȁ��ଶ �ൌ Ͳ 2 4 Equation  6 

 

Example 1 

μ�Ȁ μ�� ൌ �Ͷ� െ ʹ����� μ�/4y-2 = μ� 

න ݕȀሺͶݕ߲ െ ʹ�ሻ ൌ  ݔ߲�

1/4  ��� ȁ Ͷ� െ ʹȁ  = x +c 

��� ȁ Ͷ� െ ʹȁ �ൌ �Ͷ� ൅ Ͷ� 

Ͷ� െ ʹ�=ሺ൅െሻ݁ସ௫ାସ௖ 

4y = (൅െሻ݁ସ௫ାସ௖+ 2 

y = 1/4(൅െሻ݁ସ௫ାସ௖+ 1/2 

y = (+-)1/4exp(4(x + c)) + 1/2 

Let C = 1/4exp(4c) 

y(x) =Ce4x +1/2 
డ௬
డ௫

 =4Ce4x 

4y-2 =4Ce4x 

4y = 4Ce4x +2 

Substituting for y in the above         

4(Ce4x +1/2) = 4Ce4x +2  

The two equations are proved equal. 

With y(2) where x = 2  and y(2) = 4 the proof is as follows : 

y(2) = 1 then 

Ce8 + 1/2 = 1 

Ce8 = 1/2 or C = 1/2(e-8) 

4(1/2e-8 .e8 +2) = 4(1/2e-8.. e8) + 2 = 4  Ans 
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Example 2 

ൌ μ�Ȁ μ�� ൌ �͹�2x3     and     y(2) = 3 

ൌ μ�Ȁ͹�2  =  x3dx 

ൌ1/7߲׬ ׬ =  y2/ݕ ଷݔ  ݔ݀

ൌ െଵ
଻
�ିଶାଵ =  ௫

ర

ସ
 +c 

ൌ ሺെͳሻ�ିଵ �ൌ �͹�ସ+c 

� ൌ െͳȀሺ͹ȀͶሺ�ସ)+c)  = ି૚
ૠ
૝࢞

૝��ାࢉ
 

Putting x =2 

͵� ൌ ሺെͳሻȀሺ͹ȀͶሺͳ͸) + c) 

3 = െͳȀʹͺ ൅ � 

c= െͺͷȀ͵ 

y = ሺ�ି૚ሻ

ሺૠ૝ሻܠ
૝�ି�ૡ૞૜

�  Ans   

ப୷
ப୶

 = డ
డ௫
ሺ ି૚
ૠ
૝࢞

૝��ାࢉ
) = ଻௫య

ሺళర௫
ర�ା௖ሻమ

  =   ͹�ଷ ൈ��ଶ   where y = ିଵ
ళ
ర௫

ర��ା௖
 

3.4  Separable Variables - Differential Equation  

Variables are said to be separable when all the similar terms are on the same side 
i.e.  x and dx on one side and y and dy on the other side. The general 
representation of the equation is as follows : 

f(x)dx = g(y)dy (or) f(x)dx + g(y)dy = 0                Equation 7 

Consider an example as follows: 

��μ(ଶ+1ݕ) ൅�ሺ�ଶ�� ൅ ͵ሻ μ� ൌ Ͳ 

ଶݕሺ׬ ൅ ͳሻ μ�� ൅ ׬ �ሺ�ଶ�� ൅ ͵ሻ μ� ൌ Ͳ�  

࢟૜

૜
 +y + ࢞

૜

૜
 +3x = c 
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Examples 

a) 

 

b) μ�Ȁ μ�� ൌ �୶ି୷ +ݔଶ݁ି௬ = ݁ି௬(݁௫ ൅  ଶሻݔ

 = μ�/݁ି௬ = (݁௫ ൅ ଶሻݔ μ� 

׬ =  ݁௬ �ݕ߲ ൌ ׬ ݁௫߲ݔ� ൅� ׬   �ݔଶ߲ݔ

 ൌ ݁௬ �ൌ ݁௫+௫య

ଷ
 +c Ans 

c) y - x dy/dx = a(y2  +dy/dx) 

 = y - xdy/dx = ay2 + ady/dx 

 = y - ay2 = dy/dx(x+a) = dx/(x+a) = dy/y-ay2  

ܠȀሺܠ܌׬  ൅ Ȁ࢟࢟ࢊ׬= ሻ܉ െ   ૛࢟ࢇ

 ����� ଵ
୷ሺଵିୟ୷ሻ

�ൌ � ୅
୷
൅ ୆

ଵିୟ୷
 

 1 = A (1-ay) +By 

 1 = A- a(Ay) + By 

1-A = -y(aA -B)  

1-A = -y or y = A-1  

 B-aA= 1-A if A= 1 then B- a = 0 or B=a 

���Ȁሺ׬ ൅ �ሻ =ݕ݀׬Ȁݕ െ   ଶݕܽ

1/y(1-ay) = A/y +B/1-ay        

Upon integrating it is  

log y +a(-1/a)log(1-ay) = log y - log(1-ay) = log(y/1-ay) +c 

log (x+a) = log(y/1-ay) +c 

log(x+a) -log(y) +log(1-ay) =log  c  

log(x+a)(1-ay)/log y = log c 

(x+a)(1-ay) = cy  Ans 
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Example 

�ሺͳ ൅ �ሻ��� ൅ �ሺͳ ൅ �ሻ��� ൌ �Ͳ 

(1+x)dx = -x(1+y)dy 

(1+x)dx/x = -(1+y)dy 

׬ ௗ௫
௫

�ݔ݀׬ +  ൌ �െ׬ ௗ௬
௬
�െ׬�  ݕ݀

=������ ൅ ��� ൌ �െ������ െ � 

= log |x |+log |y| +x+y = c 

=���ȁ���ȁ �൅ � ൅ �� ൌ � 

3.5  Equations reducible to homogeneous forms 

A function f(x,y) is called Homogeneous of degree n if  

),(),( yxftyxf n                                                       
 Equation 8 

and where t is a nonzero real number. Thus  

¸̧
¹

·
¨̈
©

§
�
�

y
xand

yx
yxxy sin..., 22

1010

                                     
Equation 9 are homogeneous function of degree 1, 8 and 0 respectively 

A first order differential equation of the form 
),( yxf

dx
dy

 
  is said to be 

homogeneous if the function f depends  only on ratio  of (y/x).Thus first order 
homogeneous  equation are of the form    

¸
¹
·

¨
©
§ 

x
yg

dx
dy

                                                                                           
Equation 10 

and is transformed into an  equation that is separable by  substituting y = vx and 

¸
¹
·

¨
©
§� 

dx
dvxv

dx
dy

                    Equation 11 

and 

g(v) = v +x(dv/dx) and ׬ dv/(v-g(v) = െ࢞ࢊ׬Ȁ࢞  

                               Equation 12 
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�Ȍ (x-y)డ௬
డ௫

 = x+3y 

 ௫ାଷ௬
௫ି௬

 = డ௬
డ௫

   let y = hx; డ௬
డ௫

  = h +xడ௛
డ௫

  = ௫ାଷ௩௫
௫ି௩௫

  = ଵାଷ௛
ଵି௛

 

 = xడ௛
డ௫

 = ଵାଷ௛
ଵି௛

 - h = ଵାଷ୦ି୦�ା୦
మ�

ଵି௛
 = ଵାଶ௛�ା௛

మ

ଵି௛
  

 = డ௫
௫

 = ሺଵି௛ሻ
ሺଵା௛ሻమ

  = ���ȁ�ȁ �൅ �� ൌ ׬� ଵି୦
ሺଵା୦ሻమ

μ� 

 Putting m = 1+h   

׬ =  ଶି௠
௠మ ݀݉� ൌ ʹ׬ డ௠

௠మ  -׬ డ௠
௠

= - ���ȁ�ȁ -  ଶ
௠

 = ିଶ
ሺଵା௛ሻ

ȁͳ݃݋݈ ൅ ݄ȁ 

 = ିଶ
ሺଵା௛ሻ

ȁͳ݃݋݈ ൅ ݄ȁ   

 = ���ȁ�ȁ �൅ �� = ିଶ
ଵା೤ೣ

 -  log|1+௬
௫
|  = ���ȁ�ȁ �൅ � + ଶ௫

௫ା௬
 + log|௫ା௬

௫
 | = 0 

 = log|x+y| + ଶ௫
௫ା௬

 = c Ans 

�Ȍ Solve : ሺ� ൅ ͻ� െ ͹ሻ��� ൌ � ሺʹ� ൅ ͵� െ ͸ሻ��  

��
��

ൌ
�ሺ� ൅ ͻ� െ ͹ሻ
ሺʹ� ൅ ͵� െ ͸ሻ

 

 = ௗ௬
௫ାଽ௬ି଻

   = ௗ௫
ଶ௫ାଷ௬�ି଺

 

 ������ ൌ �� ൅ ��ǡ �� ൌ ��� ൅ ��  here h and k can be solved for their values 

 Equations to be considered are as follows: 

 ሺ݄ ൅ ͻ݇ െ ͹ሻ  and ሺʹ݄ ൅ ͵݇ െ ͸) that are solved to get h = ଵଵ
ହ

 and k = ଼
ଵହ

 

 డ௬
డ௫

 = ଡ଼ାଽଢ଼ାሺ୦ାଽ୩ି଻ሻ
ଶଡ଼ାଷଢ଼ାሺଶ୦ାଷ୩ି଺ሻ

   డ௬
డ௫

 = ������ ൌ ��������� ப୷�
ப୶
��ൌ �� ൅ �� ப୦

ப୶
�  i.e.equal to 

 ௑ାଽ௒
ଶ௑ାଷ௒

 = �� ൅ � ப୴
ப୶

  = ௑ାଽ௛௑
ଶ௑ାଷ௛௑

 = ଵାଽ௛
ଶାଷ௛

  i.e. � ப୴
ப୶

  = ଵାଽ௛
ଶାଷ௛

  - h = ଵା଻௩ିଷ௩
మ

ଶାଷ௩
 = � ப୴

ப୶
  

ʹ ൅ ݒ͵
ͳ ൅ ͹ݒ� െ ଶݒ͵�

�ݒ߲ ൌ �
߲ܺ
ܺ

 

න
ʹ� ൅ ݒ͵

ͳ ൅ ͹ݒ െ ଶݒ͵
�ݒ߲ ൌ ȁܺȁ݃݋݈� �൅ ܿ 

׬ʹ  డ௩
ଵା଻௩ିଷ௩మ

׬͵+  ௩డ௩
ଵା଻௩ିଷ௩మ

ȁܺȁ݃݋݈ =  �൅ ܿ 

 ʹ����ሺͳ ൅ ͹� െ ͵�ଶ) +3vlog(ͳ ൅ ͹� െ ͵�ଶ) + ଷ
ሺଵା଻௩ିଷ௩మሻ

௩మ

ሺଶሻ
ȁܺȁ݃݋݈ =    �൅ ܿ 
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૛܏ܗܔ�ሺ૚ ൅ ૠ ��܇
܆

��܇)3 - 
܆

ࢅ)3 +   2(
ࢄ
)log(1+7(ࢅ

ࢄ
ሻ - 3(܇��

܆
)2  + ૜ሺ�࢟࢞ሻ

૛

ሺ૚ାૠሺ࢟࢞ሻି૜ሺ
࢟
࢞ሻ

૛ሻሺ૛ሻ
ȁࢄȁࢍ࢕࢒  =   �൅

 Ans ࢉ

Example 

���ଶ�x tan y μܿ݁ݏ  ൅����ଶy tan xμ�� ൌ �Ͳ 

ଶ�� μ� = - ୱୣୡܿ݁ݏ 
మ୷�୲ୟ୬�୶ ப୷
௧௔௡௬�

 = - ௧௔௡௫�డ௬
௦௜௡௬௖௢௦௬

 = ௦௘௖
మ௫డ௫

௧௔௡௫
 =- డ௫

௦௜௡௫௖௢௦௫
 = డ௬

௦௜௡௬௖௢௦௬
 

 Upon integrating 

׬  డ௫
௦௜௡௫௖௢௦௫

 = െ׬ డ௬
௦௜௡௬௖௢௦௬

  + log|c|  = ׬ ሺ௦௜௡మ��௫�ା௖௢௦మ�௫ሻడ௫
௦௜௡௫௖௢௦௫

  

 = െ׬ ሺ௦௜௡మ௬ା௖௢௦మ௬ሻడ௬
௦௜௡௬௖௢௦௬

  + c = 0 

׬  ௦௜௡௫
௖௢௦௫

׬+ݔ߲  ௖௢௦௫
௦௜௡௫

׬+ݔ߲  ௦௜௡௬
௖௢௦௬

׬+ ݕ߲ ௖௢௦௬
௦௜௡௬

 c=ݕ߲ 

 = log (secx) + log (sinx) +log (secy)+log(sin y) = log(c) 

 =log (tanx)+log(tany) = log(c) 

 =log (tanxtany) = log(c) 

 = tan x tan y = c Ans 

Example 

The cost of producing x socks is  6 + 10x í 6x2 . The total cost of producing a pair 
is INR 100. Find the function representing total and average cost. 

Cost = 6 + 10x í 6x2 

డ஼
డ௫

  = 6 + 10x í 6x2 = ߲ܿ׬�� ൌ  ሺ6 + 10x í 6x2 )μ�  + k׬�

C = 6x +10௫
మ

ଶ
 - 6௫

య

ଷ
 + k = C = 6x +5x2 - 2x3 +k  

When x = 2 and C = 100 then K = 84 

Hence Average Cost if there are x units of socks is  ૟ܠା૞ܠ૛�ି�૛ܠ૜�ା�ૡ૝
࢞

  Ans 

Example 

A curve passes through points (1, 2) and lines to the curve  pass through the point 
(1,0).  Formulate the equation of the curve using differential equation 

Slope of a line given by y = mx + c 

μ�Ȁ��� ൌ �� = ୷ଶ��ି�୷ଵ
௫ଶି௫ଵ

  = ௬ି଴
௫ିଵ

  = ப୷
௬

  = ப୶
௫ିଵ
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Slope of a normal at any given point P(x, y) is represented by   െப୶
ப୷

  = ௬ି଴
௫ିଵ

   

ݔሺ׬�െ = ݕ߲ݕ׬ = െ ͳሻ߲ݔ� ൅ ܿ =- ௫
మ

ଶ
 + x +c 

= ௬
మ

ଶ
 = - ୶

మ

ଶ
 + x +c 

Passing through points (1, 2) we have c = ହ
ଶ
 - 1 = ଷ

ଶ
 

Putting c = ଷ
ଶ
  = ௬

మ

ଶ
  + ୶

మ

ଶ
 -x -  ଷ

ଶ
  = y2 + x2 - 2x - 3 = y2   = 2x - x2 + 3 Ans 

Example  

A sum of INR 4,000 is compounded at a 10% per annum rate of interest. In how 
many years will the amount be double the original principal? (loge 2 = 0.69) 

Principal = P, Rate of Interest = 10 percent per annum, Sum = P+ P*( ଵ଴
ଵ଴଴

) 

డ௉
డ௧
��ൌ � ଵ଴

ଵ଴଴
P = ׬ డ௉

௉
 = ଵ

ଵ଴ ׬ �ݐ߲ ൅ �ܿ� ൌ � ௘ȁܲȁ݃݋݈ �ൌ ሺͲǤͳݐ�ሻ �൅ ܿ� ൌ ܲ� ൌ �� ݁Ǥଵ௧ ݁௖�� = 

c’ ݁Ǥଵ௧ = 4000 = c’ when t = 0 and e = 1, = 8000 = 4000e.1t, 2 = e.1t, t/10 = log 2   

.69 = t/10, t = 6.9 years. Ans 

3.6 Existence of a solution for a differential equation 

The general solution of the equation dy/dx = h(x, y) and has the form f(x, y, C) = 
0, C being a constant. Below is the theorem that presents the scenario : 

A general solution of dy/dx = h(x, y) exists over a region S of points (x, y) based 
on certain conditions 

a)  h(x, y) is continuous and single-valued over S 

b)  �J��\�H[LVWV�DQG�LV�FRQWLQXRXV�DW�DOO�SRLQWV�RI�S 

The general solution f(x, y, C) = 0 of a differential equation dy/dx = h(x, y) over 
some region S consists of set of curves, where each curve represents a particular 
solution, such that through each point in S there passes one and only one curve 
for different values of C. 

The differential equation associates with each point (x0, y0) in the region S a 
direction that is given by 

m = డ௬
డ௫

|x,y   = h(x,y)  

The direction at each point of S is the tangent to that curve of the family f(x, y, C) 
= 0 that passes through the point. 
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A region S in which a direction is associated with each point is called a direction 
field. For an equation such as y = x2 +c the direction would be 2x. The curves  or 
parabolas can be represented as shown in the diagram 

 

 

3.7 Homogeneous polynomial 

A polynomial whose terms sum to the same degree with respect to all the 
variables taken together. Thus 

             m2 + 2mn - 2n2             degree 2 homogeneity 

            2m3n + 3 m2n2 + 5n4     degree 4 homogeneity 

            2m + 5n                        degree 1 homogeneity 

3.7.1 Homogeneous function 

A function is said to be homogeneous when we can take a function: f(x, y) and 
multiply each of the variable so that the function is of the form n: f (nx,ny) and 
represent it in the form zn f(x, y).Thus 

            2m2 ln(௠
௡

)+ 4n2          is homogeneous of degree 2 

            m2 n + n3 sin (௠
௡

)        is homogeneous of degree 3 

 

 

3.7.2 Homogeneous Differential Equation 

A homogeneous equation is a differential equation of the form 

M(p, q) dp + N(p, q) dq = 0                                                                           
Equation 13 
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where  M(p, q) and N(p, q) are homogeneous functions of the same degree.Here 
variables can be separated by substitution by introducing a  new variable  p = sq 
(or q = sp), where s is a new variable. 

Note. Differentiating p = sq gives dp = s dq + q ds, a quantity that must be 
substituted for dp when sq is substituted for p. 

Example  

Solve the equation 

(x2 -y2)dx + 2xy dy = 0 

Solution Separation of variables though not possible the can be represented as 
homogeneous function as follows. Substituting 

y = vx             and      dy = v dx + x dv 

we get  

(x2   - v2x2)dx  +2x(vx)(vdx+xdv) = 0 

x2dx - v2x2dx +2v2x2dx + 2x3vdv = 0 

x2dx+v2x2dx + 2x3vdv = 0 

(1+v2)x2dx = -2x3vdv 

dx/x  = -2v dv/(1+v2) 

 Upon integrating��� 

׬  ௗ௫
௫

׬2- =  ௩ௗ௩
ሺଵା௩మሻ

  

 = -log (x)+ log C = log(1+v2)  

 =x(1+v2) = C 

 Since y = vx 

 =x(1+(௬
௫
)2) = C 

 =x(ሺ௫
మ�ା�௬మ�

௫మ
) = C 

 = x2 + y2 = C Ans    

3.7.3 Non Homogeneous Differential Equation 

 These can be represented in the form as follows: 

 డ௬
డ௫

 = ௣௫ା௤௬�ା௥
௣ᇲ௫�ା௤ᇲ௬�ା௥ᇱ

                                                           Equation 14 
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We can now replace x = X + h and y = Y + k  
௣ሺ௑ା௛ሻା௤ሺ௒ା௞ሻ�ା௥

௣ᇱሺ௑ା௛ሻ�ା௤ᇱሺ௒ା௞ሻ�ା௥ᇱ
   = �� ୮ሺଡ଼ሻା୮ሺ୦ሻା୯ሺଢ଼ሻ�ା�୯ሺ୩ሻ�ା୰

୮ᇱሺଡ଼ሻା୮ᇱሺ୦ሻ�ା୯ᇱሺଢ଼ሻା୯ᇱሺ୩ሻ�ା୰ᇱ
  = ௣ሺ௑ሻ�ା௤ሺ௒ሻ�ା௣௛ା௤௞ା௥

௣ᇱሺ௑ሻ�ା௤ᇱሺ௒ሻ�ା�௣ᇱ௛�ା�௤ᇱ௞�ା௥ᇱ
 

�� ൅ �� ൅ � =0; �Ԣ�� ൅ ��Ԣ�� ൅ �Ԣ = 0;  �� ൅ �� =-r; �Ԣ�� ൅ ��Ԣ� = - �Ԣ ; 

h = ࢘
ᇲࢗ࢘ିࢗᇱ

ࢗᇱ࢖ᇱ�ିࢗ࢖
  and    ܓ ൌ � ᇱܚܘିܚᇱܘ

ܙᇱܘ�ᇱ�ିܙܘ
  and subject to the condition that the term pq’ - 

S¶T�����WKH�HTXDWLRQ�WDNHV�WKH�IRUP�DV�follows: 

డ௒
డ௑

 = ௣௑�ା௤௒
௣ᇱ௑�ା௤ᇱ௒

   that is transformed into a homogeneous equation. 

If  ��Ԣ� െ ��Ԣ�� ൌ �Ͳ� 

����������������������������������������������������������������������������������������������  

������������������������������������������Ǥ� If  ��Ԣ� െ ��Ԣ�� ൌ �Ͳ�then 
௣
௣ᇲ
�ൌ � ௤

௤ᇱ
  =  ଵ

௡
   L�H��S¶� �QS�DQG�T¶� �QT��DQG�WKH�GLIIHUHQWLDO�HTXDWLRQ�EHFRPHV� 

డ௬
డ௫

 = ௣௫ା௤௬�ା௥
௣ᇲ௫�ା௤ᇲ௬�ା௥ᇱ

    = డ௬
డ௫

 = ௣௫ା௤௬ା௥
௡௣௫ା௡௤௬ା௥ᇱ

 = ௣௫ା௤௬ା௥
௡ሺ௣௫ା௤௬ሻା௥ᇱ

 

�� ൌ ��� ൅ ��� ൌ ப୴
ப୶

 = p +q డ௬
డ௫

   = డ௬
డ௫

 =  
ሺങೡങೣ�ି�୮ሻ

௤
   =   ௩�ା�௖�

௡௩�ା௖ᇱ
 = F(v)   = μ�� ൌ

� ப୴
୮�ା୯�ሺ୊ሺ୴ሻሻ

     that which can be integrated. 

Example 

 ሺ͸�� െ �Ͷ�� ൅ ͳሻ ப୷
ப୶

  = ሺ͵� െ ʹ�� ൅ ͳሻ = డ௬
డ௫

 = ଷ୶ିଶ୷���ା���ଵ
ଶሺଷ୶ିଶ୷ሻ�ା�ଵ

  

  Following the above transformation let v = ͵� െ ʹ�,  డ௩
డ௫

  = ͵� െ �ʹ ப୷
ப୶

  = డ௬
డ௫

  

 = 
ଷ�ିങೡ

ങೣ
ଶ

  = ௩�ା�ଵ
ଶ௩�ା�ଵ

 = ͵ െ ப୴
ப୶

 = ଶ௩�ା�ଶ
ଶ௩�ା�ଵ

 = 3 - ଶ௩�ା�ଶ
ଶ௩�ା�ଵ

 ൌ�� ଺୴�ା�ଷ�ିଶ୴�ାଵ
ଶ୴ାଵ

ൌ � ப୴
ப୶
�ൌ � ସ୴ାସ

ଶ୴ାଵ
 

 ൌ μ�� ൌ � ሺଶ୴ାଵሻ
ସ୴ାସ

�μ�� 

 = ଵ
ଶ
{v + ଵ

ସ
 ORJ���Y����`� �[���F¶� 

 = {v +ଵ
ଶ
 log (4v +1)} = 2x + 2c 

 = {v +ଵ
ଶ
 log ��Y����`� ��[��F¶�ZKHUH�F¶� ��F��Y���ଵ

ଶ
log ��Y������ ��[���F¶ 

 = 3x - 2y = v and substituting for v in terms of x and y we get value RI�F¶ 

 = 3x-2y +  ଵ
ଶ
 log {4(3x - �\����`� ��[��F¶ 

 = x -2y +  ૚
૛
 log {4(3x - 2y) +1}  = c’ Ans 
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3.8 Exact Differential Equation 

The total differential of a function u(x, y) is, by definition 

      Equation 15 

The exact differential is given as follows: 

 = 0       Equation 16 

or 

M (x, y) dx + N (x, y) dy = 0 
For example to see if this equation is exact or not  

(3x2y - y)dx + (x3 - x + 2y)dy = 0 

(M)                     (N) 

ࡹࣔ
ࣔ࢟

  = 3x2 - 1  ࣔࡺ
ࣔ࢞

  = 3x2 - 1 Ans 

In the above the left hand side is an exact differential of the right side of the 
equation hence the differential is said to be an exact differential or in other words 
a relevant factor u(x, y) known as integrating factor has been appended to the 
given differential equation. 

׬ ሺ�ଷ� െ ��� ൅ �ʹ�ሻ�� �ൌ �ଷ��� െ ��� ൅ �ଶ  upon differentiating with respect to x 
gives  ͵�ଶ��� െ ����������������������������������������� . Here the integrating 
factor is y. 

Similarly considering another example 

2ydx + xdy = 0 This cannot be considered as an exact differential equation  but if 
it multiplied by x then it gets transformed into an exact equation 

= (2xy) dx + (x2) dy = 0 = M (x, y) dx + N (x, y) dy = 0 

= డெ�
డ௬

  = 2x and డே�
డ௫

  = 2x and also 

׬ �ଶݔ μ�� ൌ ���ଶݔ ൅
���������������������������������������������������������Ǥ �Ǥ ሺʹ��ሻ��� ,here “y” is 
again an integrating factor. 

	������������������������������������������������������������������� 
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������������������ ൌ � ሺʹ��� െ ͵�ଶሻ μ�� ൅ ሺ���ଶ �െ �ʹ�ሻ μ�� With respect to y and  

x= ப୑
ப୷
�ൌ �ʹ������ ப୒

ப୶�
��ൌ �ʹ������������������Ǥ� 

��������������������������������������ሺ�ǡ �ሻ������������������������������� 

�������������������������������Ǥ ����������������������������������������������� 

�������������������� �׬ μ�and that is [-y2]. ׬ =  ݔ݀ܯ׬ሺʹ��� െ ͵�ଶሻ݀ݔ   

The final result is as follows : ܡ�૛-x3 - y2 = c the general solution 

Example 

 = ሺ��ଶ� ��൅ ��ሻ μ�� ൅ ሺ��ଶሻ���� ൌ �Ͳ��  

 = M = ሺ��ଶ� ��൅ ��ሻ, N = ��ଶǡ       

  డெ
డ௬

  = 2xy,డே
డ௬

  = 2xy��������������������������  

Integrating �μ�������μ�  we get  

�ݔ߲�ܯ׬=  ൌ ଶݕ ଶ/2 +  ௫ݔ
ଶ

ଶ
+ c(y) ,    

 Differentiating with respect to y this previous equation  

 f(x,y) = x2y +dc/dy and dc/dy = 0  

 Hence the generalized equation becomes x2 y2 +x2 = c is the general 
solution. 

Example 

 ሺ୷ୡ୭ୱ୶�ା�ୱ୧୬୷�ା�୷�ሻ
ሺ௦௜௡�௫�ା௫௖௢௦௬ା௫ሻ

  = డ௬
డ௫

  

 M =ycosx +siny +y,  డெ
డ௬

 = cosx +cosy +1 

 N = sinx + xcosy + x,డே
డ௫

 = cosx+cos y +1 hence the equations are exact 

 ൌ ��ሺ׬��� ൅ ���� ൅ �ሻ μ�� ൅ ����������������ሺ׬�����������ሻ μ�� ൌ ��  

 =  ysinx +(siny +y)x = c  Ans 

Example  

 = (1+2xycosx2 - 2xy) dx +(sinx2 - x2)dy = 0 

 =డெ
డ௬

=డே
డ௫

= 2xcosx2 - 2x I.e. equation is exact  

ሺ૚׬= ൅ ૛ܠܛܗ܋ܡܠ૛ �െ �૛ܡሻሻ૒ܠ� ൅ ሻܠ�܏ܖܑܖܑ܉ܜܖܗ܋�ܜܗܖ�ۼ�܎ܗ�ܛܕܚ܍ܜሺ׬ ൌ  Ans ܋�
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Example 

 2xydx +��( �ଶ �൅ ͵�ଶ�ሻ��� ൌ �Ͳ 

 �� ൌ �ʹ��ǡ � ൌ � �ଶ �൅ ͵�ଶ�ǡ ப୑
ப୷

 = 2x and  డே
డ௫

 = 2x  

 Hence these equations are exact 

 Now to find function u(x, y) we have ݔ߲ܯ׬�� ൌ � ݕଶݔ ൅ ܿሺݕሻ������  

 Substituting the expression for u(x, y) in the 2nd equation  

 We have u(x, y) = డ
డ௬

ݕଶݔ) ൅ ܿሺݕሻ�) i.e. x2 +c’(y) = x2 + 3�ଶ .  

 Hence c’(y) = 3y2 

 Hence the integral of last equation in the above is given as ݕ͵׬ଶ߲ݕ  = y3  

 The final form is ࢞૛࢟ + y3 = C Ans 

Example 

 (6x2 - y +3) dx +(3y2 - x -2)μx 

 =డெ
డ௬

 = -1 and డே
డ௫

  = -1    Hence the equations are exact 

 Now to find function u(x, y) we have ۻ׬૒ܠ�� ൌ�2x3 -xy + 3x2 +k(y) .  

 Now ૒f/૒y = -k(y) + (-x) = 3y2 - x -2 

 So the final equation becomes: 2x3 -xy +3x+3y2 - 2 = c 

Example 

 (3x2 +4xy)dx +(2x2 + 2y)dy = Mdx + Ndy = 0 

 dM/dy = 4x, dN/dx = 4x and hence the equations are exact 

 Integrating M(x,y)dx = ׬ሺ͵ݔଶ+4xy)μx = x3 +2x2y +k(y) = f(x,y)  

 Differentiating with respect to y   

 df/dy = 2x2 +μ/μy(k(y) = 2x2 + μk/μy = 2x2 + 2y  

 So μk/μy = 2y Upon integrating k(y) = y2 +c’ 

 f(x,y) =x3 + 2x2y +y2 +c’  = c” = x3 + 2x2y +y2 = c is the general solution. 
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3.9 Integrating Factors 

The equation �� μ�� ൅ �� μ�  cannot be represented as an exact differential 
equation, then there exists a multiplying factor Ɋ  that is a function of x and y that 
makes the equation exact. This factor is otherwise known as the Integrating 
Factor.     

A given differential equation assumes the form as follows; 
ࣔ࢟
ࣔ࢞

  +M(x)y = N(x)                                                                                                                                 

Equation 17 

then the integrating factor Ɋ is defined as follows: 

ૄ� ൌ                                                                                                                                           ܠሻ૒ܠሺۻ׬܍�
Equation 18 

:KHUH�0�[���WKH�IXQFWLRQ�RI�[��LV�D�PXOWLSOH�RI�\�DQG�ȝ�GHQRWHV�LQWHJUDWLQJ�IDFWRU� 

OR  

  ࣔ࢟
ࣔ࢞

  + P(y) = Q 

 ࣔ࢟
ࣔ࢞

 ௉డ௫׬Q݁ = (௉డ௫P׬݁)௉డ௫ +y׬݁  

Upon integration 

y۾׬܍૒ܠ �ൌ                                    dx +c ࢞ࣔࡼ׬ࢋࡽ׬�
Equation 19 

For example consider the function  

ሺܠ െ �ܠሻ૒ܡ ൅ ܡ૒ܠ  = 0 or  ܠ૒ܡ ൌ െሺܠ െ ܠሻ૒ܡ    or  ࣔ࢟
ࣔ࢞

 = ࢟ି࢞
࢞

  where ࢟ି࢞
࢞

 is 

considered as M.  

The steps for the integrating factor are as follows :The differential equation is 
represented in the above form and the value of M(x) is found out. The integration 
IDFWRU� QHHGV� WR� EH� FDOFXODWHG� L�H�� ȝ�7KH� HTXDWLRn at the next step needs to be 
represented as follows: 

ȝࣔ࢟
ࣔ࢞

  ��ȝ0�[�\� �ȝ1�[� 

On the left-hand side of the equation, a particular differential is obtained as 
follows:  

ࣔ
ࣔ࢞

ሺࣆǡ ࢟ሻ ൌ  ሺ࢞ሻࡺࣆ
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In the end, integration of the expression needs to follow and the required solution 
to the given equation is represented as: ȝ�\� ��ȝ1�[� + C.  
Now considering this equation ሺ� െ �ሻ μ�� ൅ � μ� = 0 here M = x-y and N = x 

hence ࣔࡹ
ࣔ࢟

 = -1 and ࣔࡺ
ࣔ࢞

  = 1 and the equations are not exact.  

In order to make the equations exact the ࣆ should be such that ࣔࡹ
ࣔ࢟

 should be equal 

to ࣔࡺ
ࣔ࢞

  . 

Hence if we multiply M and N with  ૚
࢞૛

  then డெ
డ௬

  = ࢞ି࢟
࢞૛

 and డே
డ௫

 = ૚
࢞

  then 

differentiating M and N gives us the results as follows: డெ
డ௬

  = - ଵ
௫మ

  and డே
డ௫

  =  -  ଵ
௫మ

  

hence ȝ� �- ૚
૛ܠ

 and this becomes the integrating factor. 

Example 
 Solve the equation: ሺ��ଶ െ ʹ�ଷሻ��� ൅ ሺ͵ െ ʹ��ଶሻ��� ൌ ͲǤ 
 The given equation is not exact, because 

 డெ
డ௬

 = 2xy - ͸ݕଶ,డே
డ௫

 = 2y2 and the equations are not exact 

We try to find the general solution of the equation using an 

integrating factor. Calculate the difference i.e. ࣔࡹ
ࣔ࢟

ࡺࣔ - 
ࣔ࢞

 = 2xy -4y2  

 ૚
ࡹ

ࡹࣔ )
ࣔ࢟

ࡺࣔ - 
ࣔ࢞

 ) = ૛ି�ܡܠ૝ܡ
૛

૜ܡ૛ି૛ܡܠ
  = ૛

࢟
  

 and the integrating factor is ȝ that is dependent on y. 

 ȝ =  ૛
࢟
 ,  ࣔૄ�

ࣔ࢟
 = -2࢟૛, ૚

ૄ
( ࣔૄ�
ࣔ࢟

) = - ૛
࢟
   

 Upon integrating 

׬ 2-  ࣔ࢟
࢟

 = ln|y| = ȝ =( +-) ૚
࢟૛

 

 Now the exact equation is got i.e. 

 ሺ��ଶ െ ʹ�ଷሻȀ�ଶ μ�� ൅ ሺ͵ െ ʹ��ଶሻȀ�ଶ μ�� ൌ ሺ� െ ʹ�ሻ μ�� ൅ ሺ ଷ
୷మ
െ2x) = 0  

ࡹࣔ 
ࣔ࢟

ࡺࣔ  ,2- = 
ࣔ࢞

 = -2. Now to find u from the above 

࢛ࣔ
ࣔ࢞

 = x-2y and ࢛ࣔ
ࣔ࢟

 = ૜
૛ܡ
െ2x ,u(x,y) = ׬ �ሺ� െ ʹ�)dx = ݔଶ - 2yx + (this is from 

the first equation and from the second equation  

 డ
డ௬

ଷ = (׎+ ଶ - 2yxݔ  )
୷మ
െ2x = -2x + ׎'(y) = ଷ

୷మ
െ2x and ׎'(y) =  ଷ

୷మ
 (y)׎ , 

׬ =   ଷ
୷మ
�μ� = - ଷ

௬
 

Hence the final equation becomes ࢞૛ - 2yx -  ૜
࢟
 = c with y = 0 Ans 
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Example 

 y(log y )μx + (x-log y)μy = 0 

 μx/μy +x/(y log y) = 1/y which is a leibnitz’s equation in x 

 Integrating Factor =  ݁׬
భ�ങ೤
೤೗೚೒�೤   = ݁௟௢௚ሺ௟௢௚�௬ሻ = log y 

 Thus the solution is as follows: x (I.F.) =  ׬ ଵ
௬
(Integrating Factor)μy + c 

 = x log y = ׬ ଵ
௬
(Integrating Factor)μy + c = (1/2) (log y)2  + c 

 = x = (1/2) log y + c/log y Ans 

Example  

 Solve (x + 1)ࣔ࢟
ࣔ࢞

  - ye3x(x+1)2  

 డ௬
డ௫

   - y/(x+1) = e3x(x+1) here P = -  1/(x+1) and ݔ߲ܲ׬  

 = െ׬ ப୶
୶ାଵ

�= -log (x+1) 

 Here integrating factor is as follows:݁׬௉ങೣ =  ݁௟௢௚ሺ௫ାଵሻଵషభ = 1/x+1 

As per the above equation y. (Integrating Factor) =   

׬ ݁ଷ௫(x+1)(Integrating factor).μ�� ൅ � 

 y(1/(x+1) = ࢋ׬૜࢞ ૒ܠ +c  or y = (x+1)(c+1/3ࢋ૜࢞)  

 Integrating Factor found by Inspection  

Example 

 y (2xy +ex)dy +2xy2 dx = 0 

 Dividing by 1/y2 that is the Integrating Factor then equation becomes 

���μ׬  ൅ ����������������ሺ׬�����������ሻ �ൌ ��  

ࢋ = 
࢞

࢟
 + x2 = c Ans 

3.10 Integrating Factor of a homogeneous equation 

If Mdx +Ndy =0 be a homogeneous equation then its integrating factor is 
���0[�1\��DQG�0[�1\���� 
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Example 

(x2y - 2xy2)dx - (x3 -3x2y)dy  = 0 .  

It is in the  homogeneous form Integrating Factor = 1/x2y2 

Multiplying the equation with IF, the equation becomes exact in the form 
(1/y-2/x)dx - (x/y2- 3/y)dy =0 and is exact 

 Applying ׬�μ�� ൅ ����������������ሺ׬�����������ሻ �ൌ ��  

 = x/y -2logx +3logy = c Ans 

3.11 Linear Equation and equation reducible to homogeneous 
form 

A differential equation is said to be linear if its differential coefficient occur in the 
first degree and is not multiplied together and is represented as follows: 

 ࣔ࢟
ࣔ࢞

  + P(y) = Q where P and Q are functions of x. 

Here when Q = 0 then డ௬
௬

 + P ߲x = 0 

Upon integration ׬ ࣔ࢟
࢟

  + P ࢞ࣔ׬ = log y +P࢞ࣔ׬  = log c or y/c = - P࢞ࣔ׬  = y/c = 

 .and the rest is the same as the liebnitz equation ࢞ࣔࡼ׬ିࢋ

Bernoulli Equation can be represented as follows: 

 ࣔ࢟
ࣔ࢞

  + P(y) = Q yn     where P and Q are functions of x and upon solving gives  

ࢠࣔ
ࣔ࢞

  +(1-n)Pz   =  (1-n)Q 

Another equation that can be linear in the form is f’(y)μ�Ȁ μ� +Pf(y) = Q  

Then dz/dx + P(z )= Q  where f(y) = z 

Example  

 Solve 

 � � 02 22  �� dyxxyy  

 2

2 2
x

xyy
dx
dy �

� 
 

  dx
dvxv

dx
dy

� 
  for y =vx 

 
� �vv

x
xvxxv

dx
dvxv 22 2

2

22

�� 
�

� �
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 )3(3 � � ycyx         Ans 

Example 

 Solve (2x-5y )dx +(4x-y)dy = 0 

 dy/dx = ଶ௫ିହ௬
ସ௫ି௬
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Example 

 Solve xడ௬
డ௫

 + y = x3y6  

 = Dividing by xy6 we have డ௬
డ௫

y-6  + y-5 = x2 

 Let y-5 = z = =5y-6 = dz/dx or -dz/dx -(5/x)z = -5x2 which is linear in z 

 Applying Integration Factor  

        i.e. ׬ࢋ
ష૞
࢞ ࣔ࢞ = e-5logx = x-5  

       = z * (Integrating Factor) = c +Q(Integrating factor ) dx 

 = z* x-5 = ׬ሺെͷݔଶx-5dx +c 

 = y-5 x-5 = -5x-2/(-2) +c  Ans 

Example 

 tan yሺ૒y/૒ܠሻ +tan x = cos y cos2x 

 Dividing by cos y it gives 

 secy tan yሺμy/μ�ሻ+secy tanx = cos2x 

 Let sec y = z then μ�Ȁ μ� = secy tan y μy/μ� 

 μz/μ� + z tan x = cos2x  

 It is in the linear form hence the integrating factor I.F 
׬݁  ௧௔௡௫డ௫  = ݁௟௢௚�௦௘௖�௫ = sec x 

 So z * (Integrating Factor) = c +Q (Integrating factor ) dx 

 = z*(sec x) = c+ (cos2xsecx) dx 

 =z*(sec x) = c+ Integration of (cosx) dx 

 secy secx = c+ sin x 

 secy = (c+sinx)cosx  Ans 

 The DE is not homogeneous.  

 0)()( 222111  ����� dycybxadxcybxa  
 It can be reduced to homogeneous form  

Type-1   If       2

1

2

1

b
b

a
a

z
 

 then the transformation is as follows:  x = X + h, y = Y + k 

 0)(
)(

22222

11111

 �����
����

dYckbhaYbXa
dXckbhaYbXa
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Type 2 

 If 2

1

2

1

b
b

a
a

 
 

then put ybxaz 11 � and the given equation will reduce to a 
separable equation.  

Example 

 Solve      dy/dx = (2x+y+1)/(x-2y+3) 
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Ans 

Example 

Solve dy/dx  = 3x-4y-2/3x-4y-3 
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3.12 Partial Differential Equation - An overview 

A differential equation that constitutes of partial derivatives is known as a partial 
differential equation. The differential equation presented below is a partial 
differential equation since a derivative can result with respect to both x and y.   

Example Consider an equation of the form F(x,y).A partial differential equation 
that can be represented is as follows : 

�Ȁ��ሺ	ሺ�ǡ �ሻ with respect to x otherwise written as ܨ௫(x,y) or  μ�Ȁ μ� where x is 
allowed to vary. 

Upon finding the derivative of the same function with respect to y the 
representation is as follows: 

௫௬(x,y) i.e. μȀܨ μ�ሺμ�Ȁ μ�ሻ which is equivalent to ߲ଶf/μ� μ�.Few examples  of the 
partial differential equation are as follows for ready reference and a basic 
understanding: 

μȀ μ�ሺμ�Ȁ μ�ሻ ൅ μȀ μ�ሺμ�Ȁ μ�ሻ �ൌ �Ͳ                                          Equation 20 

μȀ μ�ሺμ�Ȁ μ�ሻ ൅ μȀ μ�ሺμ�Ȁ μ�ሻ �൅ ሺμȀ μ�ሺμ�Ȁ μ�ሻ ൌ �ଶ �൅��ଶ                                             
Equation 21 

3.13 Summary  

 This chapter discusses on the concepts of differential equation and their  solving 
methodologies,  as differential equation formulation and representation with 
respect to heat conduction, oscillation in mechanical and electrical systems and 
circuitry take a centre stage in all modern scientific and engineering studies. In 
applied mathematics generally, the study of differential equation constitutes of 
modelling the equation, solving the equation using different criterion and 
conduction  as rules of separation, reduction, multiplication by a certain 
integration factor to make it exact. Here even mechanisms to find certain 
integrating factors by inspection or of a homogeneous equation or represented in 
a complex format to find a general solution to the real world problems. This 
chapter introduces the students to the fundamental problem solving in the 
segment of first order and first degree equations that are moderately complex to 
model and solve. 
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3.15 Questions 

1. Given the differential equation dp/dq=p4íq4(p2+q2)pq the degree of 
differential equation. 

2. Solve (m2 + n2 + m) dm + mndn = 0. 

3.  Solve the following equations by the method of inspection 

 a) y(3yx + ex) dx - ex dy = 0 

 b) ydx-xdy+lnxdx=O fr all x,y>O.  

 c) (xy - 2y2) dx - (x2 - 3xy)dy = 0. 

4. Solve the homogeneous equation : Solve (x2y - 2xy2) dx - (x3 - 3x2y) dy = 0 
using Integrating Factor. 

5. Solve (p4+y4)dp - py3dy = 0. (Hint When bp - ay # 0 and the different 
equation a(p,y) dy +  b(p,y) dp = 0 can be written in the form qf,(p y)dp + 
pf,(p,y)dy = 0  with I as an integrating factor). 

6. Check for exactness of the equation :  

Solve y(x2y2 + 2) dx + x(2 - 2x2 y2) dy = 0 

7. Solve  for exactness and find the integrating factor  

(3x2y4+2xy) dx + (2xY3-x2) dy = 0. 

��������
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Unit 2 

4 
DIFFERENTIAL EQUATION  
OF THE FIRST ORDER OF  

A DEGREE HIGHER THAN THE FIRST 
Unit Structure 

4.0   Objectives 

4.1    Introduction 

 4.1.1 Equations solvable for x 

 4.1.2 Equations solvable for y  

4.2    Equations not containing dependent/independent variable 

4.3   Clairaut’s Form of the Equation 

 4.3.1 Equations reducible to Clairaut’s form 

4.4 Summary 

4.5 References 

4.6 Questions 

Please note two conventions of differentials have been used (૒ܡ
૒ܠ

,dy/dx) 

4.0 Objectives 

Here nonlinear equations are considered where the derivatives are of first order 
and of higher degree. The equations are not solvable by any structured 
methodology. Here, some typical types of equations are considered to describe 
the techniques of solution of such equations. One will able to solve differential 
equation of first order and higher degree solvable for solvable for x, solvable for y 
and the Clairaut’s form of the equation. Also obtain the solution of the differential 
equations in which x or y is absent 

4.1 Introduction 

 Isaac Newton (1642-1727), the English mathematician and scientist, classified 
differential equations of the first order then known as fluxional equation which 
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was   published in 1736. Then Count Jacopo Riccati (1676-1754), an Italian 
mathematician, contributed towards advancing the theory of differential equations 
with reduction of  an equation of the second order in y to an equation of first 
order in p. In 1723, he exhibited the solution of an equation to which the name of 
Riccati is attached. Later the French mathematician Alexis Claude Clairaut (1713-
1765) pioneered the idea of differentiating a given differential equations in a 
specific form to solve them.  

These equations are described as equations constituting of dependent and 
independent variable, that are solvable using the following : equations that are 
solvable for p,y,x and the Clairaut’s form, the techniques and methodologies of 
which are described in the succeeding section. 

Equations that are solvable for p    

ܘ ) ൌ ૒ܡ
૒ܠ
�) and for y : y = f (x, p) and for x = f (y,p ) 

For Clauriat’s form of equation it is a follows : y = p(x) + f (p ) 

The equations that are solvable for p of the first order and the nth degree is 
represented as follows: 

= pn  + f1(x,y)pn-1  + f2(x,y)pn-2 +f3(x,y)pn-3 +……+ fn-1(x,y)p  +fn(x,y) = 0 

Now the left hand side of the above equation is split up into n linear 
representative equations as follows : 

[p - ࣂ૚(x,y)],[p - ࣂ૛(x,y)]………[p - ࢔ࣂ(x,y)] and these are of first order and first 
degree. Each individual solution to the above can be represented in the form as 
follows :f1(x1,y1,c) = f2(x2,y2,c)….fn(xn,yn,c) = 0 and these together form the 
solution for the above equation as follows. 

Example   

 Solve m2 +m (݁௫� ൅ ଵ
௘ೣ

  ) + 1 = 0 

 = m (m+݁௫�) + ଵ
௘ೣ
�(m + ݁௫�) = 0 

 = (m+݁௫�) (m+ ଵ
௘ೣ

) = 0 

 = y + ݁௫�+ k’ = 0, y+݁ି௫� +k” = 0  Ans 

Here   k’ and k”   can be replaced by k and the final equation constitutes of 
first degree and first order representation. 

 =(y + ࢞ࢋ�+k)(y+࢞ିࢋ� +k) = 0 Ans  
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Example 

 Solve    ௗ௣
ௗ௫

  - ௗ௫
ௗ௣

  = ௣
௫
 - ௫

௣
  

 = q -  ଵ
௤
   =  ௣

௫
 - ௫

௣
  

 = q2 - 1 = q( ௣
௫
 - ௫

௣
 ) 

 = q2 - 1 - q( ௣
௫
 - ௫

௣
 ) = 0 

 = q(q - ௣
௫
 ) + ௫

௣
  (q - ௣

௫
) = 0   

 = (q - ௫
௣
  )(q - ௣

௫
 ) =0 

 = q =  - ࢞
࢖
࢖  ,
࢞
 

 = q = ௗ௣
ௗ௫

   = -x/p , Upon integrating  ݌݀݌׬� ൌ    ݔ݀ݔെ׬�

࢖ = 
૛

૛
 + ࢞

૛

૛
 = c i.e. p2 + x2 = c is the first solution 

 When q =   ୮
୶
 

 Then  ௗ௣
ௗ௫

  -   ୮
୶
  = 0                                     

 = ௗ௣
௣

   -  ୢ୶
୶

 = 0 

 = ln(p) - ln(x) = 0 

 =ln(p/x) =  ln (c), p = xc  is the required solution 

Example 

 Solve p2 + 2 py cot x = y2 

 The square root of p will be equal to 

 =(-b(+-)square root of ((b2 -4ac))/2a 

 =(1/2)(-2ycotx (+-)ඥͶݕଶ�ܿݐ݋ଶݔ� െ Ͷݕଶ 

  �í\�FRW�[���\�FRVHF�[ 

 = డ௬
డ௫

 = -ycotx +ycosecx 

 = డ௬
డ௫

  = y(cosecx - cotx) 

 = డ௬
௬

  = (cosecx-cotx)߲ݔ 
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׬=  డ௬
௬
�ሺ׬=������ െ ����ሻ߲ݔ 

 = log y = log tanx(௫
ଶ
) - log(sinx) +log(c) 

 = y (1+cosx) = c 

Similarly for the equation  

 డ௬
డ௫

 = -ycotx - ycosecx 

 = y ��í�FRV�[�� �F 

 = y (1(+-) cosx) = c Ans 

Example  

 Solve xyp3 + +(x 2 í�\�2 �S��í�[\S� �� 

 = p [xyp2 + (x2 - 2y2)p -2xy]  = 0 

 = p (xp- 2y)(yp+x) = 0 

 = ( p = 0 , y-c = 0),(xp - 2y = 0), (yp +x = 0) 

 = (xp- 2y) = 0, let p = ௗ௬
ௗ௫

  = x  ௗ௬
ௗ௫

  = 2y, or ௗ௬
௬

 = 2 ௗ௫
௫

 , y = cx2 

 = yp + x = 0, with p =  ௗ௬
ௗ௫

 , ydy +xdx = 0, x2 +y2 - 2c = 0 

 So the final equation becomes (y-c)(y-cx2)(x2 + y2 - 2c) = 0  Ans 

4.1.1  Equations solvable for x 

Let there be equation of the form x= f(y,p) 

Differentiating with respect to y it can be represented as follows: 

 ���S� �G[�G\� �ș�\�S�GS�G[� 

The solution that can be deduced is as follows: F(y,p,c) = 0 that can be shown 
through the following example. 

Example 

 Solve x = 4(p+p2) 

 dx/dy  =  1/p =  pdx = dy  Differentiating with respect to y  

 = 1/p =4(1 +2p)dp/dy 

 = dy = 4p(1 + 2p)dp 

 Integrating we have  

�ݕ݀׬  ൌ ׬� Ͷ݌ሺͳ ൅   ݌ሻ݀݌ʹ

 = y = 2p2 + (8/3)p3 +c Ans 
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Example  

 Solve  y = 2 px + y2 p3 

 = y - y2p3 =  2px 

 = ୷�ି�୷
మ୮య�

ଶ௣
 = x 

 = y/2p - y2p2/2 = x 
 Differentiating the above with respect to y  

 The first component is  ଵ
௣�
�ൌ �

ଶ௣�ି�ଶ௬ങ೛ങ೤
ସ௣మ

     

 and the second component is  
ଶ௬௣మା௬మଶ௣೏೛೏೤

ଶ
  

 = 0 =  
ଶ௣�ି�ଶ௬ങ೛ങ೤

ସ௣మ
 - 

ଶ௬௣మା௬మଶ௣೏೛೏೤
ଶ

 - ଵ
௣�
� 

 =0 = (� ப୮
ப୷
�൅ �ሻ(yp + ଵ

ଶ௣మ
) = 0 

 = (� ப୮
ப୷
�൅ �ሻ = c = log(py) = logc 

 = py = c 
 Eliminating p from the main equation 
 We have y2 = 2cx +c3 as the solution 
Example 
 Solve: y2p 2 í�[S���\� ���� 
  The differential equation is of the form x = f (y,p),  
 where f (y,p) = (1/3)(y/p+y 2p). 
 Differentiating with respect to y we get 

 ୢ୶
ୢ୷

(3)  = 3(1/p) 

   = (1/p) -(y/p2)(dp/dy) +2yp +y2(dp/dy) 
 Simplifying we get  
 2p +y(dp/dy) = 0 so (dp/p) +2(dy/y) = 0 

 = p = ௖
௬మ

 

 Hence y3 - 2cx + c2 = 0  x then becomes  p +1/p 
  (dx/dy) =  (dp/dy) - (1/p2)(dp/dy) 
 Integrating  
�ሺ׬  െ ͳȀ�ሻdp = ׬ሺ� െ ͳȀ�ሻ  +c 
 = y = (p2/2) - log p +c and x = p +1/p Ans 
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Example 

 Solve y2p2  - 3xp + y = 0 

 The equation can be represented in the form  

 x = f(y,p) = p = tan-1(p + ࢖
૚ା࢖૛

 ) 

 = ࣔ࢞
ࣔ࢟

 = ଵ
௣
 = ( ଵ

ଵ�ା�௣ଶ
ሻ�డ௣
డ௬

  + ଵ�ା௣
మ�ି�ଶ௣మ

ሺଵ�ା௣మሻଵమ
 

 = డ௬
డ௣

 = ଶ௣
ሺଵା௣మሻଵమ

 

 Upon integration  

 y = c (1 +p2) - 1 from where y cannot be removed. Ans 

4.1.2 Equations solvable for y 

A differential equation of first order and higher degree takes the form y = f (x, p).  

Differentiating the equation w.r.t x , we have p = ௗ௬
ௗ௫
�� ��ș�\�S�GS�G[���7KH�VROXWLRQ�

for the same will be in the form of : F(x,p,c) = 0. Now taking into consideration y 
= f(x, p) and  solution being F(x, p, c) the (x, y) variables in the equation can be 
represented as  x = F1(p, c) and y = F2(p, c) respectively as the solution. 

Example 

 Solve y = p x +a p(1-p) 

 We differentiate the above with respect to x. 

 dy/dx = p + x dp /dx + a(dp/dx) - a(2p)dp/dx 

 dy/dx = p + dp/dx[x +a -2ap] 

 p = p + dp/dx[x +a -2ap] 

 0 = dp/dx[x  +a -2ap]  

 Here p is a constant hence the equation becomes p  = 1/2a(x +a) 

 y = (1/2a)(x + a)[x + a(1/2a(x + a))(1-(1/2a)(x + a)) 

Example 

 Solve  x+ 2(xp - y) + p2  

 The equation to be represented as  y = f(x, p) and hence is solvable for y  

Representing in the form with y  on the left hand side the equation takes the 

form = y= ௫
ଶ
 + xp + ௣

మ

ଶ
  

mu
no
tes
.in



95

Chapter	4�	Differential	Equation	of	the	First	Order	of	A	Degree	Higher	Than	The	First

 = ௗ௬
ௗ௫

 = p = ଵ
ଶ
  + p + xௗ௣

ௗ௫
  + p ௗ௣

ௗ௫
 

 = (x + p)ௗ௣
ௗ௫

 + ଵ
ଶ
  = 0 

 Let (x + p) = u , 1 + ௗ௣
ௗ௫

  = ௗ௨
ௗ௫

, ଶ௨
ଶ௨�ି�ଵ�

 μ�= μ� 

 ൌ׬�ሺͳ� ൅ ଵ
ଶ௨ିଵ

 ) μ�  ൌ׬�  c = 0 + ݔ߲

 = u + ଵ
ଶ
 log (2u -1 ) = x+ c 

 Replacing p with x + u we have  

 = 2p + ଵ
ଶ
log (2(x+p) - 1) = x + c 

 = 2x + 2p - 1  

 =  e2p - c  = x = (૚
૛
࢞   = p and y - 1 + �ࢉି�࢖૛ࢋ(

૛
 + xp + ࢖

૛

૛
 Ans 

Example 

 Solve p2 - py +x 

 = y = (x + p2)/p 

 = x/p + p 

 = xp-1 + p 

 =dp/dx +1/p - xp-2(dp/dx) = p = dy/dx  

 Solving this equation 

 =  ௗ௫
ௗ௣

 + ௫
ሺ௣ାଵሻ௣ሺ௣ିଵሻ

 = ௣
௣మିଵ

 

 The integrating factor is 

׬݁
೛೏೛
೛మషభ   =   ݁׬ቂ

భ
మሺ೛షభሻ�ା

భ
మሺ೛శభሻ�ି

భ
೛ቃௗ௣ 

׬݁= 
೗೙ሾሺ೛శభሻሺ೛షభሻ

భ
మ

೛  = ሺ௣
మିଵሻ

భ
మ

௣
 

Hence the final solution is   

x(ሺ௣
మିଵሻ

భ
మ

௣
׬ = (  ௣

௣మିଵ
ሺ௣మିଵሻ

భ
మ

௣
dp = ׬ ௗ௣

ඥ௣మିଵ
  = c +cosh-1 p 

= x = p(c + cosh-1p) (p2 -1)1/2   Ans 

Example 

 Solve y = 2px +pn 

 Differentiating with respect to x 

 p = 2p +2x(dp/dx) +npn-1(dp/dx) 
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 0 = p + 2x(dp/dx) +npn-1(dp/dx) 

 0 = p +2x(dp/dx) +(np/p)(dp/dx) 

 -p =(dp/dx)(2x ) +npn-1(dp/dx) 

 = -  ௗ௫
ௗ௣

[p] = 2x +npn-1 

 0= డ௫
డ௣

[p] + [2x] +[௣
೙

௣మ
] 

 Integrating factor ݁ଶ௟௢௚௣ = p2 

 Solution is 

 xp2 = -  ݌݊׬௡   c+ ݌߲

 = xp2 =  - n ௣
೙శభ

௡ାଵ
 +c 

 = x = - n pn+1-2  + cp-2 

 = x  = -npn-1   +cp2 

 Then substitute for y in the given equation  

 y = 2px +pn and the solution is as follows : 

 y  = ૛ࢉ
࢖

 +૚ା࢔
૚ି࢔�

 Ans ࢔࢖

4.2 Equations not containing dependent/independent variable 

Sometimes the equations do not contain dependent/independent variable and 
either it contains y or x and not both such equations can be represented in the 

form as follows: f(x,p) = 0 or f(y,p) = 0. For example y = ଵ
ଵା௣మ

  is one of form of 

equation where the x is missing as an independent variable from the equation. 

Type I 

In the former scenario equations do not contain independent variable 

This equation can be represented as follows after differentiating with respect to x 
as follows : 

 S� �G\�G[� �ș�\�� 

 In order to seek clarity lets consider the below example 

 y = 3p +6p2 This equation is already in the form y = f(p) 

 p = 3 (ௗ௣
ௗ௫

 ) + 12pௗ௣
ௗ௫
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 p = (ௗ௣
ௗ௫

) (3 + 12 p) 

 dx = (3 + 12p)/p (dp) 

 =x = 3 ln(p) +12p +c  and y =  3p +6p2  Ans 

Example 

 Solve  y2 = a2 (1 +p2) 

 The above equation is in y and p only.It can be written as follows : 

 = p2 = ࢟
૛

૛ࢇ
 - 1  

 = p =( +-)ට௬మ

௔మ
 - 1 

 = డ௬
డ௫

  = ඥ௬
మି�௔మ

௔
 

 = a ln ȁ��� ൅ ඥ�ଶ�-a2| = x +c 

 = a ln  ȁ��� ൅ ඥ�ଶ�-a2| (-+)x-c  Ans 

Type II 

 Equations not containing a “y” as the dependent variable 

 Let the equation be as follows: 

 x= ଵ
ଵା�௣మ

 

 = 1/p = (1 +p2)-1 

 = 1/p = (1+p)-2(-2p)(dp/dy) 

 = dy = ିଶ௣
ሺଵା௣ሻమ

 

׬ = ݕ߲׬ =  ିଶ௣మ

ሺଵା௣మሻమ
 ݌݀

ሾʹ׬ = ݕ߲׬ =  ିଵ
ሺଵା௣మሻ

׬ +  ଵ
ሺଵା௣మሻమ

] dp 

 = y = tan-1 p + 2  

We will use the substitution [ WDQș��LPSO\LQJ�WKDW dx=sec2șGș� 

, �VHF2ș Gș���WDQ2ș�2 

Note that 1+tan2ș VHF2ș� 

 

mu
no
tes
.in



98

 APPLIED MATHEMATICS

Integrating Factor �VHF2șGșVHF4ș �GșVHF2ș �FRV2șGș 

Recall that FRV�ș �FRV2șí���VR cos2ș ���FRV2ș����� 

Integrating Factor ����FRV2șGș������Gș� 

Integrating Factor=1/4sin2ș����ș�& 

From [ WDQș we see that ș DUFWDQ[� 

 We see that 1/4sin2ș �����VLQșFRVș� 

Also, since WDQș [��IRU�D�ULJKW�DQJOH�WULDQJOH�ZLWK�WKH�VLGH�RSSRVLWH ș being x, the 
adjacent side being 1, and the hypotenuse  ¥��[2. 
Thus, VLQș [�¥��[2 and FRVș ��¥��[2: 

Integrating Factor  ����VLQșFRVș������DUFWDQ[��& 

Integrating Factor ����[�¥��[2����¥��[2)+arc tanx/2+c 

Integrating Factor =x/2(1+x2)+arctanx/2+c Ans 

4.3 Clairaut’s Form of the Equation 

When an equation is of first degree in x and y, it is solvable for both independent 
and dependent x and y variables both and hence it can be put in the following 
forms: 

 y = xf1(p) +f2(p)   or  

x = yg1(p) + g2(p)  and these can be solved normally.  

But if  f1�S�� �S�WKHQ�LW�WDNHV�WKH�&ODLUDXW¶V�IRUP�DV�IROORZV�: y = xp + f(p) and 
these equations can be non linear in nature. Here f(p) is a known function that 
does not contain an x or y. 

Instances ,  like y = px + p2 and y = x + eq DUH��H[DPSOHV�RI�&ODLUDXW¶V��HTXDWLRQ�
whereas equations y = xy2 + p or y - x2p2 + yp2 are not of the Clairaut's form. 

Let there be an equation of the form y = px + f(p) where y is the dependent 
variable  and  (p,x)  are the independent variable. 

= ௗ௬
ௗ௫�

 = p +xௗ௣
ௗ௫

 �I¶�S�ௗ௣
ௗ௫

 

= p = p +xௗ௣
ௗ௫

 �I¶�S�ௗ௣
ௗ௫

 

= 0 = xௗ௣
ௗ௫

 �I¶�S�ௗ௣
ௗ௫

 

Now with ୢ୮
ୢ୶

  = 0  and p =  c  we have y = cx + f (c)  which is the general solution 

RI�&ODLUDXW¶V�HTXDWLRQ� 
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Example  

Solve y = mx + ௔
௠

    Since the said equation is exactly in the form of a 

Clairaut’s  representation hence there is no need to solve it further. 

Example  

 Solve  q  = log(qx - y ) 

 eq  =  qx -y 

y = qx - eq  Replacing q with c the equation becomes 

y = cx - ec  and  this equation is in the required Clairaut’s form. 

Example  

 Solve y = xy’ +(y’ )2       

  let y’  = p 

 y = x (p) + (p)2 

  p (dx)  = x (dp) + p(dx) + 2pdp 

 0= x(dp) +2pdp 

 = dp(x + 2p) = 0 

 = dp =0; p = c ; x = -2p; p = c 

 = x = -2p; y = xp + p2 

 = p =  - ࢞
૛
 = - ࢞

૛

૝
  (Eliminating p )Ans 

Example 

 Solve  y = xy’  + ඥሺܡᇱ૛ሻ ൅ ૚    

 Let y’ = q   

 y = xq + ඥሺ�ଶሻ ൅ ͳ    

 dy =  xdq + qdx  +  ௤ௗ௤
ඥ௤మାଵ

      

 0= xdq + ୯ୢ୯
ඥ୯మାଵ

     

 Now dq = 0 and p =c 

 So y = cx + ඥሺ܋૛ሻ ൅ ૚   
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 The  other equation is as follows : 

 x =   ିࢗ
ඥࢗ૛�ା૚

  and y = ( ࢗି
ඥࢗ૛�ା૚

)x + ඥሺܙ૛ሻ ൅ ૚   

  y = ૚
ඥࢗ૛ା૚

 

Elimination of p happens by putting the equation in the form of x2+ y2 = 1 Ans 

Example  

 Solve: e4x�S�í���H2ypp2 = 0.  

 The differential equation is not in  WKH�&ODLUDXW¶V�IRUP��EXW�E\�WDNLQJ�
e2x = u and e2y = v and can be converted LW�LQWR�&ODLUDXW¶V�IRUP� 

  v = u dv/ du + (dv/du)2  and now this is in the &ODLUDXW¶V�IRUP 

 dv/ du = c =֜ v = uc +c 2 =֜ e 2y = ce2x +c 2  is the  general solution. 

4.2.1 Equations reducible to Clairaut’s form 

Many differential equations of the first order but of the higher degree can be 
UHGXFHG�WR�&ODLUDXW¶V�IRUP�ZLWK�VXEVWLWXWLRQV�� 

Example 

Transform and solve the following equation i.e. x2(y-px) = p2y is transformed into 
&ODLUDXW¶V��IRUP� 

Here x2 and y2 can be considered as u and v respectively i.e.2xdx = du,2ydy = dv 

 ௗ௩
ௗ௨

 =  (ௗ௩
ௗ௬

/ௗ௨
ௗ௫

)/(ௗ௬
ௗ௫

) .  

 Let p = ௗ௬
ௗ௫

 = ௫
௬
ௗ௩
ௗ௨

 = (௨
௩
)1/2ௗ௩

ௗ௨
 

 = (u)(v1/2 - (௨
௩
ሻଵȀଶ(u)1/2ௗ௨

ௗ௩
) = ௨

௩
( ௗ௩
ௗ௨

)2(v)1/2 

 = v = u࢜ࢊ
࢛ࢊ

࢜ࢊ)+ 
࢛ࢊ

)2  Ans 

Example 

 (ௗ௬
ௗ௫

) + 4x ( ௗ௬
ௗ௫

 ) - 4y = 0 

 Let  ௗ௬
ௗ௫

 = p then p +4xp -4y = 0 

 2U�\� ��S���[S����DQG�WKLV�LV�LQ�WKH�&ODLUDXW¶V��(TXDWLRQ 

 Differentiating with respect to x  

 S� �S��S¶�[����S���S¶ 

 ��� �S¶�[����S����S¶� 

Assuming p =c  , y = cx +(c2/4) 

Eliminating p we have y(x) = -x2 as it satisfies y = (p +4xp)/4 

mu
no
tes
.in



101

Chapter	4�	Differential	Equation	of	the	First	Order	of	A	Degree	Higher	Than	The	First

4.4 Summary 

There are equations where the left-hand side of the equation can be resolved into 
rational factors of the first degree and also there are equations where the left-hand 
side of the equations   cannot be factorized. Equations that cannot be factorized in 
addition to exact and homogeneous are summarized below.Differential equations 
of the first order but of a higher degree can be solved by one or more of the 
following four methods : 

- Equations solvable for p ,  i.e. p = ௗ௬
ௗ௫

 where the general solution can be 

represented as p - fi (x,y) = 0 and Fi(x,y,c) = 0 

- Equations solvable for y  i.e. y = f ( x,p ), solution for the same can be 
represented  as f(x,p,c) and the elimination of p if not possible then x = 
f1(p,c) and y = f2(p,c) are combined to form the solutions. 

- Equations solvable for x  i .e. x = f ( y,p ), solution for the same can be 
represented  as f(y,p,c) and the elimination of p if not possible then x = 
f’1(p,c) and y = f’2(p,c) are combined to form the solutions. 

 Clairaut’s equation  takes the form  y = px + f(p) .The general solution for 
the same is obtained by replacing p by c . Some complex differential 
equations can be reduced to Clairaut’s form with the help of appropriate 
substitutions. 

4.5 References 

1. Differential equations with Application and Programs. S. Balachandra Rao 
and H. R. Anuradha, University Press (India) Limited 1996. 

2. Lecture notes on Differential Equation by Dr. B. Patel,Department of 
Mathematics,Gujarat University 

4.6 Problems                                                                                                                                                                           

Find for the below problems whether they are solvable for x,y and p 

1. py2 - 2pyx(tan2ș�����\2sec2ș�- x2tan2ș�� �� 

2. Given p3 í�[\S����\2 = where  p = dy/dx 

3. Given y = p tan p + log(cos p) 

4. *LYHQ�\� �S[�����í�S�1/2 
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5. xp2 - 2yp + x+ 2y = 0 

6. y =  x +ctan-1q 

7. x = tan-1q  + q/(1+q2) 

8. yq2 + (x-y)q -x = Hint [((x-y+c)(x2 + y2 +constant) = 0) the r.h.s of the 
equation is the answer Ans] 

9. Represent in the Clairaut’s form and solve the following : 

a) y = 2px + 6y2 p2 ( y = v3) 

b) sin qx cosy = cos qx siny +q 

c) e4x(p-1) +e2yp2  = 0 

��������
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Unit 2 

5 
LINEAR DIFFERENTIAL EQUATIONS WITH 

CONSTANT COEFFICIENTS 
Unit Structure 
5.0 Objectives 
5.1  Introduction 
5.2  The Differential Operator 
5.3  Linear Differential Equation f (D) y = 0 
 5.3.1 Solution of f (D) y = 0: 
5.4  Different cases depending on the nature of the root of the equation f(D) = 0 
5.5  Linear differential equation f (D) y = X 
5.6  The complimentary Function 
5.7  The inverse operator 1/f(D) and the symbolic expiration for the particular 

integral 1/f(D) X; the general methods 
5.8  Particular integral: Short methods 
5.9  Particular integral: Other methods  
5.10 Differential equations reducible to the linear differential equations with 

constant coefficients 
5.11  Summary 
5.12  References 
5.13  Questions 

5.0 Objectives 
After going through this chapter, students will able to learn  
• The Differential Operator  
• Properties of operators  
• Linear Differential Equation f(D) y = 0 and solution Of f(D) y = 0 
• Different cases depending on the nature of the root of the equation f(D) = 0 
• Linear differential equation f(D) y = X 
• The complimentary Function 
• The inverse operator 1/f(D)  
• Particular Integral 
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5.1 Introduction 

A linear equation or polynomial, with more than one term, constituting of the 
derivatives of the dependent variable with regard to one or more than one 
independent variable is known as a linear differential equation.  

A differential equation which comprises of the differential coefficients and the 
dependent variable in the first degree, that does not include the product of a 
derivative with another derivative or with dependent variable, and in which the 
coefficients are as constants is called a linear differential equation with constant 
coefficients. 

 The general form of such a differential equation of order "n" is 

 b0
��ௗ೙௬
ௗ௫೙

 + b1
��ௗ೙షభ௬
ௗ௫೙షభ

 + b2
��ௗ೙షమ௬
ௗ௫೙షమ

 + ………. + bn-1
ௗ௬
ௗ௫

 + b2y = X ………………… 

(Equation) 

Here b0, b1, b2 … are constants. Above equation is a nth order linear differential 
equation with constant coefficients. 

E.g. when  n = 3 is put in the  equation  we get 

 b0
��ௗయ௬
ௗ௫య

 + b1
��ௗమ௬
ௗ௫మ

 + b2
ௗ௬
ௗ௫

 + b3y = X 

which is a 3rd order linear differential equation with constant coefficients. 

Using the differential operator D as� ௗ
ௗ௫

 i.e. Dy = ௗ௬
ௗ௫

; D2 y =��ௗమ௬
ௗ௫మ

, …… Dn y = ��ௗ
೙௬

ௗ௫೙
 , 

 the above equation will take the form  

b0 Dn y + b1 Dn–1 y + b2 Dn–2 y + … + bn–1 Dy + bn y = X  

OR 

(b0 Dn  + b1 Dn–1  + b2 Dn–2 + … + bn–1 D + bn)y = X   
…………………………..(Equation) 

 in which each term in the parenthesis is multiplied to y and the results are added 
to form the equation. 

/HW�I�'��Ł�E0 Dn  + b1 Dn–1  + b2 Dn–2 + … + bn–1 D + bn 

f (D) is called as nth order polynomial in D. 

 Then the above equation can be written as f(D) y = f(x) … (Equation) ׵

If in equation (1), if b0, b1, b2 … … bn are functions of x then it is called nth order 
linear differential equation. 
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5.2 The Differential Operator D 

It is appropriate to present the symbol D to denote the operation of differentiation 
with respect to x. 

D2 designate differentiation twice.  

D3 designate differentiation three times.  

In general, let Dk designate differentiation k times. 

L�H��'�Ł� ௗ
ௗ௫

 , so that  

ௗ௬
ௗ௫

 = Dy;  ��ௗ
మ௬

ௗ௫మ
 = D2y; ��ௗ

య௬
ௗ௫య

 = D3y; ……; ��ௗ
೙௬

ௗ௫೙
 = Dn y 

and ௗ௬
ௗ௫

 + ay = (D + a) y  

The differential operator D or (Dn) correlates to the algebraic laws. 

Properties of the operator D 

Suppose y1 and y2 are differentiable functions of x and "b" is a constant and p, q 
are positive integer then the following holds true 

�Ǥ Dp (Dq ) y = Dq (Dp ) y = Dp+q y  

�Ǥ (D – p1) (D – p2) y = (D – p2) (D – p1) y  

�Ǥ (D – p1) (D – p2) y = [D2 – (p1 + p2) D + p1 p2] y  

�Ǥ D (bu) = b · D(u); Dn (bu) = b · Dn (u) 

�Ǥ D (y1 + y2) = D (y1) + D (y2); Dn (y1 + y2) = Dn (y1) + Dn (y2). 

5.3 Linear Differential Equation f(D) y = 0  

Consider f (D) y = 0 …………………… (Equation)  

where, f(D) = b0 Dn  + b1 Dn–1  + b2 Dn–2 + … + bn–1 D +……… bn 

is nth order polynomial in D and D obeys the laws of algebra,  f(D) can be 
factorized into  n linear factors as follows : 

f(D) = (D – p1 ) (D – p2 ) (D – p3 ) … (D – pn) where p1 , p2 , p3 , … pn are the 
roots of the algebraic equation f(D) = 0  

Therefor the equation can be written as follows: 

f(D) y = (D – p1 ) (D – p2 ) (D – p3 ) … (D – pn) y = 0 … (Equation)  

The equation f (D) = 0 is called as an auxiliary equation for  the above equations.  
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e.g. ��ௗ
మ௬

ௗ௫మ
 12y = 0 + ܦ+  

By using operator D for  ௗ
ௗ௫

 ,  

we have (D2 + D = 12) y = 0  

 .f (D) = D2 +(4D -3D) -12 = 0 is an auxiliary equation ׵

 y = (D + 4) (D -3) y =0 (D2 + D - 12) ׵

5.3.1 Solution of f(D) y = 0 

Being nth order Differential Equation, the above equations will have exactly n 
constants in its general solution.  

The equation (5) will be satisfied by the solution of the equation  

(D – pn) y = 0  

i.e. ௗ௬
ௗ௫

 – pn y = 0  

On solving this first order and first degree differential equation by separating 
variables, we get y = cn epnx, where, cn is an arbitrary constant.  

Similarly, since the factors in equation can be taken in any order, the equation 
will be satisfied by independently solving each of these equations (D – p1) y = 0, 
(D – p2 ) y = 0 … etc., that is by y = c1 e p1x , y = c2 e p2x ………… etc.  

It can, therefore, easily be proved that the sum of these individual solutions is the 
sum of n arbitrary constants, i.e. y = c1 e p1x + c2 e p2x + … + cn e pnx … where the 
original equation is of terms containing till the nth order and so also are the 
constants for the above said equations. 

 ,The general solution of the equation f (D) y = 0 is ׵

 y = c1 e p1x + c2 e p2x + … + cn e pnx  

where p1 , p2 , … pn are the roots of the auxiliary equation f(D) = 0. 

Example :  

 Solve ��ௗ
య௬

ௗ௫య
 - 6��ௗ

మ௬
ௗ௫మ

 + 11ௗ௬
ௗ௫

  - 6y = 0 

 Solution: Let D stand for ௗ
ௗ௫

 and the given equation can be written as  

 (D3 – 6D2 + 11D – 6) y = 0. 

 Here auxiliary equation is D3 – 6D2 + 11D – 6 = 0  

 i.e. (D – 1) (D – 2) (D – 3) = 0  

� ֜ p1 = 1, p2 = 2, p3 = 3, are roots of auxiliary equation.  

�  The general solution is y = c1 e x + c2 e 2x + c3 e3x ׵
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5.4 Different cases depending on the nature of the root of the 
equation f(D) = 0 

�Ǥ The Case of Real and Different Roots 

 If roots of f (D) = 0 be p1, p2, p3 ….… pn, all are real and different, then the 
solution of f (D) y = 0 will be 

  y = c1 e p1x + c2 e p2x + … + cn epnx  

�Ǥ The Case of Real and Repeated Roots  

 Let p1 , p2, p3 , p4 … pn be the roots of f(D) = 0, then the part of solution 
corresponding to p1 and p2 will look like c1 e p1x + c2 e p1x (p1 = p2 )  

 = (c1 + c2) ep1x = c'ep1x  

 But this means that number of arbitrary constants now in the solution will 
be n – 1 if 2 p’s are the same. Hence it is no longer the general solution. The 
rectification of the anomaly is done as follows: 

 Pertaining to p1 = p2, the part of the equation will be (D – p1 ) (D – p1 ) y = 
0  

 Put (D – p1) y = t, then we have 

 (D – p1) t = 0  

�   t = c1 ep1x ׵

 Hence putting value of t in (D – p1) y = t,  

 we have (D – p1 ) y = c1 e p1x  

 or (�ௗ௬
ௗ௫

 – p1) y = c1 e p1x which is a linear differential equation.  

 Its I.F. = e – ��S1dx = e – p1x and hence solution is  

 y (e – p1x�� ���F1 e p1x · e –p1x dx + c2 = c1 x + c2  

�   y = (c1 x + c2) ep1x ׵

 If p1 = p2 are real, and the remaining roots p3, p4, p5,  ….., pn are real and 
different then solution of f(D) y = 0 is 

 y = (c1 x + c2) ep1x + c3 e p3x + c4 e p4x ��«���Fn e pnx  

 Similarly, when three roots are repeated.  

 i.e. if p1 = p2 = p3 are real, and the remaining roots p4 , p5 , … pn are real and 
different then solution of f(D) y = 0 is  

 y = (c1 x2 + c2 x + c3) ep1x + c4 e p4x ��«���Fn e pnx  
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 If p1 = p2 = p3 = … = pn  

 i.e. n roots are real and equal then solution of f(D) y = 0 is  

 y = (c1 xn–1 + c2 xn–2 + … + cn–1 x + cn) ep1x  

Example  

 For (D2 – 6D + 9) y = 0  

 Auxiliary Equation = (D – 3)2 y= 0  

and solution takes the form (c1x +c2)e3x  

and the final representation is as follows: 

 y = (c1 x + c2) e3x Ans 

Example   

 For (D – 1)3 (D + 1) y = 0  

 solution is y = (c1 x2 + c2 x + c3 ) ex + c4 e –x  where p1 = p2 =p3 

Example   

 For (D – 1)2 (D + 1)2 y = 0 where p1  = p2 = p3 = p4 

 solution is y = (c1 x + c2 ) ex + (c3 x + c4 ) e–x. 

c. The Case of Imaginary or the Complex Roots 

 The coefficients of the auxiliary equation that are real will have the 
imaginary roots that will occur in conjugate pairs.  

 /HW�Į���Lȕ�EH�RQH�VXFK�SDLU�� 

�  �p1  �Į���Lȕ��S2  �Į�– Lȕ ׵

 Then the solution of the equation f(D) y = 0  takes the form as follows : 

 y = Pe �Į���Lȕ��[ + Q e �Į�– Lȕ��[  

   = eĮ[ [P e Lȕ[ + Qe –Lȕ[] 

    = eĮ[ >3��FRV�ȕ[���L�VLQ�ȕ[����4�FRV�ȕ[�– L�VLQ�ȕ[�@� 

    = eĮ[ >�3���4��FRV�ȕ[���L��3�– 4��VLQ�ȕ[@� 

 y = eĮ[ [c1 FRV�ȕ[���F2 VLQ�ȕ[@ 

 where, c1 = P + Q and c2 = i (P – Q) are arbitrary constants. 

 y = C eĮ[ FRV��ȕ[���ș� ZKHUH�&��ș�DUH�DUELWUDU\�FRQVWDQWV�� 

 using c1  �&�FRV�ș��F2 = – VLQ�ș 
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Example:  

 Solve (D2 + 2D + 5) y = 0.  

 Solution: The auxiliary equation is D2 + 2D + 5 = 0  

 whose roots are D = – 1 ± 2i which are both imaginary.  

 +HUH�Į� �– ���ȕ� ���� 

 Hence the solution is y = e–x [P cos 2x + Q sin 2x]  

Example:  

 Solve ��ௗ
ర௬

ௗ௫ర
 - 5��ௗ

మ௬
ௗ௫మ

 + 12 ௗ௬
ௗ௫

 + 28y = 0 

 Solution: The auxiliary equation is D4 – 5D2 + 12D + 28 = 0  

 Roots are D = – 2, –2, 2 ± ξ͵ i.  

 �+HUH�Į� ����ȕ� �����+HQFH�WKH�VROXWLRQ�LV� 

 y = (c1 x + c2) e–2x + e2x [P cos ξ͵ x + Q sin ξ͵ x]  

Example:  

 Solve For (D2 �����\� ����'� ������L��+HUH�Į� ����ȕ� ���� 

� ֜ y = P cos 2x + Q sin 2x.  

d.  The Case of Repeated Imaginary Roots  

If the imaginary roots p1  �Į���Lȕ�DQG�S2  �Į�– Lȕ�RFFXU�WZLFH��WKHQ�WKH�SDUW�
of solution of f (D) y = 0 will be  

 y = (P x + Q) ep1x + (Rx + S) ep2x «��E\�XVLQJ�FDVH���� 

   = (P x + Q) e�Į���Lȕ� x + (Rx + S) e�Į�– Lȕ� x  

    = eĮ[ [(P x + Q) eLȕ[ + (Rx + S) e–Lȕ[ ] 

    = eĮ[ >�3�[���4��^FRV�ȕ[���L�VLQ�ȕ[`����5[���6��^FRV�ȕ[�– L�VLQ�ȕ[`@�� 

  = eĮ[ >�3�[���4��5[���6��FRV�ȕ[���L (Px + Q– Rx – 6��VLQ�ȕ[@� 

 \� �HĮ[�>�F��[���F���FRV�ȕ[����F��[���F����VLQ�ȕ[@�ZLWK  

 constants as  c1 , c2 , c3 and c4 . 

Example:  

 Solve��ௗ
ల௬

ௗ௫ల
 + 6��ௗ

ర௬
ௗ௫ర

 + 9 ��ௗ
మ௬

ௗ௫మ
 = 0 

 Solution : The auxiliary equation D6 + 6D4 + 9D2 = 0 has roots  
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D = 0, 0, ± i ξ͵ , ± i ξ͵ where the imaginary roots ± i ξ͵ are  seen  to 
occur in a recurrent manner.  

 Hence the solution is 

 y = c1 x + c2 + (c3 x + c4) cos ξ͵ x + (c5 x + c6) sin ξ͵ x  

Example:  

 Solve  (D4 + 2D2 + 1) y = 0.  

Solution: The auxiliary equation D4 + 2D2 + 1 = 0 has roots  

D = ± i, ± i, recurring imaginary roots. Hence the solution is 

 y = (c1x + c2) cos x + (c3x + c4) sin x. 

 Summary of four cases 

Case 1: Real & Distinct Roots:  

 Auxiliary Equation ֜ (D – p1) (D – p2) (D – p3) … (D – pn) = 0  

�   Solution is y = c1 e p1x + c2 e p2x + c3 e p3x + … + cn e pnx ׵

Case 2: Repeated Real Roots 

 For p1 = p2 ֜ Auxiliary Equation ֜  

 (D – p1) (D – p2) (D – p3) … (D – pn) = 0  

 Solution is y = (c1 x + c2) e p1x + c3 e p3x + … + cn e pnx  

 For p1 = p2 = p3 ֜ A.E. ֜ (D – p1) (D – p1) (D – p1) (D – p4) … (D – pn) = 
0 

 Solution is y = (c1 x2 + c2 x + c3) ep1x + c4 e p4x + … + cn e pnx  

Case 3: Imaginary Roots 

 )RU�'� �Į���L�ȕ 

 Solution is y = eĮ[ [c1 FRV�ȕ[���F2 VLQ�ȕ[@� 

Case 4: Repeated Imaginary Roots 

 )RU�'� �Į���Lȕ�EH�UHSHDWHG�WZLFH� 

 Solution is y = eĮ[ [(c1 x + c2��FRV�ȕ[����F3 x + c4��VLQ�ȕ[@ 

5.5 Linear differential equation f (D) y = X 

The general solution of the equation f (D)y = X can be represented as   

y = Yc +Yp 
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i.e. General solution = Complementary function + Particular integral  

Yc is the solution of the given equation with X = 0 that is of equation f (D)y = 0 
and is called the complementary function. It involves n arbitrary constants and is 
denoted by Complementary function (C.F).  

By definition of Yc, f(D) Yc = 0. 

Yp is any function of s, which satisfies the equation f(D)y = X, so that f(D) Yp = 
X. Yp is called the particular integral and is denoted by  particular integral(P.I). It 
does not contain any arbitrary constants. 

Thus, on substituting y = Yc +Yp in f (D) y, we have 

f(D) [Yc +Yp ] = f(D) Yc + f(D) Yp  

                         = 0 + X     …………… [by definition of Yc and Yp ] 

                           = X 

 y = Yc +Yp satisfies the equation f (D)y = X and it contains n arbitrary ׵
constants, is the general (or complete) solution of the equation.  

5.6 The Complimentary Function 

The solution where the order of the differential equation matches the number of 
arbitrary constants  is called the complementary function (C.F.) of a Differential 
equation. 

Method of Finding Complementary Function (C.F)  

Step I: Find auxiliary equation (Auxiliary .Equation.)  

Step II: Find the roots of the equation. i.e. values of p. Let the roots are p1, 
p2,…… , pn .  

Step III: Required C.F. is obtained as per the roots stated below.  

Rules of finding C.F 

If all roots p1, p2 ,…… , pn are real and distinct of auxiliary equation then 
complementary function will be c1 e p1x + c2 e p2x + … + cn epnx . 

If p1 = p2, but other roots are real and distinct then complementary function will 
be (c1 x + c2) c1ep1x + c3 e p3x + c4 e p4x + … + cn e pnx. 

,I��URRWV�DUH�LPDJLQDU\��Į���L�ȕ��WKHQ�FRPSOHPHQWDU\�IXQFWLRQ�ZLOO�EH�HĮ[ [c1 cos 
ȕ[���F2 VLQ�ȕ[@�� 
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If roots are imaginary and repeated twice then complementary function will be  
eĮ[ [(c1 x + c2��FRV�ȕ[����F3 x + c4��VLQ�ȕ[@ 

Example  

 Solve (D2- 3D - 4) y = 0.  

 Solution: Here Auxiliary equation is (D2- 3D - 4) = 0.  

 D2- 3D - 4 = 0 

 (D - 4). (D +1) = 0  

 D = 4, -1  

 Hence roots are 4 and -1, real and different 

�  ݔ – c2݁ + ݔComplementary Function is    y = c1݁ 4 ׵

Example  

 Solve (D3 - 8) y = 0.  

 Solution: Here Auxiliary equation is (D3 - 8) = 0.  

 D3 - 8 = 0. 

 (D - 2). (D2 + 2D + 4) = 0 

 D = 2, D = -���L¥�� 

 Hence roots are 2, and -���L¥��� 

 one is real and the rest is a pair of imaginary roots.  

�   ,Complementary Function is ׵

 y = c1 e2x + e-x (c2 FRV�¥�[���F3 VLQ¥�[�� 

5.7 The inverse operator 1/f(D) and the symbolic expiration for 
the particular integral 1/f(D) X  

To find the Particular Integral, it is essential to specify the inverse operator  
ଵ

୤ሺୈሻ�
.So If X is any function of x, then  ଵ

୤ሺୈሻ�
 X is that function of x that is free from 

arbitrary constant which when operated by f (D) gives the function X. 

The order of operator f (D) and ଵ
୤ሺୈሻ�

 can be interchanged.  

f (D) { ଵ
୤ሺୈሻ�

 X} =  ଵ
୤ሺୈሻ�

 f (D) X = X 

General Method of finding the Particular Integral  
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Factor Method 

To evaluate ଵ
୤ሺୈሻ�

 X, where X is a function of x, resolve f (D) into factors of the 

type (D - a), then operate on X successively by the reciprocal of these factor in 
any order using the formula  

ଵ
ሺୈିୟሻ�

 X = ݁௔௫ ି݁ܺ׬௔௫dx  

If X = ݁௔௫  
ଵ

୤ሺୈሻ�
 ݁௔௫ =  ௘

ೌೣ

୤ሺୟሻ�
 ; ��ሺ������ 

  =  ௫�௘ೌೣ

୤ᇱሺୟሻ�
 ; f ’ሺD������� ���௫

మ௘ೌೣ

୤ᇱᇱሺୟሻ�
 ; f ’’ሺD������DQG�VR�RQ 

Same formula is applicable for sinሺax +b) and cosሺax +b) 

Similarly when there are functions like ଵ
୤ሺୈሻ�

 ݁௔௫ ξݔ   = ݁௔௫ ଵ
୤ሺୈାୟሻ� ξݔ we can use 

the above methodology 

Method of partial fractions 

Resolve ଵ
୤ሺୈሻ�

 into partial fractions and then operate on X by each of these 

fractions. 

To find the value of  � ଵ
୤ሺୈሻ�

  ௣, p is any positive integer, thenݔ 

ଵ
୤ሺୈሻ�

 ௣ݔ௣�= [f ሺ�ሻሿ-1ݔ 

Since D is an operator, which can be manipulated as expanding [f ሺ�ሻሿ-1 by the 

Binomial theorem in ascending power of D as far as the result of expanding Dp+1 
on ݔ௣ is 0.Then operating upon ݔ௣ with each term of the expansion. 

Examples 

Example :  

 Solve ��ௗ
మ௬

ௗ௫మ
 - y = 3 + 6x 

 Solution: Auxiliary equation is D2 – 1 =0  

�   Roots are 1 and -1 and ׵

�   ,C.F. is ׵

 Yc= C1 ݁௫ + C2 ݁ି௫ 

 The P. I of the equation is given by, 

 ଵ
ሺ஽మିଵሻ

 [3 +6x] = ଵ
ଶ
  {  � ଵ

஽ିଵ
 -  ଵ

஽ାଵ
 } [3 +6x] 
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          = ଵ
ଶ
  {  � ଵ

஽ିଵ
 [3 +6x] -  ଵ

஽ାଵ
  [3+6x]} 

 = ଵ
ଶ
  {݁௫ ׬ ݁ି௫ �[3 +6x] dx -  ݁ି௫ ׬ ݁௫ �[3 +6x] dx} 

 = ଵ
ଶ
 [- 6 – 12x] 

 = -3 – 6x =-3[1-2x]. 

�  P. I. is, Yp = - 3[1– 2x] ׵

 The complete solution of the equation is 

 Y = Yc + Yp 

 Y = C1 ݁௫ + C2 ݁ି௫ - 3 – 6 

5.8 Particular integral  

Short method for finding Particular integral (P.I.): 

,I�;������ LQ� HTXDWLRQ�a0
��ௗ೙௬
ௗ௫೙

 + a1
��ௗ೙షభ௬
ௗ௫೙షభ

 + a2
��ௗ೙షమ௬
ௗ௫೙షమ

 ��«««����Dn-1
ௗ௬
ௗ௫

 + a2y = X 

then P.I. =� ଵ
௙ሺୈሻ�

  X 

Following are the methods for finding particular integral 

Rules for finding Particular Integral : 

Types of function What to do Corresponding P.I. 

X = ݁௔௫ Put D = a in f(D) ଵ
௙ሺୈሻ�

  ݁௔௫��SURYLGHG�I�D�������

If f(a) = 0 then (D-a) is one 
of the factor of f(D).This 
factor is solved by using the 

formula ଵ
ሺୈିୟሻ�

 X = ݁௔௫  ��

݁ି௔௫�ܺ݀ݔ. 

And rest is solved by the 
above method given here. 

X = ݔ௠ Put [f(D)]- 1ݔ௠ Expand [f(D)]-1 using 
binomial expansions and if 
(D-a) remains in the 
denominator then take 
rationalization of 
denominator and place D in 
the numerator as derivative 
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of the corresponding 
function. 

X = = ݁௔௫v First operate on  ݁௔௫ on 
ଵ

௙ሺୈሻ�
� then operate 

݁௔௫ ଵ
௙ሺୈାୟሻ�

v, then solve for 

v by above method 

X = sin ax (or cos ax) Put D2= -a2 in f(D) ଵ
୤ሺି௔మ�ሻ

 sin ax (or cos ax) , 

provided ଵ
୤ሺି௔మ�ሻ

 ്  0 or 

otherwise use following 

formula: ଵ
஽మା௔మ

 sin ax = - 
ଵ
ଶୟ��

 cos ax or ଵ
஽మା௔మ

 cos ax = 
௫
ଶୟ��

 sin ax 

  

Example:  

 Solve (D2+ 4D+3)y = ݁ିଶ௫  

 Solution: Here auxiliary equation is (D2+ 4D+3) = 0  

 D2+ 4D+3 = 0 

 (D+3) (D+1) = 0 

 D = -3,-1  

Hence roots are -3 and -1, real and different.  

 Therefore C.F. is 

 C.F = C1݁-3x C2݁ –x 

 Now to find P.I: 

 P.I = ଵ
௙ሺୈሻ�

  X 

      =  ଵ
௙ሺୈሻ�

  X 

      = ଵ
ୈమା�ସୈାଷ��

  ݁ିଶ௫ 

 Here X =   ݁௔௫ therefore put D = a = -2 

      = ଵ
ሺିଶሻమାସ�ሺିଶሻାଷ

  ݁ିଶ௫ 

  P. I.    = - ݁ିଶ௫ 

 Hence the general solution is y = C.F.+ P.I. 

 Y = C1݁-3x C2݁ –x - ݁ିଶ௫ 
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5.9 Particular Integral: Other methods  

Method of Variation by Parameters  

The method of Variation of Parameters is a generalized method that can be used 
in many more cases. However, there are two disadvantages to the method. First, 
the complementary solution is required to solve the problem. Secondly, in order 
to complete the method a couple of integrals need to be solved. 

 In some cases we may not be able to actually find the solutions if the integrals 
are too difficult or if we are unable to find the complementary solution. 

Example:  

 Solve by Method of Variation by Parameters [D2 + 4] = tan 2x 

 Solution: The Auxiliary Equation is p2 + 4 = 0  

 p2 = - 4  

 p = ± 2i 

 Complimentary Function is represented as follows : 

 Yc= C1 ��� ��� C2 + ݔʹ  ݔʹ

 Particular Integral = - y1 ׬ ௬మ�௑
ௐ

 dx + y2 ׬ ௬భ�௑
ௐ

 dx 

 y1 = cos2x, y2 = sin2x; X = tan 2x  

 and for W, by Wronskian determinant,  

 W  = ฬ
ͳݕ ʹݕ
ͳԢݕ   Ԣฬʹݕ

 = ቚ ݔʹݏ݋ܿ ݔʹ݊݅ݏ
െ�ʹݔʹ݊݅ݏ�  ቚݔʹݏ݋ܿʹ

 = 2cos22x + 2 sin2 2x 

 = 2 [cos22x + sin2 2x] 

 = 2 

 Particular Integral  = - cos2x ׬ ௦௜௡ଶ௫Ǥ௧௔௡ଶ௫
ଶ

 dx + sin2x ׬ ௖௢௦ଶ௫Ǥ௧௔௡ଶ௫
ଶ

 dx 

 = - cos2x ׬ ௦௜௡మ�ଶ௫
ଶ௖௢௦ଶ௫

 dx + sin2x ׬ ௦௜௡ଶ௫
ଶ

 dx              [ tanx = ௦௜௡௫Ǥ
ୡ୭ୱ ௫ଶ

 ] 

 = - cos2x ׬ ଵି௖௢௦మ�ଶ௫
ଶ௖௢௦ଶ௫

 dx + ௦௜௡ଶ௫
ଶ

  [ି௖௢௦ଶ௫
ଶ

 ] 

 = - ௖௢௦ଶ௫
ଶ

׬}  ଵ
௖௢௦ଶ௫

 dx -  ׬ �௖௢௦
మ�ଶ௫

௖௢௦ଶ௫
 dx} + [ ௦௜௡ଶ௫

ଶ
  ି௖௢௦ଶ௫

ଶ
 ] 
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 = - ௖௢௦ଶ௫
ଶ

׬}  ׬  - dx ݔʹܿ݁ݏ ݔʹݏ݋ܿ� ௦௜௡ଶ௫�௖௢௦ଶ௫ - { ݔ݀�
ସ

 

 = - ௖௢௦ଶ௫
ଶ

 {�୪୭୥ሾ௦௘௖ଶ௫ା୲ୟ୬ଶ௫ሿ
ଶ

 -  ௦௜௡ଶ௫
ଶ

�} - ௦௜௡ଶ௫�௖௢௦ଶ௫
ସ

 

 = - ௖௢௦ଶ௫
ସ

 ����ሾݔʹܿ݁ݏ ൅ ��� ሿ +  ௖௢௦ଶ௫�௦௜௡ଶ௫ݔʹ
ସ

� - ௦௜௡ଶ௫�௖௢௦ଶ௫
ସ

 

 Particular I ntegral= - ௖௢௦ଶ௫
ସ

 ����ሾݔʹܿ݁ݏ ൅ ���  ሿݔʹ

 The complete solution of the equation is 

 Y = Yc + Yp 

 Y = C1 ��� ��� C2 + ݔʹ ௖௢௦ଶ௫ - ݔʹ
ସ

 ����ሾݔʹܿ݁ݏ ൅ ���  ሿݔʹ

 By the method of variation of parameters,  

 solve the following differential equation: 

 డమ௬
డ௫మ

 + 4y = 4tan2x 

 = y “+4y = 0 

 = p2 + 4 = 0 

 = p ሺ൅െሻʹ� ൌ Ͳ 

 =p1 = - 2 ; p2 =  2 

 =yc = c1cos2x + c2sin2x 

 Now let y1 = cos2x and y2 = sin2x 

 y1’ = - 2sin2x and y2’ = 2cos2x 

 W = y1 * y2’ - y2 *y1’ = 2[cos2x +sin2x] = 2 

  A’ =ି௬ଶכ��ସ௧௔௡ଶ௫�����������
ௐ

 

 B’ =௬ଵכ��ସ௧௔௡ଶ௫�����������
ௐ

 

 A = ି׬ଶ௦௜௡మଶ௫
௖௢௦ଶ௫

μ�          

               B  = ׬ʹ���ʹ� μ�         
      

 = A = -log (sec2x +tan 2x) +sin2x +c1,B  = -cos2x +c2 

 = y = Acos2x +Bsin2x , we put A  and B in this equation  

 and get the final result.               
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 5.10 Differential equations reducible to the linear differential 
equations with constant coefficients 

Linear differential Equation: 

X Linear: 
ୢ୶
ୢ୷

+ P(y).x = Q(y) 

Integrating Factor (I. F.) = ׬�୮ሺ୷ሻୢ୷ 

x. IF = ׬ �	��(y)dy + c 

 Y Linear: 
ୢ୷
ୢ୶

+ P(x).y = Q(x) 

Integrating Factor (I. F.) = ׬�୮ሺ୶ሻୢ୶ 

y. IF = ׬ �	��(x)dx + c 

Example:  

Ex 1: (1 + y2) + (x - ���ିଵ �) ୢ୷
ୢ୶

 = 0  

Sol: Multiply by ୢ୶
ୢ୷

 

 (1 + y2)�ୢ୶
ୢ୷

 + x - ���ିଵ � = 0 

(1 + y2)�ୢ୶
ୢ୷

 + x =  ���ିଵ � 

ୢ୶
ୢ୷

 + ୶
ሺଵ�ା�୷మሻ�

  =   ୲ୟ୬
షభ ୷

ሺଵ�ା୷మ�ሻ�
  , 

 P = ଵ
ሺଵ�ା�୷మሻ�

 and Q = ୲ୟ୬
షభ ୷

ሺଵ�ା�୷మሻ�
 

IF  =  ׬�୮ሺ୷ሻୢ୷ 

׬�  = 
భ

ሺభ�శ�౯మሻ�
ୢ୷ 

         =   �୲ୟ୬షభ ୷ 

x. IF = ׬ �	��(y)dy + c 

x.��୲ୟ୬షభ ୷� = ׬ �୲ୟ୬
షభ ୷� ୲ୟ୬

షభ ୷
ሺଵ�ା�୷మሻ�

  dy + c 

Let ���ିଵ � = t 
ଵ

ሺଵ�ା�୷మሻ�
�� = dt 

x.��୲ = ׬ �୲ �����  + c 
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׬ =  �୲ �����  + c  

 = t �୲- �୲ + c 

Put t = ���ିଵ � 

x.��୲ୟ୬షభ ୷ =  ���ିଵ � �୲ୟ୬షభ ୷- �୲ୟ୬షభ ୷ + c 

Reducible to Linear differential Equation 
ୢ୷
ୢ୶

+ P(x). y = Q(x) y n 

Dividing by y n 
ଵ
୷౤
�ୢ୷
ୢ୶

+ P(x)� ଵ
୷౤షభ

� = Q(x) ……….. (1) 

Let ଵ
୷౤షభ

 = t 

Differentiating. with respect to y 

(-n+1)� ଵ
୷౤
�ୢ୷
ୢ୶

 = ୢ୲
ୢ୶

 

ଵ
୷౤
�ୢ୷
ୢ୶

 = � ଵ
ଵି୬

 �ୢ୲
ୢ୶

 

Eq (1) becomes 
ଵ

ଵି୬
 �ୢ୲
ୢ୶

 + P(x)��� = Q(x) 

This is a linear equation in t. 

Example: 

Ex1. ୢ୷
ୢ୶

 -  y tan x = - y 2 sec x 

Sol:  ୢ୷
ୢ୶

 - y tan x = - y 2 sec x 

Dividing by y2 
ଵ
୷మ
�ୢ୷
ୢ୶

 -  ଵ
୷
�tan x = - sec x 

Let  ଵ
୷
�= t  

െ� ଵ
୷మ
�ୢ୷
ୢ୶

 = ୢ୲
ୢ୶

  

 

െ� ୢ୲
ୢ୶

  - t tan x  = - sec x 

ୢ୲
ୢ୶

  + t tan x  = sec x 

This is a linear equation in t 
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 P = tan x and Q = sec x 

IF  =  ׬� ୲ୟ୬୶�ୢ୶ 

 =  �୪୭୥ ୱୣୡ ୶� 

 = sec x  

t. IF  = ׬ �	���ሺ�ሻ���  + c 

t. sec x = ׬ ���ଶ�����  + c 

Ans: 
ଵ
୷
 sec x = tan x + c   

5.11 Summary  
This chapter provides the students with an understanding of linear differential 
equation of higher order and degree with constant coefficients and goes on to 
explain the concepts of complimentary functions and integral values and their 
usage in solving the problems that constitute the above. Students are made to  use 
the concept of inverse operator and the case of real, repeated and imaginary roots 
to solve complex differential equations of the higher order and higher degree. The 
techniques of using substitution methods to solve the differential equations by 
using the concept of reduction is also dealt with in this chapter. 
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5.13 Questions 

Solve ��ୢ
మ୷

ୢ୶మ
 + 4y = 0 

Solve ��ୢ
ర୷

ୢ୶ర
 - 16y = 0 
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Solve (D2- 3D - 4) y = 0. 

Solve (D3 - 8) y = 0 

Solve (D2-3D+2)y=e5x 

Solve(D3-3D2+4)y=e3x 

3.  ୢ
య�୷

�ୢ୶య�
െ � ൌ �ଶ୶ 

4.  (D2-2D+1)y = e3x 

5.  (D2-2D+1)y = ex 

6.  Assuming that the rate of growth of any organism is directly proportional to  
N(t) present at time t, so to find the value of N(t) given that N(0) = 100 and 
after (t+1 with t = 0), the size of the organism  has grown to 200.  

Solution :  

 In this case t = 0, N(0) = 100. The solution of the problem is given by 

  N(t) = 100 exp (kt), t >=0  

  Determine m from the additional condition  

 N(l) = 200 (N(1) = size of  I at time t = 1).  

 Hence 200 = 100 exp (k) ,k = 1n2  

 Hence the solution is  

 N(t) = 100 exp (t ln2) = 100 exp (ln2t) or N(t) = (100) 2t . So the equation 
can be represented as shown here.  

͹Ǥ Applications -  Electrical circuits 

  E= Lୢ୧
ୢ୲

 + Ri 

�Ǥ      $�UHVLVWDQFH�RI���ȍ�DQG�DQ�inductance of 0.1H are connected in series with 
EDWWHU\�RI���9��)LQG�FXUUHQW�LQ�FLUFXLW�DW�DQ\�WLPH�µW¶� 

�Ǥ      In a network circuit of R-/�VHULHV�5 ��ȍ�DQG�/ ��+��D�FRQVWDQW�YROWDJH�
150V is applied at t=0 by closing the switch. Find the current in the circuit 
at t=0.10sec. 

��������
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Unit 3 

6 
THE LAPLACE TRANSFORM  

 

Unit Structure 

6.0 Objectives 

6.1 Introduction 

6.2 Definition 

6.3 Table of Elementary Laplace Transform 

6.4 Theorems on Important Properties of Laplace Transformation 

 ͸ǤͶǤͳ Flow Chart of Gamma Function 

 ͸ǤͶǤʹ Beta Function 

 ͸ǤͶǤ͵ Properties of Beta Function:  

 ͸ǤͶǤͶ Problem based on Beta Function 

 ͸ǤͶǤͷ Duplication Formula of Gamma Functions 

6.5 Additional Problems 

6.6 Exercise 

6.7 Summary 

6.8 References 

6.0 Objectives 
After going through this unit, you will be able to:  

• Understand the concept of Laplace Transformation, Theorems on Important 
Properties of Laplace Transformation  

•    Solve the problem based on Elementary Laplace Transforms with its type. 

• Understand the concept of First shifting and Second shifting theorem  

• Understand Convolution Theorem Laplace Transform of an Integral and 
Derivatives  
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6.1 Introduction 

In mathematics, the Laplace transform, named after its inventor Pierre-Simon 
Laplace, is an integral transform that converts a function of a real variable t  
(often time) to a function of a complex variable s. It is an essential part of 
mathematical background required of engineers and scientists. This method has 
advantage of directly giving the solution of differential equations with given 
boundary values without the necessity of finding the general solution and then 
evaluating from it the arbitrary constants. It also provide ready tables of Laplace 
transforms which reduce the problem of solving differential equations to plain 
algebraic manipulations. 

Whenever a mathematical operator works on a function, the function is changed 
or transformed into another function. For example when the differential operator  

��ܦ ቀ ௗ
ௗ௫
ቁ�works on f(x) = tan,x , 

it produces a new function  ߶ሺݔሻ ؠ ሻݔሺ݂�ܦ ൌ �  Ǥݔଶܿ݁ݏ

6. 2 Definition  

Laplace transform is yet another operational tool for solving constant coefficients 
linear differential equations. The process of solution consists of three main steps: 

i)  The given “hard" problem is transformed into a “simple" equation. 

ii)  This simple equation is solved by purely algebraic manipulations. 

iii) The solution of the simple equation is transformed back to obtain the 
solution of the given problem. 

In this way the Laplace transformation reduces the problem of solving a 
differential equation to an algebraic problem. The third step is made easier by 
tables, whose role is similar to that of integral tables in integration. 

 

���݂ሺݐሻ������������ǡݐ��������� ���������������������������න �ିୱ୲�݂ሺݐሻ݀ݐ�ǡ���
ஶ

଴

 

������������ǡ���������������ǡݏ����������������������� �������������������݂ሺݏሻǤ 

����������������������������������������������݂ሺݐሻ�����݂�ഥሺݏሻǡ����
����������������������������݂ሺݐሻǡ�� 
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������݂����������������������ݐ���������ሺݏሻǡ��������������� �Ǥݏ��������������������������

݂ሺݐሻ���������������������������������ǡ ������ݐ�����������������
൒ Ͳǡ����݂ҧ�ሺݏሻ������������������� 

������������������ǡ ������������������������������������������ǡݏ�������������
��������������������������������������������������Ǥ� 

���������������������݂ሺݐሻ�����݂ሺݏሻǡ ሺ࢙�ሻࢌ ൌ �න ࢚ࢊሺ࢚ሻሿࢌ��ሾܜܛି܍
ஶ

૙

����െ െ െ െ െ ሺ૚ሻ� 

��������������������������������ࣦ�ሼ݂ሺݐሻሽ ൌ ݂ሺݏሻǡ ܽ݊݀��݂ҧሺݏሻ is called the Laplace 
transform of f(t). 

  ࣦ�ሼܨܣ�ଵሺ�ሻ ൅ ଶሺ�ሻሽܨܤ� ൌ ሻሽݐଵሺܨ�ሼࣦܣ ൅
�������������ሻሽݐଶሺܨ�ሼࣦܤ������������������������ 

6. 3 Table of Elementary Laplace Transform  

f(t) f(s) 

1 
૚
࢙

 

 ࢚ࢇࢋ
૚

࢙ െ ࢇ
�ǡ ࢙ ൐ ܽ 

Sin at 
ࢇ

࢙૛ ൅ ૛ࢇ
 

Cos at 
࢙

࢙૛ െ ૛ࢇ
 

sinh at 
ࢇ

࢙૛ െ ૛ࢇ
 

cosh at 
࢙

࢙૛ െ ૛ࢇ
 

࢚
૛ࢇ

 ࢚ࢇ�࢔࢏࢙�
࢙

ሺ࢙૛ ൅ ૛ሻ૛ࢇ
 

૚
૛ࢇ૜

ሺ�࢙࢚ࢇ�࢔࢏ െ  �ሻ࢚ࢇ�࢙࢕ࢉ�࢚ࢇ
૚

ሺ࢙૛ ൅ ૛ሻ૛ࢇ
 

 ࢔࢚
ሺ࢔ ൅ ૚ሻǨ
ା૚࢔࢙

 

6.4 Theorems on Important Properties of Laplace 
Transformation 

۷Ǥ ܡܜܚ܍ܘܗܚ۾�ܡܜܑܚ܉܍ܖܑۺ  ׷

����ǡ �ǡ ������������������������ǡ �ǡ ����������������������ǡ ������

��ሼ��ሺ�ሻ ൅ ���ሺ�ሻ െ ���ሺ�ሻሽ ൌ ���ሼ�ሺ�ሻሽ ൅ ��ሼ�ሺ�ሻሽ െ ���ሼ�ሺ�ሻሽǡ 
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���������������������������� 

۷۷Ǥ ܕ܍ܚܗ܍ܐ܂�܏ܖܑܜ܎ܑܐ܁�ܜܛܚ۴ܑ  ׷

���ࣦ�ሼ݂ሺݐሻሽ ൌ ݂ҧሺݏሻǡ �����ࣦ�ሼ݁ି௔௧݂ሺݐሻሽ ൌ �� ݂ҧሺݏ ൅ ܽሻ��� 

����� ׷ ��ࣦ�ሼ݁ି௔௧݂ሺݐሻሽ ൌ �න ݁ି௦௧�ሼ݁ି௔௧�݂ሺݐሻሽ�݀ݐ�
ஶ

଴
 

ൌ න ݁ିሺ௦ା௔ሻ௧�݂ሺݐሻ�݀ݐ�
ஶ

�଴
 

��ൌ න ݁ି௣௧�݂ሺݐሻ݀ݐ��ሺ݌�݁ݎ݄݁ݓ� ൌ ݏ ൅ ܽሻ ���ൌ ݂ሺ݌ሻ ൌ �݂ҧ
ஶ

଴

ሺݏ ൅ ܽሻ��� 
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6.7 Summary 

In this unit we learn Laplace Transform definition, Elementary Laplace 
Transforms, Theorems on Important Properties of Laplace Transformation  

ሺ࢙�ሻࢌ ൌ �න ࢚ࢊሺ࢚ሻሿࢌ��ሾܜܛି܍
ஶ

૙

� ǡ ࣦ�ሼ݂ሺݐሻሽ

ൌ ݂ሺݏሻǡ ܽ݊݀��݂ҧሺݏሻ������������������������������������݂ሺݐሻ 

ࣦ�ሼܨܣ�ଵሺ�ሻ ൅ ଶሺ�ሻሽܨܤ�
ൌ ሻሽݐଵሺܨ�ሼࣦܣ ൅ �������������ሻሽݐଶሺܨ�ሼࣦܤ������������������������ 

 

Table of Elementary Laplace Transform 

 

f(t) f(s) 

1 
ͳ
ݏ

 

݁௔௧ 
ͳ

ݏ െ ܽ
�ǡ ݏ ൐ ܽ 

Sin at 
ܽ

ଶݏ ൅ ܽଶ
 

Cos at 
ݏ

ଶݏ െ ܽଶ
 

sinh at 
ܽ

ଶݏ െ ܽଶ
 

cosh at 
ݏ

ଶݏ െ ܽଶ
 

ݐ
ʹܽ

 ݐܽ�݊݅ݏ�
ݏ

ሺݏଶ ൅ ܽଶሻଶ
 

ͳ
ʹܽଷ

ሺݐܽ�݊݅ݏ� െ  �ሻݐܽ�ݏ݋ܿ�ݐܽ
ͳ

ሺݏଶ ൅ ܽଶሻଶ
 

 ௡ݐ
ሺ݊ ൅ ͳሻǨ
௡ାଵݏ

 

 

�ܕ܍ܚܗ܍ܐ܂�܏ܖܑܜ܎ܑܐ܁�ܜܛܚ۴ܑ ׷ ����ࣦ�ሼ݂ሺݐሻሽ ൌ ݂ҧሺݏሻǡ �����ࣦ�ሼ݁ି௔௧݂ሺݐሻሽ
ൌ �� ݂ҧሺݏ ൅ ܽሻ� 

ܕ܍ܚܗ܍ܐ܂�܏ܖܑܜ܎ܑܐ܁�܌ܖܗ܋܍܁ ׷ ����ࣦ�ሼ݂ሺݐሻሽ ൌ ݂ҧሺݏሻ�����	ሺ�ሻ

ൌ ሼ��଴�������������௧ழ௔�
௙ሺ௧ି௔ሻ���௧வ௔ �����ࣦ�ሼܨሺݐሻሽ ൌ � ݁ି௔௦�݂ҧሺݏሻ 

���ࣦ�ሼ݂ሺݐሻሽ ൌ �݂ҧሺ�ሻǡ ������ࣦ�ሼݐ௡�݂ሺݐሻሽ ൌ � ሺെͳሻ௡
݀௡

௡ݏ݀
݂ҧሺݏሻ���ǡ ݊�݁ݎ݄݁ݓ ൌ ͳǡʹǡ͵ǥ 
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 ࢔࢚�࢟࢈�࢔࢕࢏࢚ࢇࢉ࢏࢒࢖࢏࢚࢒࢛࢓�ࢊࢋ࢒࢒ࢇࢉ�࢙࢏�࢙࢏ࢎࢀ

���ࣦ�ሼ݂ሺݐሻሽ ൌ �݂ҧሺ�ሻǡ ������ࣦ� ቊ
�݂ሺݐሻ
ݐ

ቋ ൌ න ݂ҧሺݏሻ݀ݏ
ஶ

௦

ǡ �݀݁݀݅ݒ݋ݎ݌ ���
௧՜ା଴

݂ሺݐሻ
ݐ

 �ݏݐݏ݅ݔ݁�

 �࢚�࢟࢈�࢔࢕࢙࢏࢜࢏ࢊ�ࢊࢋ࢒࢒ࢇࢉ�࢙࢏�࢙࢏ࢎࢀ�

���ࣦ�ሼ݂ሺݐሻሽ ൌ �݂ҧሺ�ሻǡ ������ࣦ�ሼ݂ሺܽݐሻሽ

ൌ
ͳ
ܽ
�݂ҧ ቀ

ݏ
ܽ
ቁ����ሺ࢚࢟࢘ࢋ࢖࢕࢘ࡼ�ࢋ࢒ࢇࢉ࢙�ࢌ࢕�ࢋࢍࢇ࢔ࢎ࡯��ሻ 

ܖܗܑܜ܋ܖܝ�۴ܚܗܚܚ�۳܎ܗ�ܕܚܗ܎ܛܖ܉ܚ܂ ׷ �ࣦ൛݂݁ݎ൫ξݐ൯ൟ ൌ
ͳ

ݏξݏ െ ͳ
�� 

 :ܕ܍ܚܗ܍ܐ܂�ܖܗܑܜܝܔܗܞܖܗ܋�܍ܐ܂

ࣦ ቐන ଵ݂�ሺݐ െ ሻݑ ଶ݂ሺݑሻ݀ݑ
௧

଴

ቑ ൌ ଵ݂ሺݏሻ ଶ݂ሺݏሻ ൌ ଵ݂ഥሺݏሻ ଶ݂ഥ ሺݏሻ

ൌ �ࣦ� ቎න ଵ݂�ሺݑሻ ଶ݂ሺݐ െ ݑሻ݀ݑ
௧

଴

቏ 

ǣ��ࣦ࢒ࢇ࢘ࢍࢋ࢚࢔ࡵ�࢔ࢇ�ࢌ࢕�࢓࢘࢕ࢌ࢙࢔ࢇ࢘ࢀ�ࢋࢉࢇ࢒࢖ࢇࡸ ቐන݂�ሺݑሻ݀ݑ
௧

଴

ቑ ൌ
ͳ
ݏ
݂ҧሺݏሻ 

 

ࢋ࢜࢏࢚ࢇ࢜࢏࢘ࢋࡰ�ࢌ࢕�࢓࢘࢕ࢌ࢙࢔ࢇ࢘ࢀ�ࢋࢉࢇ࢒࢖ࢇࡸ ׷ �ࣦ�ሼ݂ᇱሺݐሻሽ ൌ ሻݏҧሺ݂ݏ െ �݂ሺͲሻ 
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Unit 3 

7 
 

INVERSE LAPLACE TRANSFORM  
 

Unit Structure 

7.0 OBJECTIVES 

7.1 Introduction: Inverse Laplace Transform 

 7.1.1 Shifting Theorem  

 7.1.2 Partial fraction Methods  

 7.1.3 Use of Convolution Theorem  

7.2 Exercise 

7.3 Summary 

7.4 References 

7.0 Objectives 
After going through this unit, you will be able to:  

• Understand the concept of Inverse Laplace Transformation, shifting 
theorem and use of Convolution Theorem   

• Solve the problem based on Ordinary Linear Differential Equations with 
Constant Coefficients  

• Understand the concept Solution of Simultaneous Ordinary Differential 
Equations,  

• Understand Laplace Transformation of Special Function, Periodic  
Functions,  Heaviside Unit Step Function, Dirac-delta Function 

7.1 Introduction: Inverse Laplace Transform  
Having find the Laplace Transforms of few functions, let us now determine the 
inverse transforms of given functions. We are now in a position to find the Laplace 
transform ݂ҧ�ሺݏሻ������������������������������݂ሺݐሻǤ   

We shall now consider the inverse problem, i.e. given 
݂ҧ�ሺݏሻǡ ����������������������������݂ሺݐሻ����������݂ሺݏሻ�������������������������Ǥ 
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Definition: ����ࣦ�ሼ݂ሺݐሻሽ ൌ ݂�ሺݏሻǡ �����݂ሺݐሻ is called the inverse Laplace Transform 
of ݂ҧ�ሺݏሻ����������������������������������������. 
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ǡ ݊ ൌ ͳǡʹǡ͵ǤǤ ࣦିଵ ൤
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ଵିࣦ ݐܽ�݊݅ܵ� ቂ
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�૚ǣࢋ࢒࢖࢓ࢇ࢞ࡱ 	������������������������������ሺ݅ሻ
ͳ

ݏ ൅ Ͷ
�ሺ݅݅ሻ
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ଶݏ ൅ Ͷ

 

ܖܗܑܜܝܔܗ܁� ׷ � ሺ݅ሻ
ͳ

ݏ ൅ Ͷ
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ૠǤ ૚Ǥ ૚ܕ܍ܚܗ܍ܐ܂�܏ܖܑܜ܎ܑܐ܁��� 
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7.2 Solution of Ordinary Linear Differential Equations with 
Constant Coefficients  

The Laplace transform method of solving differential equations yields particular 
solution without the necessity of first finding the general solution and then 
evaluating the arbitrary constant. 

This is specially useful for solving linear differential equations with constant 
coefficients. 

Procedure to solve a Linear Differential Equations with Constant Coefficients by 
transform method. 

1. Take the Laplace transform of both sides of the differential equation using 
Laplace Transform of derivative (From Previous chapter) and the given 
initial conditions  

2. Transpose the terms with minus signs to the right. 

3. Divide by the coefficient of yࡄ�, getting yࡄ�  as a known function of s 

4. Resolve this function of s into partial fractions and take the inverse 
transforms of both sides. 

This gives y  as a function of t  which is the desired solution satisfying the given 
conditions. 
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The Laplace transform method is applicable to solve two or more 
simultaneous ordinary differential equations. 
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In some physical and engineering problems, it is required to find the solution of a 
differential equation of the system which it is acted on by׷�

(i) a periodic force or periodic voltage 
(ii) a impulsive force or voltage acting instantaneously at a certain time, or a 

concentrated load acting at a point, 
(iii)  a force acting on a part of the system or voltage acting for finite interval 

of time 
•  

 ܛܖܗܑܜ܋ܖܝ�۴܋ܑ܌ܗܑܚ܍۾ •
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ૠǤ ૝Ǥ ૚ܛܖܗܑܜ܋ܖܝ�۴܋ܑ܌ܗܑܚ܍۾� 

���������������������݂ሺݐሻ�����������ܶ����������������� 

�������������������������݂ሺݐ ൅ ܶሻ ൌ ݂ሺݐሻǡ ܶ ൐ Ͳ�� െ െ െ െ െ െെെሺܫሻ 

�	����Ǥ �Ǥ ሺ�ሻ�݂ሺݐሻ ൌ ��� ���������������ݐ���������������������ܶ ൌ ʹɎǡ ����������������������� 

�������������������������݂ሺݐ ൅ ܶሻ ൌ ���ሺݐ� ൅� ʹɎሻ ൌ ��� � ൌ �ሺ�ሻ�� 

�������������������������݂ሺݐ ൅ ܶሻ ൌ ݐ�ሺ݊݅ݏ ൅� ሻߨʹ ൌ ݊݅ݏ ݐ ൌ ݂ሺݐሻ�� 

mu
no
tes
.in



162

 APPLIED MATHEMATICS

��	����Ǥ �Ǥ ሺ��ሻ�Square Wave Function  

�� ݂ሺݐሻ ൌ ͳǡ Ͳ ൑ ͳ ൏ ܽ
�����������������ൌ �െͳ�ǡ ܽ ൏ ݐ ൏  �ܽʹ�݀݋݅ݎ݁݌�݄ݐ݅ݓ������ܽʹ

�����������������������������������������������݂ሺݐሻ݂݀݁݅݊݁݀�ܾݕ�ሺܫሻ�݅ݕܾ�݊݁ݒ݅݃�ݏ 

݂ҧሺݏሻ ൌ �ࣦሼ݂ሺݐሻሽ �

ൌ න ݁ି௦௧�݂ሺݐሻ݀ݐ
ஶ

଴

ൌ
ͳ

ͳ െ ݁ି௦்
න ݁ି௦௨݂ሺݑሻ݀ݑ� െ െ െ െ െ െሺܫܫሻ�݂ܶ�݀݋݅ݎ݁݌�ݎ݋
்

଴

 

�૚૟܍ܔܘܕ܉ܠ۳ ׷ �����̶�Square Wave Function�̶�����������ʹܽ���������������� 

���������������������� ݂ሺݐሻ ൌ ͳǡ Ͳ ൑ ݐ ൏ ܽ
���������������ൌ ������െͳ�ǡ ܽ ൏ ݐ ൏ ʹܽ������ 

������������������������������	��������Laplace transform of I�W� 

ሻݏǣ���݂ҧሺܖܗܑܜܝܔܗ܁ ൌ �ࣦሼ݂ሺݐሻሽ ൌ �න ݁ି௦௧�݂ሺݐሻ݀ݐ
ஶ

଴

ǡ� 

��������������������������������������ൌ
ͳ

ͳ െ ݁ି௦்
න ݁ି௦௨݂ሺݑሻ݀ݑ� െ െ െ െ െ െ�݂ܶ�݀݋݅ݎ݁݌�ݎ݋�
்

଴

 

��������������ࣦሼ݂ሺݐሻሽ ൌ �
ͳ

ͳ െ ݁ିଶ௔
න ݁ି௦௨݂ሺݑሻ݀ݑ� െ െ െ െ െ െ�݂ܶ�݀݋݅ݎ݁݌�ݎ݋ ൌ ʹܽ�
ଶ௔

଴

 

�������������������������������ൌ �
ͳ

ͳ െ ݁ିଶ௔ ቎
න ݁ି௦௨ͳǤ �ݑ݀ ൅�න ݁ି௦௨ሺെͳሻǤ ��ݑ݀

ଶ௔

଴

௔

଴

቏ 

�������������������������������ൌ �
ͳ
ݏ
ሺͳ െ ݁ି௔௦ሻଶ

ሺͳ െ ݁ିଶ௔௦ሻ
ൌ
ሺͳ െ ݁ି௔௦ሻ
ሺͳ ൅ ݁ି௔௦ሻ

ൌ
ͳ
�
݄݊ܽݐ

ݏܽ
ʹ

 

 

 

 

 

mu
no
tes
.in



163

Chapter 7: Inverse Laplace Transform

ૠǤ ૝Ǥ ૛�۶ܖܗܑܜ܋ܖܝ�۴ܘ܍ܜ܁�ܜܑܖ܃�܍܌ܑܛܑܞ܉܍� 

There are some fractions of which the inverse transform can not be determined 
from the formulae so far derived.To over come the such cases,the Unit Step 
Function ሺ����������ƍ�������	��������ሻ�������������Ǥ 
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Fig (Unit Step Function ) 
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The idea of a very large force acting for a very short time is of frequent 
occurrence in mechanics. This Unit impulse ( Dirac Delta)  function is useful in 
this case. 
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7.6 Summary 
 
In this unit we learn Inverse Laplace Transform definition, Shifting Theorem, 
Partial fraction Methods, Use of Convolution Theorem. 
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݂ҧሺݏሻ ൌ ሺെͳሻ௡�݂ҧሺ௡ሻሺݏሻݏܽ�݀݁ݏݏ݁ݎ݌ݔ݁�ܾ݁�݊ܽܿ�݄݄ܿ݅ݓ� 

खି૚൛ࢌሺ࢔ሻሺ࢙ሻൟ ൌ ሺെ૚ሻࢌ࢔࢚࢔ሺ࢚ሻ 

 

 ܕ܍ܚܗ܍ܐ܂�ܖܗܑܜܝܔܗܞܖܗ�۱܎ܗ�܍ܛ܃

�खି૚۴ത�ሺ࢙ሻ܎۷ ൌ ሺ࢚ሻǡࡲ खି૚۵ഥ�ሺ࢙ሻ ൌ �ഥሺ࢙ሻࢌ�ࢊ࢔ࢇ�ሺ࢚ሻࡳ ൌ �ഥࡲ ሺ࢙ሻ כ  ࢔ࢋࢎഥሺ࢙ሻ���������࢚ࡳ

�൛खି૚ࢌത�ሺ࢙ሻൟ ൌ �खି૚ሼࡲ�ഥ ሺ࢙ሻ כ ഥሺ࢙ሻሽࡳ ൌ නࡲሺ࢚ െ ࢛ሻࡳ�ሺ࢛ሻ࢛ࢊ�
࢚

૙

 

���������ǣ��������खି૚ ൬
૚
࢙൰

ൌ ૚ࢊ࢔ࢇ��खି૚ࢌതሺ࢙ሻ ൌ  ሺ࢚ሻࢌ

खି૚ ቊ
ሺ࢙ሻࢌ
࢙

ቋ ൌ න૚Ǥ ࢛ࢊሺ࢛ሻࢌ
࢚

૙

����� 

 

 ܖܗܑܜ܋ܖܝ�۴ܔ܉ܑ܋܍ܘ܁�܎ܗ�ܖܗܑܜ܉ܕܚܗ܎ܛܖ܉ܚ܂�܍܋܉ܔܘ܉ۺ 
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 ܛܖܗܑܜ܋ܖܝ�۴܋ܑ܌ܗܑܚ܍۾ •
 �ܖܗܑܜ܋ܖܝ�۴ܘ܍ܜ܁�ܜܑܖ܃�܍܌ܑܛܑܞ܉܍۶ •
܋܉ܚ۲ܑ • െ

 ሻܖܗܑܜ܋ܖܝ�۴܍ܛܔܝܘܕ�۷ܜܑܖ܃ሺܖܗܑܜ܋ܖܝ�۴܉ܜܔ܍܌
 
 ܛܖܗܑܜ܋ܖܝ�۴܋ܑ܌ܗܑܚ܍۾

 
���������������������݂ሺݐሻ�����������ܶ����������������� 
�������������������������݂ሺݐ ൅ ܶሻ ൌ ݂ሺݐሻǡ ܶ ൐ Ͳ�� 
݂ҧሺݏሻ ൌ �ࣦሼ݂ሺݐሻሽ

ൌ ��න ݁ି௦௧�݂ሺݐሻ݀ݐ
ஶ

଴

ൌ
ͳ

ͳ െ ݁ି௦்
න ݁ି௦௨݂ሺݑሻ݀ݑ� െ െ െ െ െ ܶ�݀݋݅ݎ݁݌�ݎ݋݂�
்

଴

 

 
 �ܖܗܑܜ܋ܖܝ�۴ܘ܍ܜ܁�ܜܑܖ܃�܍܌ܑܛܑܞ܉܍۶
������������������ݐሺݑ����� െ ܽሻ����������������������ǣ 
� 
ݐሺݑ�������������������������������� െ ܽሻ ൌ ቄͲ������ ൏ ܽ

ͳ������� ൒ � 
�����������������������ǡ ܽ���������������������Ǥ ݐሺܪ���������������������� െ ܽሻǤ 
 
 
܋܉ܚ۲ܑ െ  ሻܖܗܑܜ܋ܖܝ�۴܍ܛܔܝܘܕ�۷ܜܑܖ܃ሺܖܗܑܜ܋ܖܝ�۴܉ܜܔ܍܌
 ሻ܉ܜܔ܍�۲܋܉ܚ�ሺ�۲ܑ܍ܛܔܝܘܕܑ�ܜܑܖ܃

������������������������������������������������������������� 

ݐᖡሺߜ�������������������� െ ܽሻ���ൌ �ͳ ᖡΤ �ǡ ࢇ ൑ ࢚ ൑ ࢇ ൅ ᖡ
ൌ ���Ͳǡ݁ݏ݅ݓݎ݄݁ݐ݋������������������  

����ᖡ ՜ ͲǤ ��������������������������������������ᖡ ՜ Ͳ�ǡ ���������������������������������� 
��������������������������������������������������������������������������������Ǥ 
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Unit 4 

8 
MULTIPLE INTEGRALS 

Unit Structure 

8.0  Objectives 

8.1  Double Integral: Introduction and Notation 

8.2  Change of the order of the integration  

8.3  Double integral in polar co-ordinates 

8.4  Triple integrals 

8.5  Summary 

8.6  Exercises 

8.7  References 

8.0 Objectives 
  After reading this chapter, you should be able to: 

1. Understand double integrals & notations. 

2. Solve problems based on double integrals. 

3. Understand  double integral in polar co-ordinates, 

4. Know the concept of triple integrals, 

8.1 Double Integral: Introduction and Notation 
It is presumed that the students are familiar with “ the limit of a sum as an integer.” 
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�� ���
ఋ௫՜଴

෍ݔߜݕ�
௫ୀ௕

௫ୀ௔

�������������������������������������න �ݔ݀�ݕ
௕

௔

 

Thus  

���
ఋ௫՜଴

෍ݔߜݕ
௫ୀ௕

௫ୀ௔

ൌ �නݔ݀�ݕ�
௕

௔

 

Let us now consider the integration of a function of two variables over a given 
area.   

 

To make the idea clear, we shall consider a plane lamina in the xOy plane, the 
surface density ߪ of which is a function of the position of the point P(ݔǡ  Thus .(ݕ
surface density ߪ ൌ ݂ሺݔǡ  .(ݕ

To find the mass of the lamina, we shall take a small area ߜ��  about the point 
P(ݔǡ  .(ݕ

The mass of this elementary area is ݂ ሺݔǡ  ,To find the total mass of the lamina .�ߜ�ሻݕ
we shall find out expressions such as ሺݔǡ  all over the lamina, form the sum ,�ߜ�ሻݕ
��݂ሺݔǡ   .��must be taken a small as possibleߜ ,and to be more accurate ,�ߜ�ሻݕ

That is  

The mass of the lamina = ���
ఋ୅�՜଴

���݂ሺݔǡ  (8.1)                     …             …         �ߜ�ሻݕ

where summation extends all over the lamina. 

Let us take ߜ� in a more convenient way so that the summation in (8.1) can be 
carried out. 
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Divide the lamina by a system of straight lines parallel to the x and y axis into a 
mesh of elementary rectangles. Take the rectangle with one corner at P(x,y). 

Then the area of  rectangle PQRS ߜA= ݔߜ�Ǥ  ݕߜ

And the mass of the elementary rectangle = ݂ሺݔǡ     .ݕߜݔߜ�ሻݕ

By (8.1) the mass of the lamina M is 

 
� ൌ� ���

ఋ୶�՜଴
ఋ௬�՜଴

�σσ݂ሺݔǡ �������������ݕߜݔߜ�ሻݕ ǥ����������������������ǥ�������������������ሺͺǤʹሻ 

We shall evaluate the expression on the R.H.S. of the (8.2) in a systematic way. 

Taking the sum of ݂ሺݔǡ  over the strip ABCD, we have for the mass of   ݕߜݔߜ�ሻݕ
the elementary strip ABCD 

ൌ� ���
ఋ௬�՜଴

�෍݂ሺݔǡ �ݕߜݔߜ�ሻݕ
ୈ

୅

������������ǥ����������������������ǥ�������������������ሺͺǤ͵ሻ 

Where in this summation we note that x and ݔߜ are constants. We can therefore 
write (8.3) as  

ൌ �ݔߜ ���
ఋ௬�՜଴

�෍݂ሺݔǡ �ݕߜ�ሻݕ
௬ీ

௬ఽ

������������ǥ��������������������ǥ�������������������ሺͺǤͶሻ 

And by introductory remarks on the limit of the sum as an integral we write (8.4) 
as 

ൌ ��ݔߜ න ݂ሺݔǡ ݕሻ�݀ݕ

௬మሺ௫ሻ

௬భሺ௫ሻ

������������������ǥ��������������������ǥ�������������������ሺͺǤͷሻ 
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Where y1(x) and y2(x) are the values of y at A and D and both depend on the 
position of the ordinate, that is on x. 

It is to be remembered in the integral of  (8.5) that x is to be regarded as a 
constant in the integration w.r.t. y and since the limits of the integral are the 
functions of x, 

�� න ݂ሺݔǡ ݕሻ�݀ݕ

௬మሺ௫ሻ

௬భሺ௫ሻ

�����������������ǡݔ��������  ��������������������ሻǤݔሺ׎����

�� න ݂ሺݔǡ ݕሻ�݀ݕ

௬మሺ௫ሻ

௬భሺ௫ሻ

�ൌ  ሻ���������ǥ��������������������ǥ�������������������ሺͺǤ͸ሻݔሺ׎�

So that from (8.5) , we can write the mass of the elementary strip ABCD as 
 [ ݔߜ .ሻݔሺ׎]

Next taking the mass of each strip such as ABCD parallel to the y - axis ,over the 
area of the lamina, we have 

������������������ ൌ � ���
ఋ௫�՜଴

�෍׎ሺݔሻݔߜ�Ǥ
௫ୀ௕

௫ୀ௔

����������� 

�ൌ න Ǥݔሻ݀ݔሺ׎
௫ୀ௕

௫ୀ௔

��������������������ǥ������������������������������������������������������ሺͺǤ͹ሻ 

Substituting for  ׎ሺݔሻ from (8.6) in (8.7), we get 

�������������������� ൌ න ቐ න ݂ሺݔǡ ݕሻ�݀ݕ

௬మሺ௫ሻ

௬భሺ௫ሻ

ቑ ݔ݀�
௫ୀ௕

௫ୀ௔

�������ǥ����ሺͺǤͺሻ 

The expression on the R.H.S. of the equation (8.8) is called a double integral for 
obvious reason and is written in various ways as follows 

නݏ
௕

௔

න ݂ሺݔǡ Ǥݔ݀�ݕሻ�݀ݕ

௬మሺ௫ሻ

௬భሺ௫ሻ

����������������������ǥ���������������������������������ሺͺǤͻܽሻ 

or 

නݏ
௕

௔

න ݂ሺݔǡ Ǥݕ݀�ݔሻ�݀ݕ

௬మሺ௫ሻ

௬భሺ௫ሻ

����������������������ǥ��������������������������������ሺͺǤͻܾሻ 

Where the integral signs are written in order of integration taken from the right, 
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���������������������� න ݔ݀
௕

௔

න ݂ሺݔǡ Ǥݕሻ��݀ݕ

௬మሺ௫ሻ

௬భሺ௫ሻ

��������������������ǥ���������������������ሺͺǤͻܿሻ 

 

This last way of writing the integral is more convenient, as it expresses clearly the 
order in which the integration is performed i.e. we first integrate w.r.t. y considering 
x as a constant and then we integrate w.r.t. x. It may also be noted that when we 
take the elementary strips parallel to the y-axis, we first integrate w.r.t. y. 

    If instead of taking the elementary strip parallel to the y-axis we take it parallel 
to the x-axis such as EFGH shown in the adjacent figure, we have by a similar 
reasoning to the above 

�������������������� ൌ න݀ݕ

௙

௘

න ݂ሺݔǡ ݔሻ�݀ݕ

௫మሺ௬ሻ

௫భሺ௬ሻ

��������������ǥ������������������ሺͺǤͳͲሻ 

 

In which we have to first integrate w.r.t. x and then w.r.t. y, thus changing the order 
of the integration. Both the integrals (8.9) and (8.10) represent the mass of the 
lamina and so are equal. The total area of the lamina is known as the region of 
integration. 

The function f(x,y) was considered as the surface density of the lamina, just for the 
sake of understanding clearly the idea of double integral. However f(x,y) may be 
any function of the position of a point in the loop-area, and the double integral of 
this function over the area of the loop is given by (8.9) or (8.10) that is   
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… (8.11) 

 

 

8.2 Change of the order of integration; Evaluation of Double 
integrals 

The method of evaluating the double integrals (8.11) is actually clear from the 
theory developed in the previous section. We note that in the evaluation of the 
double integrals, we integrate first w.r.t. one variable (y or x depending upon the 
limits, and the elementary strip) and considering the other variable as constant and 
then integrate with respect to the remaining variable. 

 

If the limits of integration are the constants such as in the region of integration 
being a rectangle, then the change in the order of integration does not require 
change of the limits of integration. 

Thus from the adjacent figure, we see that 

න݀ݔ
௕

௔

න ݂ሺݔǡ ݕሻ�݀ݕ
ௗ

௖

�ൌ න݀ݕ
ௗ

௖

න݂ሺݔǡ ݔሻ�݀ݕ
௕

௔

���������������������ǥ���������������������ሺͺǤͳʹሻ 

But if the limits be the variable as in the general case taken in section 8.1 then in 
changing the order of integration a corresponding change is to be made in the limits 
of integration as seen from (8.11). Sometimes in changing the order of integration 
we are required to split up the region of integration and the new integral is 
expressed as a sum of a number of double integrals. The examples solved below 
make this ideas clear. The change of the order of integration is sometimes 
convenient in the evaluation of the double integrals. This is also illustrated in 
problems solved below. In changing the order of integration, it is convenient to 

�

න ݔ݀
௕

௔

න ݂ሺݔǡ ݕሻ�݀ݕ

௬మሺ௫ሻ

௬భሺ௫ሻ

ݕන݀࢘࢕�

௙

௘

න ݂ሺݔǡ ݔሻ�݀ݕ

௫మሺ௬ሻ

௫భሺ௬ሻ
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draw rough sketch of the region of integration, which will help to fix up the new 
limits of integration. 

Example 1. Evaluate ׬ሺݔଶ� െ  over the area of the triangle whose vertices  ܣଶ�ሻ�݀ݕ
are the points (0,1),(1,1) and (1,2). 

The equations of the sides of the triangle whose vertices are at A(0,1), B(1,1), 
C(1,2) are x = 1, y = 1 and x = y -1     …            (i)  as shown in the figure 6. 

 

If we take an elementary strip parallel to the x-axis, we will be integrating the given 
function with respect to x. The ends of this strip are bounded by the lines x = y - 1 
and   x = 1, so that these are the limits of integration with respect to x. Next we 
integrate w.r.t. y from y = 1 to y = 2, which then covers the whole area of the 
triangle ABC. 

Thus if  � ൌ �ଶݔሺ׬ െ  taken over the area of the triangle ABC  ܣଶ�ሻ�݀ݕ

Then, 

� ൌ න݀ݕ
ଶ

ଵ

නሺݔଶ െݕ�ଶሻ�݀ݔ
ଵ

௬ିଵ

������������� Ǥ Ǥ������������������ Ǥ Ǥ�������������������������ሺ��ሻ 

To evaluate the first integral, we regard y as a constant, 

����� ൌ න݀ݕ��
ଶ

ଵ

ቈ
ଷݔ

͵
െݕ�ଶݔ቉

௬ିଵ

ଵ

 

�������ൌ නቊ
ͳ
͵
െݕ�ଶ െ�

ሺݕ െ ͳሻଷ

͵
൅ݕ�ଶሺݕ െ ͳሻ�ቋ ��ݕ݀�

ଶ

ଵ
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�������ൌ නቊ
ͳ
͵
െ ଶݕʹ െ�

ሺݕ െ ͳሻଷ

͵
൅ݕ�ଷ�ቋ ��ݕ݀�

ଶ

ଵ

 

�������ൌ � ቈ
ݕ
͵
െ�

ଷݕʹ

͵
െ�

ሺݕ െ ͳሻସ

ͳʹ
൅�

ସݕ

Ͷ
��቉
ଵ

ଶ

� 

�������ൌ ൤�
ʹ
͵
െ�

ͳ͸
͵
െ�

ͳ
ͳʹ

൅ Ͷ െ�
ͳ
͵
�൅�

ʹ
͵
െ�

ͳ
Ͷ
�൨ 

�������ൌ �െ
ʹ
͵

 

It will be interesting to try the above example by taking strips parallel to the y-axis, 
which is left to the students as an exercise leading to the same result as above. 

Example 2.  Evaluate �

න ݕ݀
௔

଴

න
ݕݔ ���ሺݔ ൅ ܽሻ
ሺݔ െ �ܽሻଶ

ݔ݀�

௔ିඥ௔మି௬మ

଴

 

In the integral as it stands, the integration is first w.r.t. x and this integration, as is 
clear is complicated. As integration w.r.t. y is simple, we therefore change the 
order of integration, for which sake we find out the region of integration for the 
given problem. 

In the given Interval where the integration is first w.r.t. x, the elementary strips are 
parallel to the x-axis and these strips extend from x = 0 (i.e. the y – axis) to 

 x = ܽ െ ඥܽଶ െ ݔଶ i.e. to the boundary of the circle ሺݕ െ �ܽሻଶ ൅ݕ�ଶ ൌ ܽଶ. 

Moreover as x = a minus ඥܽଶ െ  ଶ, it extends upto the side (i) of the circle andݕ

not upto (ii) for which x = a plus ඥܽଶ െ   .ଶݕ
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An elementary strip such as this is shown in the figure 7 by AB. Next we integrate 
w.r.t. y from y = 0 to y = a and so the strips such as AB, bounded on one side by 
the y-axis and on the other by the circumference of the circle are taken from y = 0 
to y = a. Thus the region of integration is the shaded part in the figure. 

If we change the order of integration, integrating first w.r.t. y then the elementary 
strip is parallel to the y-axis, such as BC in the figure which extends from 
circumference of the circle ሺݔ െ �ܽሻଶ ൅ݕ�ଶ ൌ ܽଶ  i.e. ݕ ൌ ξʹܽݔ െ   ଶ to theݔ
line y = a. These are therefore the limits of integration w.r.t. y. To have same region 
of integration as in the given integral. We must take such strips from x = 0 to 
 x = a, which are the limits of integration w.r.t. x. Thus changing the order of 
integration, the given integral say I, can be written as  

� ൌ න݀ݔ
௔

଴

න
ݕݔ ���ሺݔ ൅ ܽሻ
ሺݔ െ �ܽሻଶ

ݕ݀�
௔

ξଶ௔௫ି௫మ

 

Integrating w.r.t. y considering x as constant, we have 

� ൌ න݀ݔ
௔

଴

�
ݔ ���ሺݔ ൅ ܽሻ
ሺݔ െ �ܽሻଶ ቈ

ଶݕ

ʹ ቉ξଶ௔௫ି௫మ

௔

 

ൌ
ͳ
ʹ
න݀ݔ
௔

଴

�
ݔ ���ሺݔ ൅ ܽሻ
ሺݔ െ �ܽሻଶ

�ሾܽଶ െ ݔܽʹ ൅  ଶሿݔ

ൌ
ͳ
ʹ
නݔ ���ሺݔ ൅ ܽሻ ݔ݀
௔

଴

� 

This can be integrated by parts, with log (x + a) as a part to be differentiated 
which gives 

� ൌ
ܽଶ

ߠ
ሾʹ ��� ܽ ൅ ͳሿ 

Example 3. Change the order of Integration in  

න ݏ
ଶ௔

଴

න ݂ሺݔǡ ݕ݀ݔሻ�݀ݕ
ξଶ௔௫

ξଶ௔௫ି௫మ

 

The order of integration in the given integral is first w.r.t. y and then w.r.t. x  

  The elementary strips here are parallel to the y-axis (such as A B) and extend from 
y = ξʹܽݔ െ ଶݔ ଶ,  [ i.e. the circleݔ ൅ݕ�ଶ െ ݔܽʹ ൌ 0. with centre at (a,0) and radius 
a] to y = ξʹܽݔ [i.e. the parabola ݕଶ ൌ  and such strips are taken from x = 0 to [ݔܽʹ
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x = 2a. The shaded area between the parabola and the circle is therefore the region 
of integration. 

In changing the order of integration, we integrate first w.r.t. x, with elementary 
strips parallel to the x-axis, such as CD. In covering the same region as above, the 
ends of these strips extend to different curves. We therefore divide the region by 
the line y = a into three parts (I),(II),(III) as shown in the figure. 

 

For the region (I), the strip extend from the parabola ݕଶ ൌ ݔ .i.e ݔܽʹ ൌ ௬మ

ଶ௔
 to the 

straight line 

 x = 2a, so these are the limits of integration w.r.t. x. Such strips are to be taken 
from y = a to y = 2a, to cover the region (I) completely. So the part of the integral 
in this region I1 is 

�ଵ ൌ න ݕ݀
ଶ௔

௔

න ݂ሺݔǡ ݔሻ�݀ݕ
ଶ௔

௬మ
ଶ௔

�������������� Ǥ Ǥ���������� Ǥ Ǥ������������������������������ሺ�ሻ 

From the region (II), the strips extend from the parabola ݕଶ ൌ ݔ  .i.e ݔܽʹ ൌ ௬మ

ଶ௔
 to 

the circle 

ଶݔ  ൅ ଶݕ െ i.e. x = a േඥܽଶ 0 = ݔܽʹ� െ  ଶ in which we take the negative signݕ
with the radical as is obvious from the figure, so the limits of integration w.r.t. x 

are ݔ ൌ ௬మ

ଶ௔
 to x = a െ ඥܽଶ െ  ଶ  and such strips are taken from y = 0 to y = a, toݕ

cover this region completely. The contribution to the integral from this region I2 
is therefore                    �
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�ଶ ൌ න݀ݕ
௔

଴

න ݂ሺݔǡ ݔሻ�݀ݕ

ୟ�ି�ඥ௔మି௬మ��

௬మ
ଶ௔

�������������� Ǥ Ǥ���������� Ǥ Ǥ�����������������ሺ��ሻ�� 

For the region (III), the strips extend from the circle ݔଶ ൅ ଶݕ െ   0 = ݔܽʹ�

[i.e. x = a േඥܽଶ െ  ଶ; in this we have to take the positive sign with the radical asݕ
is clear from the figure] to the line x=2a, so that the limits of integration w.r.t x 

are x = a ൅ඥܽଶ െ  ,ଶ to x=2a; and such strips are to be taken from y = 0 to y = aݕ
which covers in the integration the region (III) Denoting this part of integral by I3, 
we have 

�ଷ ൌ න݀ݕ
௔

଴

න ݂ሺݔǡ ݔሻ�݀ݕ
ଶୟ�

ୟ�ା�ඥ௔మି௬మ

�������������� Ǥ Ǥ���������� Ǥ Ǥ�����������������ሺ���ሻ 

Thus if we change the order of integration, we have to divide the region of 
integration, and the given integral is equal to I1 + I2 + I3 or from (i), (ii), (iii) 

න ݔ݀
ଶ௔

଴

න ݂ሺݔǡ ݕሻ�݀ݕ
ξଶ௔௫��

ξଶ௔௫ି௫మ

ൌ �න ݕ݀
ଶ௔

௔

න ݂ሺݔǡ ݔሻ�݀ݕ
ଶ௔��

௬మ
ଶ௔

൅ න݀ݕ
௔

଴

න ݂ሺݔǡ ݔሻ�݀ݕ

ୟ�ି�ඥ௔మି௬మ��

௬మ
ଶ௔

 

൅�න݀ݕ
௔

଴

න ݂ሺݔǡ ݔሻ�݀ݕ
ଶ௔

ୟା�ඥ௔మି௬మ��

�� 

This example illustrates that in changing the order of integration sometimes not 
only limits are to be changed, but it is necessary to split up the region of 
integration.  

Example 4. Change the order of integration for the integral 

නݏ
௔

଴

න ݕ݀�ݔ݀�ݕݔ
ଶ௔ି௫

௫మ
௔

 

and evaluate the same with reversed order of integration. 

The given integral is  

න݀ݔ
௔

଴

න ݕ݀�ݕ
ଶ௔ି௫

௫మ
௔

������������ Ǥ Ǥ�������������������������� Ǥ Ǥ�����������������������������ሺ݅ሻ 
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In this the integration is first w.r.t. y with strips such as AB, parallel to the y-axis 

with extremities lying on the parabola  ݕ ൌ ௫మ

௔
 and the straight line y = 2a – x. These 

strips are taken from x = 0 to x = a, that gives the region of integration, the 
curvilinear triangle OPQ, shaded in the figure 9. 

In changing the order of integration, the integration is to be taken first w.r.t. x with 
elementary strip parallel to x axis, such as CD, and that needs dividing the region 
of integration by the line y = a, i.e. the line PR, into two parts the triangle PQR and 
the curvilinear triangle OPR denoted in the figure by (I) and (II) respectively. 

For the region (I), the limits of integration w.r.t. x are x = 0 to x = 2a – y and the 
limits of the next integration w.r.t. y are y = a to y = 2a, so the contribution to the 
given integral from region (I) is 

�ଵ ൌ න ݕ݀
ଶ௔

௔

න ݔ݀�ݕݔ

ଶୟ�ି�௬���

଴

�������������� Ǥ Ǥ���������� Ǥ Ǥ�����������������ሺ��ሻ�� 

 For the region (II), the limits of integration w.r.t. x are x = 0 to x = ඥܽݕ and 
those w.r.t. y are y = 0 to y = a, so the contribution to the given integral from the 
region (II) is 

�ଶ ൌ න݀ݕ
௔

଴

න ݔ݀�ݕݔ
ξ௔௬���

଴

�������������� Ǥ Ǥ���������� Ǥ Ǥ�����������������ሺ���ሻ 

Hence, reversing the order of integration, from (i), (ii) and (iii), 
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න݀ݔ
௔

଴

න ݕ݀�ݕݔ ൌ�
ଶ௔ି௫

௫మ
௔

න ݕ݀
ଶ௔

௔

න ݔ݀�ݕݔ

ଶୟ�ି�௬���

଴

൅ �න ݕ݀
௔

଴

න ݔ݀�ݕݔ
ξ௔௬���

଴

���������� Ǥ Ǥ��������������� Ǥ Ǥ���������������������ሺ��ሻ 

Now, with usual method of evaluating the double integral 

න ݕ݀
ଶ௔

௔

න ݔ݀�ݕݔ

ଶୟ�ି�௬���

଴

ൌ �න Ǥݕ݀ ݕ
ଶ௔

௔

�ቈ
ଶݔ

ʹ ቉଴

ଶ௔ି௬

ൌ �
ͳ
ʹ
න ܽʹሺݕ െ ݕሻଶ݀ݕ
ଶ௔

଴

�

ൌ �
ͷ
ʹͶ

ܽସ��������Ǥ Ǥ����������� Ǥ Ǥ��������ሺ�ሻ 

and   

න݀ݕ
௔

଴

න ݔ݀�ݕݔ
ξ௔௬��

଴

ൌ �න Ǥݕ݀ ݕ
௔

଴

�ቈ
ଶݔ

ʹ ቉଴

ξ௔௬

ൌ �
ͳ
ʹ
නܽݕଶ݀ݕ
௔

଴

�

ൌ �
ͳ
͸
ܽସ�����������������������������Ǥ Ǥ�������������� Ǥ Ǥ���������ሺ��ሻ 

From (iv), (v) and (vi), 

න݀ݔ
௔

଴

න ݔ݀�ݕݔ
ଶୟ�ି�௫��

௫మ
௔

ൌ �
ͷ
ʹͶ

ܽସ ൅�
ͳ
͸
ܽସ ൌ �

͵
ͺ
ܽସ 

8.3 Double integral in polar co-ordinates 
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In case we use polar co-ordinates,  divide the region of integration by curves 
 r = const. (which are circles) and Ș� �FRQVW���ZKLFK�DUH�VWUDLJKW- lines) 

This gives a mesh of the form shown, where the elementary area is ݎߜǤ  ߠߜ ݎ

Thus if  f (r,ߠ�) be a function of position, we have over the wedge PQ, the sum as 

���
ఋ௥�՜଴

ǡݎ෍݂�ሺߠߜ ሻǤߠ �ݎߜ�ݎ
ொ

௉

ൌ �ߠߜ� න ݂�ሺݎǡ �ݎ݀ݎ�ሻߠ

௥మሺఏሻ

௥భሺఏሻ

��������������������ǥ�������������ǥ�������������ሺͺǤͳ͵ሻ 

Where ݎଵሺߠሻ and ݎଶሺߠሻ are equations of the two parts of curves where Ʌ is kept 
constant, while integrating w.r.t. r. Finally summing for all the wedges between 
Ʌ ൌן� and Ʌ ൌ �Ⱦ, we get 

���
ఋ஘�՜଴

෍ߜɅ� ෍ ݂�ሺݎǡ ݎ݀ݎ�ሻߠ
௥మሺఏሻ

௥భሺఏሻ

��
ఉ

ఈ

ൌ �න �ߠ݀

ఉ

ఈ

න ݂�ሺݎǡ �ݎ݀ݎ�ሻߠ

௥మሺఏሻ

௥భሺఏሻ

��������������������ǥ��������ǥ��������������ሺͺǤͳͶሻ 

The order of integration may be changed with appropriate changes in the limits. 

Example 1. Evaluate 

ඵ
Ʌ݀ݎ݀ݎ

ξܽଶ ൅ ��ଶݎ
 

  over one loop of the lemniscate ݎଶ ൌ �ܽଶcos 2Ʌ 
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�� ൌ න ݀Ʌ

గ
ସ

ିగସ

න
ݎ݀�ݎ

ξܽଶ ൅ ଶݎ

ξ௖௢௦ଶ஘��

଴

�������������� 

��ൌ න ݀Ʌ

గ
ସ

ିగସ

��ቂඥܽଶ ൅ ଶቃݎ
଴

௔�ξ௖௢௦ଶ஘
����������� 

��ൌ න ݀Ʌ

గ
ସ

ିగସ

�൛ܽ�ξͳ ൅  �����������Ʌหെ�ܽൟʹݏ݋ܿ

��ൌ �ܽ නൣξʹ�ȁ ��� Ʌ െ ͳ൧݀Ʌ

గ
ସ

ିగସ

���������� 

���ൌ �ܽ�ൣξʹ�ȁ ��� Ʌ െ �Ʌ൧
ିగସ

గ
ସ  

����ൌ ܽ� ቂʹ െ
ߨ
ʹ
ቃ ൌ ʹܽ� ቂͳ െ

ߨ
Ͷ
ቃ� 

Example 2 . Evaluate 

න݀�
௔

଴

න
ݕ݀

ඥܽଶ െ ଶݔ െݕ�ଶ

ξ௔మି௫మ��

ξ௔௫ି௫మ

ǡ 

by changing to polar coordinates. 

 

Here the elementary strips, such as AB are parallel to the y axis and extend from  

y = ξܽݔ െ  ଶݔ
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[which is the circle ݔଶ ൅ ଶݕ െ  ,0 = ݔܽ�

with centre at ቀ௔
ଶ
� ǡͲቁ and radius ௔

ଶ
 ] to 

y = ξܽଶ െ ଶݔ�ଶ [ i.e. the circleݔ ൅ ଶݕ ൌ �ܽଶ , with  center at the origin and radius 
a.] such strips are taken from 0 = ݔ to ݔ = a, and so the area between the two circles, 
is the region of integration. 

To change the given integral to polar coordinates, we substitute ݎ = ݔ cosɅ, ݎ = ݕ 
sinɅ, and ݀ݕ݀ݔ by its equivalent elementary area in polar coordinates݀ݎ݀ݎ�Ʌ. The 
equations of the circle in polar coordinates are ݎ = ܽ cosɅ and ݎ = ܽ and the ends 
of the elementary wedge, such as CD along the radius vector lies on these circles 
and so give the limits of integration w.r.t. ݎ and to cover the same region of 
integration as in given integral. 0 varies from 0 to గ

ଶ
.  

Thus the transformed integral I is 

ܫ ൌ න݀Ʌ

గ
ଶ

଴

න
ݎ

ξܽଶ െ ଶݎ

ୟ��

௔�ୡ୭ୱ஘

 ݎ݀�

���ൌ න ݀Ʌ

గ
ଶ

଴

�ቂെඥܽଶ െ ଶቃݎ
௔�ୡ୭ୱ஘

௔
 

���ൌ න Ʌ�݀Ʌ݊݅ݏ�ܽ ൌ ܽ

గ
ଶ

଴

� 

8.4 Triple integrals :- 
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Let ݂�ሺݔǡ ǡݕ ǡݔሻ be any function of the position of a point ሺݖ ǡݕ  ሻ in space [say theݖ
density of the body]. Divide the body by a system of planes into small rectangular 
blocks. The element of volume at ��ሺݔǡ ǡݕ  .ݖ݀ݕሻ is then d�݀ݖ

The mass of the elementary cuboid at � ൌ ݂�ሺݔǡ ǡݕ  ݖ݀ݕ݀�݀ .ሻݖ

Then 

���
ௗ௭�՜଴

෍݂�ሺݔǡ ǡݕ �ݖ݀ݕሻ�݀�݀ݖ
௭మ

௭భ

ൌ �ݕ݀�݀� න ݂�ሺݔǡ ǡݕ �ݖሻ�݀ݖ

௭మሺ௫Ǥ௬ሻ

௭భሺ௫ǡ௬ሻ

������ǥ���������ǥ�����������ሺͺǤͳͷሻ 

where ݖଵሺݔǡ Ǥݔଶሺݖ ሻ andݕ  ሻ are the equations of the lower and upper surfaces ofݕ
the bounding volume. The result (8.15) gives the mass of the elementary column 
on�݀�݀ݕ in the xOy plane as the base. In the integral (8.15), x, y are constants. 

We now have to sum for all the columns standing on the area in the xOy plane 
vertically below the surface. Taking first all the columns in a slice parallel to the 
y-z plane which means integration w.r.t. y while keeping x constant, we get 

቎�� න ݏ

௬మሺ௫ሻ

௬భሺ௫ሻ

ቐ න ݂�ሺݔǡ ǡݕ �ݖሻ�݀ݖ

௭మሺ௫Ǥ௬ሻ

௭భሺ௫ǡ௬ሻ

ቑ �቏ݕ݀�� ��������ݔ݀� ǥ������������������ǥ�������������ሺͺǤͳ͸ሻ 

and finally summing for all the slices from x = a to x = b, we have 

 

    

ǥ����������������������ሺͺǤͳ͹ሻ  

The evaluation of a space or volume integral involves three successive integration 
and so is called a triple integral. The order of integration may be changed with 
appropriate changes in the limits. 

In polar co-ordinates the volume of an elementary cuboid  

dv =  r2 sin�Ʌ�݀׎݀�ߠ݀�ݎ 

and the integral (8.17) takes the form                     

�����������������������ම݂ሺݎǡ ǡߠ  �׎݀�ߠ݀�ݎ݀�ߠ����ଶݎሻ׎

න݂�ሺݔǡ ǡݕ ݒሻ�݀ݖ ൌ න݀ݔ
௕

௔

� න ݕ݀

௬మሺ௫ሻ

௬భሺ௫ሻ

න ݂�ሺݔǡ ǡݕ ݖሻ�݀ݖ

௭మሺ௫Ǥ௬ሻ

௭భሺ௫ǡ௬ሻ

௢

௩
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And in cylindrical co-ordinates , the elementary volume is  

                                   dv =ݖ݀�׎݀�ߩ݀�ߩ� 

and the integral (8.17) takes the from 

                                

ම݂ሺߩǡ ǡ׎ ��ݖ݀�׎݀�ߩ݀�ߩሻݖ

with appropriate limits. 

    Example  1.  Show that the volume bounded by the cylinder y2 = z , y = x2 

And the planes z = 0 , x + y +z = 2 is equal to  

නݏ
ଵ

଴

න ݏ
ξ௫

௫మ

න ݕ݀�ݔ݀�

ଶି௫ି௬

�଴

 ݖ݀

and evaluate it. 

 

The cylinder stands on the area common to the parabolas with generators parallel 
to the z-axis, and the volume required is the portion of this cylinder cut-off by the 
planes z = 0 and x+y+z=2  i.e. z = 2 – x - y 

     Integrating first w.r.t. z we obtain the volume of the elementary column,  
on dx dy  as the base, where limits for z are z = 0 to z = 2- x- y. 
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Thus the volume of elementary column on the dxdy as the base is  

ݕ݀ݔ݀ න ���������������������ݖ݀

ଶି௫ି௬

଴

��������� Ǥ Ǥ������������������� Ǥ Ǥ�����������������������ሺ�ሻ 

Taking  a slice parallel to the yOx plane , of all such columns, leads on the 
integration w.r.t. y from y = x2  to y = ξݔ ( ref. fig.14), we thus have the volume of 
an elementary slice parallel to the yOz plane as 

                             

�� න ݕ݀
ξ௫

௫మ

� න ݖ݀

ଶି௫ି௬

଴

����������������������ǥ��������������������ǥ������������������ሺ��ሻ 

    

Summing the volumes of such slices, bounded by the curves y = x2, y = ξݔ  , from  
x = 0 to x = 1, gives the total volume of the cylinder in question and is  

                                                         

න݀ݔ
ଵ

଴

න ݕ݀
ξ௫���

௫మ

න ݖ݀

ଶି௫ି௬

଴

���������������ǥ���������������������ǥ���������������ሺ���ሻ 

        

which is the same as the given integral. To evaluate it we use the same principles 
as used in the evaluation of a double integral. Thus 

න݀ݔ
ଵ

଴

න ݕ݀
ξ௫���

௫మ

න ݖ݀

ଶି௫ି௬

଴

�ൌ ��න݀ݔ
ଵ

଴

න ݕ݀
ξ௫���

௫మ

�ሾݖሿ଴
ଶି௫ି௬ 

                                                    

ൌ න݀ݔ
ଵ

଴

න ሺʹ െ ݔ െ ݕሻ݀ݕ
ξ௫���

௫మ

 

            

ൌ න݀ݔ
ଵ

଴

ቈሺʹ െ ݕሻݔ െ
ଶݕ

ʹ ቉
௫మ

ξ௫

 

                                                         

ൌ නቊሺʹ െ �ݔ�ሻξݔ െ
ݔ
ʹ
െ ሺʹ െ ଶݔሻݔ ൅�

ସݔ

ʹ
ቋ ݔ݀�

ଵ

଴
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��ൌ ቎
૝࢞

૜
૛

૜
െ
૛࢞

૞
૛

૞
െ
࢞૛

૝
െ
૛࢞૜

૜
൅�

࢞૝

૝
൅
࢞૞

૚૙
቏

૙

૚

ൌ �
૚૚
૜૙

 

8.5 Summary 

The eight chapter of this book introduces the students with concepts of double 
integral, evaluation of double integrals: change of the order of the integration and 
double integral in polar co-ordinates with notations, which is important in 
understanding, implementation in application areas of integrals. Triple integrals is 
also explained with solved problems and illustrations. 

8.6 Exercises 

Evaluate the following Integrals  

ͳǤ��ඵݕ݀ݔ݀ݕ ����� 

     ��ሻݕ��������������������� ൌ �ݔ�����ଶݔ� ൅ ݕ� ൌ �ʹ 
     ii) the area bounded by x = 0, y = x2 and x + y = 2 in the first quadrant. 

ʹǤ��ඵݕݔሺݔ ൅ ሻݕ ଶݔ���������������������������������������ݕ݀ݔ݀ ൌ ଶݕ�݀݊ܽ�ݕ�

ൌ�Ȃ �Ǥݔ

͵Ǥ����ሻ�ඵሺݔଶ ൅  ݕ݀ݔଶሻ݀ݕ

��������ሻ�ඵݔଶ  ��������������������������������������������������ݕ݀ݔ݀�ݕ

��������������
ଶݔ

ܽଶ
൅�

ଶݕ

ܾଶ
ൌ ͳǤ 

ͶǤ���ඵ
ݕ݀ݔ݀
ସݔ ൅ ଶݕ

ݔ������� ൐ �ͳݕ������ ൐ �  ଶݔ

Change the order of integrals and evaluate 

ͷǤ�� න ݏ
ଶ

଴

න ݕ݀ݔ݀ݕݔ

௫మ
ସ

଴

������������������������������������������� 
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͸Ǥ��� න ݏ
ଵ

଴

න ݕ݀ݔ݀ݕݔ
ξ௬

௬

 

͹Ǥ�� න ݏ
௔

଴

න ሺݔଶ ൅ ݕ݀ݔଶሻ݀ݕ

ට௫௔

௫
௔

������������������������������ 

ͺǤ��� න ݔ݀
ଵ

଴

න
ݔ

ඥݔଶ ൅ ଶݕ

ξଶି௫మ

௫

െ  ݕ݀

Answers  

ͳǤ���ሻ
͵͸
ͷ
���ሻ�

ͳ͸
ͷ
�� ʹǤ��

ͳͳͶ
ͶʹͲ

 ͵Ǥ���ሻ
ܾܽߨ
ͳ͸

ሺܽଶܾଶሻ�����ሻ�
ܽସܾଶ

ʹͶ
�� ͶǤ��

ߨ
Ͷ

 

ͷǤ����
ͳ
͵

 ͸Ǥ���
ͳ
ʹͶ
�� ͹Ǥ��� ௔

ସ
�ቂ௔

మ

଻
൅ ଵ

ହ
ቃ�      ͺǤ�� ቂͳ െ ଵ

ξଶ
ቃ 

 

 

Show the region of integration and change the order of integration 

ͻǤ�� න ݏ
௔

ି௔

න ݂ሺݔǡ ݔ݀ݕሻ݀ݕ

௬మ
௔

଴

�������������������������������������ͳͲǤ��� න ݏ
ଵ

ିଶ

න ݂ሺݔǡ ݕ݀ݔሻ݀ݕ
ଶି௫

௫మ

 

ͳͳǤ�� න ݕ݀
௔

଴

න ݂ሺݔǡ ݔሻ݀ݕ

௬ା௔

ඥ௔మି௬మ

������������������������������ͳʹǤ��� න ݔ݀
௕

௔

න ݂ሺݔǡ ݕ݀ݔሻ݀ݕ

௖మ
௫

଴

 

 

Evaluate 

ͳ͵Ǥ���ඵ݀ݎ݀ݎɅ ݎ��������������������ݕ݀ݔ݀� ൌ ͳ ൅ ��� Ʌ� 

ͳͶǤ���ඵݎଷ݀݀ݎɅ ������������������ݕ݀ݔ݀�����������������������ݎ����

ൌ ʹ ��� Ʌ ݎ������ ൌ Ͷ ��� Ʌ 

ͳͷǤ���ඵݎସܿݏ݋ଷɅ݀݀ݎɅ ��������������������������ݎ���� ൌ ʹ� ��� Ʌ� 
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Express the following integrals in polar coordinates, showing the region of 
integration and evaluate. 

ͳ͸Ǥන ݏ
௔

଴

න ଶݔଶඥݕ ൅ ݕ݀ݔଶ�݀ݕ

ඥ௔మି௬మ

଴

����������������������������� 

ͳ͹Ǥ��� න ݏ
ସ௔

଴

න
ଶݔ െ ଶݕ

ଶݔ ൅ ଶݕ
ݕ݀ݔ݀

௬

௬మ
ସ௔

 

ͳͺǤන ݏ
ଶ

଴

න
ݕ݀ݔ݀

ሺݔଶ ൅ ଶሻଶݕ

ଵାξଶ௫ି௫మ

ଵିξଶ௫ି௫మ

����������������������������������� 

�ͳͻǤ��� න ݏ
௔

଴

න
ݕ݀ݔ݀�ݔ
ଶݔ ൅ ଶݕ

௔

௬

 

Change to polar coordinates and evaluate 

ʹͲǤ��ඵ
ଶݔ െ ଶݕ

ሺݔଶ ൅ ଶሻݕ
ଷ
ଶ
�������������������������ݕ݀ݔ݀����ଶݔ��� ൅ ଶݕ ൌ  ��ݔܽʹ

 in the first quadrant. 

ʹͳǤඵݕଶ �������������������ݕ݀ݔ݀������������������������ଶݔ��� ൅ ଶݕ െ ݔܽ ൌ Ͳ��� 

����������������ଶݔ��� ൅ ଶݕ െ ݔܽʹ ൌ ͲǤ��� 

ʹʹǤ����������ඵ
ݕ݀ݔ݀

ሺͳ ൅ ଶݔ ൅ ଶሻଷݕ
��������������������������������� 

�������ሺݔଶ ൅ ଶሻଶݕ ൌ ଶݔ െ  �ଶݕ

Answers  

ͳ͵Ǥ�� ଷగ
ଶ
� ͳͶǤ�� ସହగ

ଶ
 ͳͷǤ�� ଻గ

ସ
ܽହ�� ͳ͸Ǥ�� గ௔

ఱ

ଶ଴
 ͳ͹Ǥ��ͺܽଶ ቀగ

ଶ
െ ହ

ଷ
ቁ 

ͳͺǤߨ����� ͳͻǤ��� గ௔
ସ
�� ʹͲǤ��� ଶ௔

ଷ
 ʹͳǤ��� ଵହగ

଺ସ
ܽସ�� ʹʹǤ��� గିଶ

ସ
 

ʹ͵Ǥ ���������ම
ݖ݀ݕ݀ݔ݀

ሺݔ ൅ ݕ ൅ ݖ ൅ ͳሻଶ
ൌ
ͳ
ʹ ൬

��� ʹ െ
ͷ
ͺ൰

ǡ  ��݊݁݇ܽݐ�ܾ݃݊݅݁������������

������������������������������������������������������������������������������������ 

ݔ������ ൅ ݕ ൅ ݖ ൅ ͳ ൌ ͳ�� 
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Unit 4 

9 
APPLICATIONS OF INTEGRATION 

Unit Structure 

9.0 Objectives 

9.1 Introduction  

9.2 Areas 

9.3 Volumes of solids 

9.4 Summary 

9.5 Exercises 

9.6 References 

9.0 Objectives 

After reading this chapter, you should be able to: 

1. Know the concept Areas & volume of solids. 

2. Formulae of these in terms of integrals. 

3. Single & multiple integrals & their use in examples 

4. Solve problems based on area & volume integrals 

9.1 Introduction  

In this chapter we shall study the applications of integral calculus to the problems 
involving areas, volumes and surface of solids, centre of gravity, hydrostatic centre 
of pressure, moment of inertia, mean and root mean square values etc. Formulae 
for these in terms of integrals, single and multiple are developed and their use in 
the example on these topics is illustrated. 
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9.2 Areas 

 

     The area A, included by the curve y = f(x) the x-axis and the ordinates x = a 
and x = b is given by  

                                    

Similarly the area A', included by the curve y = f(x), the y-axis, y = c and y = d is  

�Ԣ ൌ ׬ ௗݕ݀�ݔ
௖ ������������������������ǥ�����������������������ǥ�������������������������ሺͻǤʹሻ 

 

In case of a loop as shown in figure 2, the area of an elementary rectangle at 
 P (x , y) is dxdy and so the area of the loop is given by 

       

                          

 

 

���������������� ൌ නݏ�
௕

௔

න ݕ݀ݔ݀

௬మሺ௫ሻ

௬భሺ௫ሻ

 

 

…..    (9.1) 
 

…..    (9.3) 
 

mu
no
tes
.in



201

Chapter 9:  Applications of Integration

 

If the equation of curve is given in polar coordinates by r = f (Ʌ), then as ߜɅ ՜ Ͳ, 

the area of the elementary triangle OPQ is ଵ
ଶ
 Ʌ [ for dropping PRߜ�ଶݎ

perpendicular to OQ, PQ = ߜݎɅ can be taken as the base of the ο���� of which 

the height is r, and its area is ଵ
ଶ
Ʌߜ Ʌ�; asߜ�ଶݎ ՜ Ͳ, 

 ο����� ՜ �ο�����] and so 

 

�������…     (9.4) 

 

Example 1. Trace the curve ݕଶܽସ ൌ ܽʹହሺݔ� െ  ሻ�and show that its area is equalݔ

to ହగ
ସ
ܽଶ. 

 

The tracing done by the methods of curve-tracing gives the curve as a 
symmetrical loop on the x – axis between x = 0 and x = 2a. 

׬ ଶ௔ݔ݀ݕ
଴  gives the area of the upper half of the loop and so the area A of the loop 

is  

���������������������� ൌ �
ͳ
ʹ
න ଶ�݀Ʌݎ

ఉ

ఈ
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            � ൌ ׬ʹ ଶ௔ݔ݀ݕ
଴ ������������������������������������������������������������������ǥ��������������������ሺ݅ሻ 

From the equation of the curve ݕ ൌ ௫
ఱ
మ�ሺଶ௔ି௫ሻ

భ
మ

௔మ
, substituting this in (i), 

ܣ ൌ ʹන
ݔ
ହ
ଶ�ሺʹܽ െ ሻݔ

ଵ
ଶ

ܽଶ
ݔ݀

ଶ

଴

�����������������������������ǥ��������������������ǥ��������������������ሺ݅݅ሻ 

For integration, we put ݔ ൌ ʹܽ����ଶɅ, so that ݀ݔ ൌ Ͷܽ݊݅ݏ��Ʌ ��� Ʌ �݀Ʌ and  
when x = 0, Ʌ ൌ Ͳ and when ݔ ൌ ʹܽ, Ʌ ൌ గ

ଶ
. 

׵ ܣ�� ൌ ͸ͶܽଶǤන ���଺Ʌ����ଶɅ�݀Ʌ

గ
ଶ

଴

�������������������������ǥ�����������������ǥ��������������ሺ݅݅݅ሻ 

By the reduction formulae, we can write the value of this integral, so 

׵ ܣ�� ൌ ͸ͶܽଶǤ
ሺͷǤ͵ǤͳሻǤ ሺͳሻ
ͺǤ͸ǤͶǤʹ

�
ߨ
ʹ
ൌ
ͷߨ
Ͷ
ܽଶ���������������������� 

Example 2. Trace the curve ܽଶݔଶ ൌ ܽʹଷሺݕ െ  ሻ and show that its area is equalݕ
to ܽߨଶ. 

 

Here the loop is on the y-axis, and so we use the formula (9.2) for the area.  
Thus the area of the loop is 

� ൌ ʹන ݕ݀ݔ
ଶ௔

଴

 

� ൌ ʹන
ݕ
ଷ
ଶሺʹܽ െ ሻݕ

ଵ
ଶ

ܽ
�

ଶ௔

଴

 ݕ݀
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ݕ��������������� ൌ ʹܽ����ଶɅǡ

�� ൌ �͵ʹܽଶ න ���ସɅ����ଶɅ�݀Ʌ�

గ
ଶ

଴

��������������������������������������� 

ൌ ͵ʹ�ܽଶǤ
ሺ͵ǤͳሻǤ ሺͳሻ
͸ǤͶǤʹ

�
ߨ
ʹ
ൌ  ଶǤܽߨ

Example 3. Prove that the area of the loop of the curve 

ହݔ  ൅ ହݕ ൌ �ͷܽݔଶݕଶ���������� ହ
ଶ
�ܽଶǤ   

 

From the equation of the curve, it is clear that the loop does not lie on the x or y 
axis and so is inclined to them. In case of inclined loop, we change the equation 
to polar co-ordinates with  ݔ ൌ ݎ ��� Ʌ , ݕ ൌ ݎ ��� Ʌ. 

The equation of the curve in polar coordinates is  

ݎ                                             ൌ � ହ௔�ୱ୧୬
మ஘�ୡ୭ୱమ஘�

ୱ୧୬ఱ஘ାୡ୭ୱఱ஘�
����������������������������������������������ǥ���������ሺ�ሻ 

r is zero when Ʌ ൌ Ͳ���� గ
ଶ
 , so the loop of the curve lies between these two 

limits. Using formula (9.4), the area A of the loop is 

� ൌ
ͳ
ʹ
න ଶ݀Ʌݎ

గ
ଶ�

଴

�����������������������������ǥ��������������������ǥ��������������������ሺ݅݅ሻ 

Substituting for r from (i) in (ii), 

� ൌ
ʹͷܽଶ

ʹ
න

����ସɅ����ସɅ�
�ሺ���ହɅ ൅ ���ହɅሻଶ

�݀Ʌ

గ
ଶ�

଴

 

Dividing the numerator and denominator by ����ଵ଴Ʌ , 
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� ൌ
ʹͷܽଶ

ʹ
න
����ଶɅ�Ǥ ���ସɅ�
�ሺͳ ൅ ���ହɅሻଶ

Ǥ ݀Ʌ

గ
ଶ�

଴

 

Put z  = 1+ ���ହɅ, dz = 5 ����ଶɅ ���ସɅ ݀Ʌ. When Ʌ ൌ Ͳ, z = 1 and  

when Ʌ ൌ గ
ଶ
, z = λ , 

׵ ��� ൌ
ͷܽଶ

ʹ
න

ݖ݀
ଶݖ�

���ൌ ����
ͷܽଶ

ʹ
൤െ

ͳ
ݖ
൨
ଵ

ஶ

��ൌ ������
ͷܽଶ

ʹ
�

ஶ�

ଵ

Ǥ 

Example 4. In the cycloid ݔ ൌ ܽ�ሺɅ ൅ ��� Ʌሻǡ � ൌ ܽሺͳ െ ��� Ʌሻ find the area 
between its base and portion of the curve from cusp to cusp. 

 

The sketch of the curve is shown in the figure with cusps at P and Q and the  
base PQ. 

The area required is that of the curvilinear figure POQ. 

������������������������������� ൌ ʹනݕ݀ݔ ����

ൌ ʹන �ݔ
ݕ݀
݀Ʌ

�݀Ʌ�����
గ

଴

����������������������������ǥ��������������������ǥ���������ሺ݅ሻ 

From the equation of the cycloid ݔ ൌ ܽ�ሺɅ ൅ ��� Ʌሻǡ ௗ௬
ௗ஘

ൌ ܽ ��� Ʌ�substituting  

in                                                                                                              (i) 

�������������� ൌ ʹන ܽଶ�ሺɅ ൅ ��� Ʌሻ ��� Ʌ�݀Ʌ
గ

଴

�������������������� 

��ൌ ʹܽଶ නሾɅ ��� Ʌ� ൅ ���ଶ Ʌሿ
గ

଴

�݀Ʌ�������������������� ǥ����������������ǥ���������ሺ݅݅ሻ 
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�����නɅ ��� Ʌ�
గ

଴

݀Ʌ�� ൌ � ሾെɅ ��� Ʌ ൅���� Ʌ��ሿ଴గ �������

ൌ ������������������ߨ����� ǥ���������������������������ǥ���������ሺ݅݅݅ሻ 

�����න ���ଶ Ʌ
గ

଴

݀Ʌ�� ൌ �ʹන ���ଶ Ʌ݀Ʌ

గ
ଶ

଴

��ൌ ���ʹǤ
ߨ�
Ͷ
���

ൌ ������
ߨ�
ʹ
�������������ǥ���������������������������ǥ���������ሺ݅ݒሻ 

Substituting these values of the integrals in (ii) 

����� ൌ �ʹܽଶ �ቂߨ ൅�
ߨ
ʹ
ቃ ൌ  ଶǤܽߨ͵��

Example 5. Find the area between ݕଶ ൌ ௫య

௔ି௫
 and its asymptote. The nature of the 

curve is shown in the figure with asymptote x = a [Asymptote is the line to which 
the curve approaches] 

 

 

The required area A is : 

��� ൌ �ʹනݔ݀ݕ
௔

଴
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��ൌ �ʹන
ݔ
ଷ
ଶ

ሺܽ െ ሻݔ
ଵ
ଶ
ݔ݀

௔

଴

��� 

with ݔ�� ൌ �ܽ� ���ଶ Ʌ, 

��� ൌ �Ͷܽଶ න ���ସ Ʌ ݀

గ
ଶ

଴

Ʌ��� 

��ൌ �Ͷܽଶ �Ǥ��
͵
Ͷ
��Ǥ��

ͳ
ʹ
��
ߨ
ʹ
�ൌ �

͵
Ͷ
 ଶǤܽߨ�

Example 6.   Find the area of the loop of the curve 

ݎ ൌ ܽ ��� ͵Ʌ ൅ ܾ ��� ͵ɅǤ 

Let ן�ൌ � ���ିଵ ௔
௕
 , so that �� ൌ �ξܽଶ ൅ ܾଶ sinߙ�, 

 � ൌ �ξܽଶ ൅ ܾଶ cosߙ� so that the equation of the curve can be written as     
� ൌ �ξܽଶ ൅ ܾଶሺsinߙ� cos ͵Ʌ + cosߙ� sin ͵Ʌ). 

 or ��������������� ൌ �ξܽଶ ൅ ܾଶ ���ሺ͵Ʌ ൅�  ሻ�����������������ǥ�������������������������ǥ����������������������ሺ�ሻߙ

To find the position of the loop, we have when r = 0, ͵Ʌ ൅   ߨ݊ = ߙ�
(where n is an integer). 

Taking consecutive values of n as 0 and 1,  

one of the loop lie between Ʌ ൌ െఈ
ଷ
 and Ʌ ൌ గିఈ

ଷ
Ǥ 

׵��������� ��������������������� ൌ ��� ൌ �
ͳ
ʹ
න ଶ݀Ʌݎ

గିఈ
ଷ

ିఈଷ

�����������ǥ������������������ǥ��������ሺ��ሻ 

Substituting for r from (i)  

��� ൌ �
ሺܽଶ ൅ ܾଶሻ

ʹ
න ���ଶሺ͵Ʌ ൅ ሻߙ

గିఈ
ଷ

ିఈଷ

݀Ʌ��� 

In this put ׎ ൌ ͵Ʌ ൅  so that ;�ߙ

��� ൌ �
ሺܽଶ ൅ ܾଶሻ

͸
න ���ଶ ׎
గ

଴

 ���׎݀
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��ൌ �
ሺܽଶ ൅ ܾଶሻ

͵
න ���ଶ ׎

గ
ଶ

଴

 ���׎݀

����������������������ൌ �
ሺܽଶ ൅ ܾଶሻ

͵
Ǥ
ͳ
ʹ
�Ǥ
ߨ
ʹ
��ൌ ��

ߨ
ͳʹ

�ሺܽଶ ൅ ܾଶሻǤ 

Example 7.  Find by double integration the area included between the curves  
ݕ ൌ ଶݔ͵ െ ݔ െ ͵   

and ݕ ൌ െʹݔଶ ൅ Ͷݔ ൅ ͹. 

 
The abscissa of the points of intersection of the two parabolas, a rough sketch of 
which is given in the adjacent diagram are given by 

ଶݔ͵ െ ݔ െ ͵ ൌ �െʹݔଶ ൅ Ͷݔ ൅ ͹ 

�Ǥ �Ǥݔ��ଶ െ ݔ െ ʹ ൌ Ͳ��������������������� 

׵ ݔ��� ൌ െͳǡ ʹǤ����������������������������������� 

   Taking the elementary strip parallel to the y-axis, such as AB, bounded by the 
two parabolas we integrate first w.r.t. y, and then integrating w.r.t. x from x = -1 
to x = 2, gives for the area A required. 

� ൌ නݏ
ଶ

ିଵ

න ݕ݀ݔ݀
ିଶ௫మାସ௫ା଻

ଷ௫మି௫ିଷ

 

 

�������������ൌ න ݏ
ଶ

ିଵ

ሿଷ௫మି௫ିଷݕ�ሾݔ݀
ିଶ௫మାସ௫ା଻ �������ൌ ͷ නሺെݔଶ ൅ ݔ ൅ ʹሻ�݀ݔ

ଶ

ିଵ
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ൌ ͷ ቈെ
ଷݔ

͵
൅
ଶݔ

ʹ
൅ ቉ݔʹ

ିଵ

ଶ

 

���������������ൌ ͷ ൜െ
ͺ
͵
൅
Ͷ
ʹ
൅ Ͷ െ ൬

ͳ
͵
൅
ͳ
ʹ
െ ʹ൰ൠ 

ൌ
ͷ
ʹ
�Ǥ�������������������������������������� 

Example 8. Find by double integration the area included between the curve 
ݎ  ൌ �ܽሺ��� Ʌ ൅  .�ሻ and its asympotote r = a sec�Ʌߠݏ݋ܿ

 
By transforming the equations to cartesian, coordinates, the curves are easily 
traced, as shown in figure.  
Taking a wedge such as AB, its extremities lie on the curve r = a secߠ  
and ݎ ൌ ܽሺ��� Ʌ ൅ ��� Ʌ�ሻ�and to get the area between the asymptote and the 
curve, Ʌ�varies from -గ

ଶ
�݋ݐ� గ

ଶ
 ; or by symmetry the area A required is : �

� ൌ ʹන ݏ

గ
ଶ

଴

න ߠ݀�ݎ݀�ݎ
�௔ሺୱୣୡఏା௖௢௦ఏ�ሻ

௔�௦௘௖ఏ
 

                                                                    

���ൌ න ଶሿ௔�ୱୣୡ஘ݎሾݏ
௔ሺୱୣୡఏା௖௢௦ఏ�ሻ

గ
ଶ

଴

 ߠ݀

                                                                                        

ൌ�ܽଶ න ݏ

గ
ଶ

଴

ሼሺ��� Ʌ ൅ ��� Ʌሻଶ െ ���ଶɅ�ሽ�݀ߠ ൌ ��� ܽଶ නሾʹ ൅ ���ଶɅ�ሿ

గ
ଶ

଴

 ߠ݀

                                                                       

�ൌ ��� ܽଶ ቂߨ ൅
ߨ
Ͷ
ቃ ����ൌ

ͷߨ
Ͷ
ܽଶ�
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9.3 VOLUMES  OF  SOLIDS 

 
Let z = f(x,y) be the equation of the surface, of which the orthogonal projection in 
the xOy plane is the contour PQR, whose equation is f(x,y) = 0. The volume of an 
elementary parallellopiped on dxdy bounded by the surface, z= f(x,y) and sides 
parallel to the z axis is   

zdxdy = f(x,y) dx dy. 

The summation of all such terms over the area of closed curve PQR gives the 
volume of the solid cylinder bounded by the given surface and the plane xOy with 
generators parallel to the z- axis as  

  

������� ൌ ඵ݂ሺݔǡ  ���������ǥ������������������ǥ�����������������ሺͻǤ͸ሻݕ݀�ݔሻ݀ݕ

to be taken on the area of the contour PQR. 

       To express the volume of a solid as a triple integral, we note that the volume 
of an elementary cuboid is dx dy dz ; and so the volume of the solid is given by  

������ ൌ �ම݀ݖ݀�ݕ݀�ݔ�����������ǥ������������������������ǥ���������������ሺͻǤ͹ሻ 

  Where the limits of  integration w.r.t. z (if we integrate first w.r.t. z) are z1 and z2 

obtained from its equations to the top and bottom of the given surface and then 
the double integration is w.r.t. x  and y is performed over the area of projection of 
the given solid on the xOy plane. 

If  ߩ ൌ ݂ሺݔǡ ǡݕ  ሻ is the density of the solid at the point P( x,y,z), then the mass ofݖ
the solid is  

ම݂ሺݔǡ ǡݕ �ሻݖ ��������������������ݖ݀�ݕ݀�ݔ݀ ǥ�����������������ǥ��������������ሺͻǤͺሻ 

with appropriate  limits of integrations. 
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Example 1. Find by double integration the volume of the sphere 
ଶݔ  ൅ ଶݕ ൅ ଶݖ ൌ ܽଶ�cut off by the plane 0 = ݖ and the cylinder ݔଶ ൅ ଶݕ ൌ  .ݔܽ

Taking the polar co-ordinate in the xOy plane, elementary area at P ሺݎǡ  ሻ isߠ
 Ʌ. If the line at P drawn parallel to the z – axis has length z, the volume of݀ݎ݀ݎ
the elementary parallelopiped at P zrdrdɅ, and the volume of the cylinder on the 
circle ݔଶ ൅ ଶݕ ൌ  z = 0 bounded at the top by the surface of the sphere ,ݔܽ
ଶݔ  ൅ ଶݕ ൅ ଶݖ ൌ ܽଶ����with proper limits of integration. 

ඵ݀�ݎ݀�ݎ�ݖɅ�������������������������ǥ��������������������ǥ��������������������������������ሺ�ሻ 

 

As ݔଶ ൅ ଶݕ ൌ ଶݖ ଶ so the equation of the sphere isݎ ൅ ଶݎ ൌ ܽଶ or ݖ ൌ ξܽଶ െ  .ଶݎ
The region of integration is the circle ݔଶ ൅ ଶݕ െ ݔܽ ൌ Ͳ which has its center at 

ቀ௔
ଶ
ǡ ͲǡͲቁ and radius is ௔

ଶ
. Its polar equation is ݎ ൌ ܽ ��� Ʌ. So the limits of 

integration w.r.t. r are 0 and ܽ ��� Ʌ and w.r.t. Ʌ are െగ
ଶ
�ܽ݊݀� గ

ଶ
. With these 

considerations and using (i), the volume V required is (by symmetry) 

� ൌ ʹන݀Ʌ

గ
ଶ

଴

න ඥܽଶ െ ଶݎ
௔ ୡ୭ୱ஘

଴

�ȁݎ݀ݎ�������� ǥ��������������ǥ����������������������ሺ��ሻ 

To evaluate the first integral put ݐଶ ൌ ܽଶ െ  ଶ, so we haveݎ

න ඥܽଶ െ ݎ݀ݎ�ଶ�ȁݎ
௔ ୡ୭ୱ஘

଴

ൌ �െ න ݐଶ݀ݐ
௔ ୱ୧୬஘

௔

�ൌ �െ�ቈ
ଷݐ

͵ ቉௔

௔ ୱ୧୬஘

� 

ൌ
ͳ
͵
ܽଷሾͳ െ ���ଶɅሿ��������������������������ǥ������������ǥ��������ሺ���ሻ 
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Using this in (ii), the volume required is  

� ൌ
ʹܽଷ

͵
නሾͳ െ ���ଶɅሿ݀Ʌ�

గ
ଶ

଴

ൌ �
ܽଷ

ͳ
ሺ͵ߨ െ Ͷሻ 

Example 2. Find the volume bounded by the cylinder ݔଶ ൅ ଶݕ ൌ Ͷ�and the planes 
ݕ ൅ ݖ ൌ Ͷ and 0 = ݖ. 

 

From Fig. 14 it is self-evident that ݖ ൌ Ͷ െ  is to be integrated over the circle ݕ
ଶݔ ൅ ଶݕ ൌ Ͷ�in the xy - plane.  

To cover the shaded half of this circle,  x varies from 0 to ඥሺͶ െ  ଶሻ and y variesݕ
from -2 to 2. 

׵ ��������������� 

ൌ ʹ නݏ
ଶ

ିଶ

න ݕ݀�ݔ݀�ݖ
�ඥሺସି௬మሻ

଴
����ൌ ʹ නݏ

ଶ

ିଶ

න ሺͶ െ ݕ݀�ݔሻ�݀ݕ
�ඥሺସି௬మሻ

଴
 

ൌ ʹන ሺͶ െ ሿ଴ݔሻ�ሾݕ
ඥሺସି௬మሻ݀ݕ

�ଶ

ିଶ
����ൌ ʹන ሺͶ െ ሻ�ඥሺͶݕ െ ݕଶሻ�݀ݕ

�ଶ

ିଶ
 

ൌ ʹන ͶඥሺͶ െ ݕଶሻ�݀ݕ
�ଶ

ିଶ
��െ �ʹන �ඥሺͶݕ െ ݕଶሻ�݀ݕ

�ଶ

ିଶ
 

ൌ ͺන ඥሺͶ െ ݕଶሻ�݀ݕ
�ଶ

ିଶ
� 

 

��������������ൌ � ͺ ൤௬�ඥሺସି௬
మሻ

ଶ
൅ ସ

ଶ
���ିଵ ௬

ଶ
൨
ିଶ

ଶ
   =    ���ʌ. 

[The second term vanishes as 
the integrand is an odd 
function]  
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�����������������������������	���૜Ǥ܍ܔܘܕ܉ܠ۳
ଶݔ

ܽଶ
൅
ଶݔ

ܾଶ
൅
ଶݔ

ܿଶ
ൌ ͳǤ 

 

Let OABC be the positive octant of the given ellipsoid which is bounded by the 
planes OAB (z = 0), OBC (x = 0), OCA (y = 0),  and the surface ABC, i.e. 

ଶݔ

ܽଶ
൅
ଶݕ

ܾ
൅
ଶݖ

ܿଶ
ൌ ͳǤ 

Divide this region R into rectangular parallelopipeds of volume ݖߜݕߜݔߜ. Consider 
such an element at �ሺݔǡ ǡݕ  ሻ (Fig. 15)ݖ

׵ ������������������� ൌ �ͺම ݖ݀�ݕ݀�ݔ݀
௦

ோ
 

In this region R, 

(i) z varies from 0 to MN, where 

�� ൌ ܿඨͳ െ
ଶݔ

ܽଶ
െ
ଶݕ

ܾଶ
 

(ii) y varies from 0 to EF, where  

�	 ൌ ܾඨͳ െ
ଶݔ

ܽଶ
 

         ������������������������������������ǡ �Ǥ �Ǥ�� ௫
మ

௔మ
൅ ௬మ

௕మ
ൌ ͳǤ 

(iii) x varies from 0 to OA = a. 
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Hence the volume of the whole ellipsoid 

ൌ ͺනݏ
௔

଴

න ݏ

௕ටଵି௫
మ

௔మ

଴

න ݖ݀�ݕ݀�ݔ݀

௖ටଵି௫
మ

௔మି
௬మ
௕మ

଴

���ൌ ͺන݀ݔ
௔

଴

න ݕ݀

௕ටଵି௫
మ

௔మ

଴

ሾݖሿ଴
௖ටଵି௫

మ

௔మି
௬మ
௕మ  

ൌ ͺܿන݀ݔ
௔

଴

න ඨቆͳ െ
ଶݔ

ܽଶ
െ
ଶݕ

ܾଶ
ቇ ݕ݀

௕ටଵି௫
మ

௔మ

଴

 

ൌ
ͺܿ
ܾ
න݀ݔ
௔

଴

නඥሺߩଶ െ ݕଶሻ�݀ݕ

ఘ

଴

ߩ������ ൌ ܾඨͳ െ
ଶݔ

ܽଶ
 

���������������ൌ
ͺܿ
ܾ
න݀ݔ
௔

଴

൥
ଶߩඥሺݕ െ �ଶሻݕ

ʹ
൅
ଶߩ

ʹ
���ିଵ

ݕ
൩ߩ

଴

ఘ

���ൌ �
ͺܿ
ܾ
න
ܾଶ

ʹ
ሺͳ െ

ଶݔ

ܽଶ
ሻ
ߨ
ʹ
ݔ݀

௔

଴

 

ൌ නቆͳܾܿߨʹ െ
ଶݔ

ܽଶ
ቇ ݔ݀

௔

଴

�ൌ ܾܿߨʹ�� ቈݔ െ
ଷݔ

͵ܽଶ቉଴

௔

 

ൌ
Ͷܾܿܽߨ
͵

Ǥ 

9.4 Summary 

The ninth chapter of this book discusses the applications of integral calculus to the 
problems involving areas, volumes and surface of solids. Formulae of these 
concepts in single and multiple integrals are developed and their use in the 
examples are illustrated with diagrams. At the end, unsolved problems as exercise 
are left to students for practice.  

9.5 Exercises 

ͳǤ�����	���������������������������������������������� 

ଶݔ�  ൌ Ͷܽݔ�����ݕଶ ൅ Ͷܽଶ ൌ ଼௔య

௬
 

ʹǤ����	��������������������������������ଶݕଶݔ�����

ൌ ܽଶሺݕଶ െ  ଶሻ������������������Ǥݔ

͵Ǥ���	���������������������������������������������������� 
ଶݕ�     ൌ ଶݔ െ ͸ݔ ൅ ݕ�����͵ ൌ ݔʹ െ ͻ 
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ͶǤ���	������������������������������������������������ଶݕ�����

ൌ
Ͷܽଶሺʹܽ െ ሻݔ

ݔ
����������������� 

ͷǤ���	��������������������������ଶݕ����� െ Ͷݔʹ�݀݊ܽ�ݔ െ ݕ͵ ൅�
ͳ
ʹ
ൌ ͲǤ 

͸Ǥ����	����������������������������������������� 
    ͻݕݔ ൌ Ͷ�ܽ݊݀��ʹݔ ൅ ݕ ൌ ʹ�����������������������Ǥ 

͹Ǥ����	�����������������������������������
ଶݔ

ܽଶ
൅
ଶݕ

ܾଶ
ൌ ͳ�ܽ݊݀��

ଶݔ

ܾଶ
൅
ଶݕ

ܽଶ
ൌ ͳǤ�� 

8.    Find the double integration area included between the curves   
ଶݕ ൌ Ͷܽሺݔ ൅ ܽሻݕ������ଶ ൌ Ͷܾሺܾ െ  �ሻǤݔ

ͻǤ�������������������������������������������ݎ����� ൌ

��������ܽ������ߠ��� ஠௔
మ

ସ௡
��������������������������������������������ǡ����������Ǥ��

������������������������������������������������������������ൌ�ܽ�������ൌ�ܽ����ͷߠǤ 

ͳͲǤ� 	�������������������������������������ൌ�ʹ�ܽ�������������������������ߠ͵��
���������ൌ�ܽǤ�

ͳͳǤ� 	���� ���� ������ ����� ��� ���� ������ ������������ ��� ���� ���������
���ൌ�ܽ�൅���ǡ�����������ܽߠ��� ൐ ܾǤ�

ͳʹǤ����	���������������������ଶݎ������ ൌ �ܽଶ���Ǥߠ�ʹ��

ͳ͵Ǥ������������������������������������������������
ଶሺܽݕ ൅ ሻݔ ൌ ܽ͵ଶሺݔ� െ    ሻ�������������the area between the curve and itsݔ
asymptot 

ͳͶǤ��������������������������������������������������������������� 

ଶݕ������� ൌ Ͷܽݔ�����ݔଶ ൌ Ͷܽݏ݅�ݕ ଵ଺
ଷ
ܽଶ�

ͳͷǤ���������������������������������������ଶݕ�ݔ������ ൌ �ܽଶሺܽ െ �ሻ�������
���������ሺܽ െ �ሻݕ��ଶ ൌ ܽଶݏ݅���ݔ���ሺɎ െ ʹሻ��ܽଶǤ�     

ͳ͸Ǥ��������������������������������������������������� 
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��������
ଶݔ

ܽଶ
൅
ଶݔ

ܾଶ
ൌ ͳ�ǡ ሺ� ൐ ܾሻ����������������������������� 

      �ܾଶݔଶ ൌ ሺܽଶ െ ܾଶሻܽݕ�������������� ଵ
ଷ
�ܾଶ݁ ൅ି݊݅ݏ�ଵ݁�� 

�������������������������������������������������Ǥ�

ͳ͹Ǥ������������������������������������������

ሺ�ሻ�����ߠ��� ൌ �������ߠ�ʹ��
ܽଶሺͶ െ Ɏሻ�

ʹ
�Ǥ�

ሺ��ሻ���� ൌ ���ߠ�����ߠ���
Ɏܽଶ�
ͻ͸

ሺɎଶ െ ͸ሻ�Ǥ�

ͳͺǤ����������������������������������������������
��ଶሺʹ�ଶ�ߠ�� െ ʹܽ�ߠݏ݋ܿ�ߠ���� ൅ ܽ�ଶ���ଶߠሻ ൌ �ܽଶ�ଶ����Ɏ��ܽ���

Answers 

ͳǤ�� ଶ௔
మ

ଷ
ሺ͵ߨ െ ʹሻ����������ʹǤ��Ͷܽଶ                  ͵Ǥ��ͳͲ ଶ

ଷ
                       ͶǤ��Ͷܽߨଶ 

ͷǤ�� ଵ
ଶ
           ͸Ǥ��� ଵ

ଷ
െ�ସ

ଽ
ଵି݊ܽݐ�͹Ǥ��Ͷܾܽ           ʹ݃݋݈� ௕

௔
��        ͺǤ���� ଼

ଷ
�ሺ�ܽ ൅ ܾሻξܾܽ 

ͻǤ � െ ���Ǥ �஠௔
మ

ସ
Ǣ �� െ ����� ஠௔

మ

ଶ
ǡ ଷ
ସ
��Ɏܽଶ�                ͳͲǤ �ܽଶሺ஠

ଷ
൅ ξଷ

ଶ
ሻ �

ͳͳǤ��Ɏ ቀܽଶ ൅�ଵ
ଶ
�ܾଶቁǤ              ͳʹǤ���ଶ 

ͳͻǤ����If the density at a point varies as the square of the distance of the point from 
the xy- plane, find the mass of the volume common to the sphere 
ଶݔ ൅ ଶݕ ൅ ଶݖ ൌ ܽଶ and  cylinder ݔଶ ൅ ଶݕ ൌ  .ݔܽ

ʹͲǤ��	������������������������������������������ ൌ ���ሺͳ െ
ݔ
ܽ
�ሻ�ሺͳ െ

ݕ
ܾ
�ሻ� 

���������������������������������������������������������
ଶݔ

ܽଶ
൅
ଶݔ

ܾଶ
ൌ ͳ�ǡ �ݖ ൌ �Ͳ 

ʹͳǤ��	�������������������������������������������������������

ൌ �Ͷ� െݔ�ଶ െ��
ͳ
ʹ
������������ଶݕ ൌ ଶݔ͵� ൅�

ͳ
ʹ
 ଶǤݕ�

ʹʹǤ��	���������������������������������������������ଶݔ���������� ൅ ଶݕ

ൌ ܽଶǡݔ����ଶ ൅ ଶݖ ൌ ܽଶǤ 
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ʹ͵Ǥ����������������������������������������
ܽ�
ʹ
������������ܽ����������� 

ݖ���������������������� ൌ Ͳǡൌ ܽǤ����������������ଶݔ�� ൅ ଶݕ ൌ  ��Ǥݔܽ
���������	���������������������������������������������������� 
���������������ଶݔ����� ൅ ଶݕ ൌ  ଶǤݖ
 Answers 

ͳͻǤ�� ଶ௔
ఱ�

ଵହ
ሺɎ െ ଵ଺

ଵହ
ሻ� ʹͲǤ�� ୟୠୡ�

ସ
ሺɎ െ ଵଷ

଺
ሻ ��������ʹͳǤ��Ͷξʹ�Ɏ�����������ʹʹǤ�� ଵ଺�ଷ ܽଷ�

 

ʹ͵Ǥ��
ܽଷ�
͵͸

ሺͻɎ െ ͳ͸ሻ 
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Unit 5 

10 
BETA AND GAMMA FUNCTIONS 

Unit Structure 

10.0 OBJECTIVES 

10.1 Introduction 

10.2 Gamma Functions 

10.3 Applications of  Gamma Functions: 

10.4 Properties of Gamma Functions: 

10.5 Flow Chart of Gamma Function 

10.6 Beta Function 

10.7 Properties of Beta Function :  

10.8 Problem based on Beta Function 

10.9 Duplication Formula of Gamma Functions 

10.10 Exercise 

10.11 Summary 

10.12 References 

10.0 Objectives 

After going through this unit, you will be able to:  

• Understand the concept of Gamma function , properties of Gamma function  

• Solve the problem based on Gamma function with its type. 

• Understand the concept of Beta function , properties of Beta function  

• Understand the relation between Gamma and Beta Function 

• Know the concept of Duplication formula 
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10.1 Introduction 

At this stage students are well versed with elementary methods of integration and 
evaluation of real definite integrals. In this chapter we introduce some advanced 
techniques. Beta and Gamma  integrals or typically called Beta and Gamma 
functions are the special kind of integrals which find their applications in theory of 
probability, integral transforms, fluid mechanics and so on. Certain kind of  real 
definite integrals can be evaluated by using Beta and Gamma Functions. Their use 
is prominent in evaluation of multiple integrals. In this chapter we shall discuss 
some properties of Beta and Gamma Functions and Duplication formula. 

    Leonhard Euler 

 

Historically, the idea of extending the 
factorial to non-integers was considered 
by Daniel Bernoulli and Christian 
Goldbach in the 1720s.It was solved by 
Leonhard Euler at the end of the same 
decade. 
Euler discovered many interesting 
properties, such as its reflection formula:. 

Ȟሺݔ�ሻȞሺͳ െ ሻݔ ൌ
ߨ

����ሺߨ െ ሻݔ
 

James Stirling, contemporary of Euler, 
also tried to extend thefactorial and came 
up with the Stirling formula, which gives 
a good approximation of n! but it is not 
exact. Later on, Carl Gauss, the prince of 
mathematics, introduced the Gamma 
function for complex numbers using the 
Pochhammer factorial. In the early 1810s, 
it was Adrien Legendre who first used the 
ī symbol and named the Gamma 
function. 

10. 2 Gamma Functions 

Consider the definite integral   ׬ ݁ି௫ݔ௡ିଵ݀ݔஶ
଴    LW�LV�GHQRWHG�E\�WKH�V\PEROV��ī(n)   

[ we read is as  Gamma ‘n’ ] and is called as Gamma Function of  n. Thus  

 
ī�Q���� ׬� ஶ࢞ࢊ૚ି࢔࢞࢞ିࢋ

૙    ( n > 0) 
 

 
------------------------------(1) 
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Gamma Function is also called as Euler’s Integral of the second kind. It defines a 
function of n for positive values of n. 

10.3 Applications of  Gamma Functions: 

In a Gamma distribution, the gamma function is used to determine time based 
occurrences such as  

1. The time between occurrences of earthquakes . 

2. Life length of electronic component. 

3. Waiting time between any two consecutive events. 

4. Gamma function arises in various probability distribution function. 

10.4 Properties of Gamma Functions: 

1. ī�Q���� �૛׬ ஶ࢞ࢊ૚ି࢔૛࢞૛࢞ିࢋ
૙     

Proof:  ī�Q���� ׬� ݁ି௫ݔ௡ିଵ݀ݔஶ
଴       Put x = t2 , dx = 2t dt  

׬ =                       ݁ି௧మݐଶ௡ିଶ�ʹݐ݀�ݐ�ஶ
଴                                 

              

׬ʹ =                       ݁ି௧మݐଶ௡ିଵ��݀ݐ�ஶ
଴  

 
ī�Q���� �૛׬ �ஶ࢚ࢊ��૚ି࢔૛࢚૛࢚ିࢋ

૙  
 

 
----------------------------------(2) 

  

[ It may be borne in mind that variable of integration is immaterial in a definite 
integral ] 

Relations (1)  and (2)  are both considered as definitions of Gamma functions. 

2. ī���� �� 

Proof: By definition ��ī�Q���� ׬� ݁ି௫ݔ௡ିଵ݀ݔஶ
଴     put n =1 

ī�1)   = ׬ ݁ି௫ݔ଴݀ݔஶ
଴ ׬  =   ݁ି௫��݀ݔ ൌஶ

଴ ሾെ݁௫ሿ଴ஶ=(-e� + e0 ) = 0 + 1 = 1 

        
ī������ �� 

 

 
 

 

x 0 � 
t 0 � 
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3. Reduction Formulae for Gamma Function : 

      ī�Q���� �Q�ī�Q�� 

 Proof:   By definition ��ī�Q���� ׬� ݁ି௫ݔ௡ିଵ݀ݔஶ
଴     Replace n by n+1 

                                      ī�Q+1 )   = ׬ ݁ି௫ݔ௡݀ݔஶ
଴  

Now, integrating by parts 

  

                                      ī�Q+1 )   = ሾݔ௡ሺെ݁௫ሻሿ଴ஶ െ ׬ ஶݔ௡ିଵሺ݁ି௫ሻ݀ݔ݊
଴  

Now, �

���
௫�՜ஶ

௫೙

௘ೣ
ൌ Ͳǡ ����������� ൐ Ͳ�ǡ ௫

೙

௘ೣ
ൌ Ͳݔ����� ൌ Ͳ׵�������ቂ�௫

೙

௘ೣ
ቃ
଴

ஶ
= 0 

                                      ī�Q+1 )   = 0 + n ׬ ݁ି௫ݔ௡ିଵ�݀ݔஶ
଴  = n ī�Q) 

         
ī�Q������ �Q�ī�Q�    

 

 
 

 If n is a  positive integer , 

             ī�Q+1 ) = n (n-1) ī�Q-1 )                         ׶��ī�Q� = (n-1) ī�Q-1 ) 

                          = n (n-1) (n-2) ī�Q-2 ) 

                         = n (n-1) (n-2) (n-3) (n -����«««««��������ī(1 ) 

                         = n (n-1) (n-2) (n-3) (n -����«««««׶����������������ī�1) = 1               

                         = n! 

   ī�Q+1 ) =  n!   if n is a positive integer 

    

ī�Q������ �Q�ī�Q���LQ�JHQHUDO���Q�LV�UDWLRQDO��QXPEHU� 
               =  n!   if n is a positive integer 
   

 
 

4.  

ī������ ��      ׶��ī�Q��� �୻ሺ୬ାଵሻ
௡

    ��ī����� �୻ሺଵሻ
଴

ൌ � ଵ
଴
ൌ λ 

 
5.  ī�ଵ

ଶ
 ) = ξߨ 
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 !Q������  n��ī׶ .6
 
 ��ī(5) = ī(4+1)  ------- (ī(n+1) )׵
           = 4!       ----- n is positive integer  
           = 24 
 
ī (�ଷ

ଶ
�ሻ ൌ Ȟ�ሺ�ଵ

ଶ
൅ �ͳ�ሻ     ------- (ī(n+1) ) 

          =  ଵ
ଶ
Ȟሺ�ଵ

ଶ
�ሻ      -----( n is rational number ) 

          = ଵ
ଶ ξ׶    ------           ߨ� ī�ଵ

ଶ
 ) = ξߨ 

 
     
ī (�ହ

ଶ
�ሻ =  ī (�ଷ

ଶ
൅ �ͳሻ 

           = (�ଷ
ଶ
ሻ ī (�ଷ

ଶ
ሻ 

           = (�ଷ
ଶ
ሻ ī (�ଵ

ଶ
൅ �ͳሻ 

           = (�ଷ
ଶ
ሻ (�ଵ

ଶ
ሻ ī (�ଵ

ଶ
ሻ  = (�ଷ

ସ
ሻ�ξߨ 

 
ī (�ଵଵ

ଶ
�ሻ = (�ଽ

ଶ
ሻ (�଻

ଶ
ሻሺ�ହ

ଶ
ሻ�ሺ�ଷ

ଶ
ሻ�ሺ�ଵ

ଶ
ሻ�ξߨ� 

 For negative fraction  n , we use 
 
��ī�Q ) = ୻ሺ୬ାଵሻ

௡
 

ī (െ�ହ
ଷ
�ሻ = 

୻ቀ�ି�ఱయାଵቁ

ି�ఱయ
  =  (െ�ଷ

ହ
�ሻ ī (െ�ଶ

ଷ
�ሻ =  (െ�ଷ

ହ
�ሻ 

୻ቀ�ି�మయାଵቁ

ି�మయ
  = 

(െ�ଷ
ହ
�ሻሺെ�ଷ

ଶ
�ሻ�Ȟ�ሺ�ଵ

ଷ
�ሻ 

                                                                                           = ሺ� ଽ
ଵ଴
�ሻ�Ȟ�ሺ�ଵ

ଷ
�ሻ 

10.5 Flow Chart of Gamma Function 
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Type I – ׬ �࢓࢞ࢇିࢋ
૙  ࢞ࢊ

Method of Solving: , Put axm=t ,   then differentiate, check limit points, reduces 
the given integral as gamma function, then we can solve by using definition of 
gamma function. 

Example 1: Evaluate  ׬ �଻݁ିଶ௫మݔ
଴  ݔ݀

Solution :   Let  I= ׬ �଻݁ିଶ௫మݔ
଴  (A)--------------------------- ݔ݀

 Put  2x2 = t  or  x2 = t /2 

ଶݔ ൌ
ݐ
ʹ
�െ െ െ െ െ െെെെെെ ሺ݅ሻ 

׵� ݔ ൌ ඨ
ݐ
ʹ
�ൌ

ݐ
ଵ
ଶ

ξʹ
െ െ െ െ െെെ ሺ݅݅ሻ 

Differentiating w.r.t. ‘ t’  we get  

ௗ௫
ௗ௧
�ൌ ଵ�

ξଶ
�ଵ
ଶ
ݐ
షభ
మ  = ଵ�

ଶξଶ
ݐ�

షభ
మ  

ݔ݀ ൌ �
ͳ�

ʹξʹ
ݐ�
ିଵ
ଶ  ݐ݀

Now limit point from (i) or (ii) 

Let x=0  =>  0 = ௧
ଶ
  => t= 0   i.e. x=0, =>  t= 0 

$QG��[� �� !�� �௧
ଶ
  !�W� ׵���  

x o � 

t 0 � 

׵ ሺ��ሻ  becomes 

ܫ ൌ �නሺ
ݐ
ଵ
ଶ

ξʹ
ሻ଻

ͳ�

ʹξʹ
ݐ�
ିଵ
ଶ ݁ି௧

�

଴

 �ݐ݀

      

ൌ න
ݐ
଻
ଶ

ሺʹଵ ଶൗ ሻ଻

�
ͳ�

ʹξʹ
ݐ�
ିଵ
ଶ ݁ି௧

�

଴

 �ݐ݀

ൌ
ͳ

ʹ଻ ଶΤ
ͳ

ሺʹሻʹଵ ଶΤ න ଻ݐ ଶൗ ݐ�
ିଵ
ଶ ݁ି௧

�

଴

 ݐ݀

mu
no
tes
.in



223

Chapter 10: Beta and Gamma Functions

ൌ
ͳ

ʹ଻ ଶΤ
ͳ

ʹଷ ଶΤ න ଷ�݁ି௧ݐ
�

଴

 ݐ݀

ൌ
ͳ

ʹሺ଻ାଷሻ ଶΤ න ଷ�݁ି௧ݐ
�

଴

 ݐ݀

ൌ
ͳ
ʹହ

න ସିଵ�݁ି௧ݐ
�

଴

 ݐ݀

ൌ
ͳ
͵ʹ

න �݁ି௧
�

଴

 ݐସିଵ݀ݐ

Now using definition of gamma function   

 

ī�Q���� ׬� ஶ࢞ࢊ૚ି࢔࢞࢞ିࢋ
૙    ( n > 

0) 

 

 

 

 (’n= 4 , variable is ‘t ׶)

ൌ׵
ͳ
͵ʹන �݁െݐ

�

Ͳ

ݐͶെͳ݀ݐ ൌ �
ͳ
͵ʹ �ȞሺͶሻ ൌ �

ͳ
͵ʹ Ǥ ͵Ǩ ൌ

͸
͵ʹ ൌ

͵
ͳ͸ 

׵ � ൌ න ݔʹ͹݁െݔ
ʹ

�

Ͳ

ݔ݀ ൌ
͵
ͳ͸ 

Example2:  Evaluate  � ൌ ׬ ݔʹͻ݁െݔ
ʹ�

Ͳ  ݔ݀

Solution: Let  I= ׬ �ଽ݁ିଶ௫మݔ
଴  (A)---------------------------ݔ݀

 Put  2x2 = t  or  x2 = t /2 

ଶݔ ൌ
ݐ
ʹ
�െ െ െ െ െ െ െെ െ െെ ሺ݅ሻ 

׵� ݔ ൌ ඨ
ݐ
ʹ
�ൌ

ݐ
ଵ
ଶ

ξʹ
 

Differentiating w.r.t. ‘ t’  we get  

ݔ݀
ݐ݀

�ൌ
ͳ�

ξʹ
�
ͳ
ʹ
ݐ
ିଵ
ଶ ൌ

ͳ�

ʹξʹ
ݐ�
ିଵ
ଶ  
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ݔ݀ ൌ �
ͳ�

ʹξʹ
ݐ�
ିଵ
ଶ  ݐ݀

Now limit point from (i) Let x=0  =>  0 = ௧
ଶ
  => t= 0   i.e. x=0, =>  t= 0 

$QG��[� �� !�� �௧
ଶ
  !�W� ׵���  

x o � 

t 0 � 

׵ ������������������ሺ��ሻ  becomes 

ܫ ൌ �නሺ
ݐ
ଵ
ଶ

ξʹ
ሻଽ

ͳ�

ʹξʹ
ݐ�
ିଵ
ଶ ݁ି௧

�

଴

 �ݐ݀

      

ൌ න
ͳ

ሺξʹሻଽ

� ͳ�

ʹξʹ
ଽݐ ଶൗ ݐ�

ିଵ
ଶ ݁ି௧

�

଴

 �ݐ݀

ൌ
ͳ

ሺξʹሻଽ

� ͳ�

ʹξʹ
න ଽݐ ଶൗ ݐ�

ିଵ
ଶ ݁ି௧

�

଴

 ݐ݀

ൌ
ͳ

ʹଽ ଶΤ
ͳ

ሺʹሻʹଵ ଶΤ න ଽݐ ଶൗ ݐ�
ିଵ
ଶ ݁ି௧

�

଴

 ݐ݀

ൌ
ͳ

ʹଽ ଶΤ
ͳ

ሺʹሻʹଵ ଶΤ න ସ�݁ି௧ݐ
�

଴

 ݐ݀

ൌ
ͳ

ሺʹሻʹହ
න ସ�݁ି௧ݐ
�

଴

 ݐ݀

ൌ
ͳ
͸Ͷ

න ହିଵ�݁ି௧ݐ
�

଴

 ݐ݀

ൌ
ͳ
͸Ͷ

�Ȟሺͷሻ ׶ ���������������ሻ�

ൌ
ͳ
͸Ͷ

�ͶǨ ൌ �
͵
ͺ
�

׵ � ൌ න ݔʹͻ݁െݔ
ʹ

�

Ͳ

ݔ݀ ൌ
͵
ͺ 
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Example3:  Evaluate  

� ൌ න െ݇݁ʹݔ
ݔʹ

ʹ�

Ͳ

 ݔ݀

Solution: 

ܫ�ݐ݁ܮ ൌ �න ଶ݁ି௞మ௫మݔ
�

଴

ݔ݀ െ െ െ െ െെെെെെെെሺܣሻ� 

Put  h2 x2 = t  or  x2 = t / k2 

ଶݔ ൌ
ݐ
݇ଶ

�െ െ െ െെ െ െ െെ െ െ ሺ݅ሻ 

׵� ݔ ൌ ඨ
ݐ
݇ଶ

�ൌ
ξݐ
݇

 

Differentiating w.r.t. ‘ t’  we get  

ݔ݀
ݐ݀

�ൌ
ͳ�

݇
�
ͳ
ʹ
ଵିݐ ଶൗ ൌ

ͳ�

ʹ݇
ݐ�
ିଵ
ଶ  

ݔ݀ ൌ �
ͳ�

ʹ݇
ݐ�
ିଵ
ଶ  ݐ݀

Now limit point from (i) Let x=0  =>  0 = ௧
௞మ

  => t= 0   i.e. x=0, =>  t= 0 

$QG��[� �� !�� � ௧
௞మ

  !�W� ׵���  

x o � 

t 0 � 

׵ ������������������ሺ��ሻ  becomes 

ܫ ൌ �නሺ
ξݐ
݇
ሻଶ

ͳ�

ʹ݇
ݐ�
ିଵ
ଶ ݁ି௧

�

଴

 ݐ݀

�ൌ �න
ݐ
݇ଶ

� ͳ�

ʹ݇
ݐ�
ିଵ
ଶ ݁ି௧

�

଴

 ݐ݀

ൌ�
ͳ
ʹ݇ଷ

න ݐ�
ଵ
ଶ݁ି௧

�

଴

 ݐ݀
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ൌ�
ͳ
ʹ݇ଷ

න �݁ି௧ݐ�
ଷ
ଶିଵ

�
�

଴

 ݐ݀

ൌ�
ͳ
ʹ݇ଷ

�Ȟ ൬
͵
ʹ൰
��������ሺ���������������ሻ 

ൌ�
ͳ
ʹ݇ଷ

ͳ
ʹ
�Ȟ ൬

ͳ
ʹ൰
������� 

ൌ�
ͳ
Ͷ݇ଷ ξ

Ɏ� ��������������������� ׶ ���Ȟ ൬
ͳ
ʹ൰

ൌ ξɎ���ǡ

Ȟሺ� ൅ ͳሻ ൌ ���Ȟሺ�ሻ�ǡ ������������������������� 

Example 4:  Evaluate  
 

Solution: 

��ݐ݁ܮ ൌ න ξݔͶ ݁െξݔ
�

Ͳ

ݔ݀ ൌ න ͳݔ Ͷൗ ݁െݔ
ͳ
ʹൗ

�

Ͳ

ݔ݀ െ െ െ െሺܣሻ� 

Put  x1/2  = t  or  x = t2  ( Squaring on both sides ) 

�� ൌ � �ଶ ���െ െ െ െ െ െ െെ െ െ െ ሺ݅ሻ 

Differentiating w.r.t. ‘ t’  we get  

ݔ݀
ݐ݀

�ൌ ��ݐʹ ׵ ݔ݀� ൌ  ݐ݀�ݐʹ�

Now limit point from (i) Let x=0  =>  t = 0   i.e. x=0, =>  t= 0 

$QG��[� ��� !�W� ׵���  

x o � 

t 0 � 

׵ ������������������ሺ��ሻ  becomes 

ܫ ൌ �නሺݐଶሻ�ଵ ସൗ �݁ି௧
�

଴

 ݐ݀�ݐʹ�

�ൌ �න ଵݐ ଶൗ ௧ି݁��ݐʹ�
�

଴

 ݐ݀��

ൌ �ʹන ଷݐ ଶൗ ���݁ି௧
�

଴

 ݐ݀��
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ൌ �ʹන �݁ି௧ݐ�ଷ ଶൗ

�

଴

 ݐ݀

ൌ �ʹන �݁ି௧ݐ�
ହ
ଶିଵ

�
�

଴

 ݐ݀

ൌ �ʹ�Ȟ ൬
ͷ
ʹ൰
��������ሺ����������������������������������ሻ 

ൌ �ʹ�Ȟ ൬
ͷ
ʹ
൅ ͳ൰ �ൌ �ʹ� ൬

͵
ʹ൰

Ȟ ൬
͵
ʹ൰

��ൌ �ʹ� ൬
͵
ʹ൰ ൬

ͳ
ʹ൰

Ȟ ൬
ͳ
ʹ൰

 

ൌ ��͵� ൬
ͳ
ʹ൰ξ

Ɏ ൌ ൬
͵
ʹ൰ξ

Ɏ� 

 

��۷۷܍ܘܡ܂ ൌ න
࢞ࢊ
࢞ࢇ

ஶ

૙

 

�����������������������ܽ௫ ൌ � ݁௧� 

Take log on both sides  ��� � ܽ௫ ൌ ��� � ݁௧ ֜ݔ������� � ܽ� ൌ �ݐ ��� �݁ 

ݔ ൌ
ݐ

��� ܽ
�� ׶ ��� �݁ ൌ ͳ 

Differentiating  w.r.t. ‘t’ we get  

ݔ݀
ݐ݀

�ൌ
ͳ

��� ܽ
�� ׵ ݔ݀� ൌ �

ݐ݀
��� ܽ

 

- Then checking limit points 

- Substitution given integral ( becomes ) reduces to gamma function. 

������������૚ǣ܍ܔܘܕ܉ܠ�۳ ൌ න
ଷݔ

͵௫

ஶ

଴

 ݔ݀

��������ǣܖܗܑܜܝܔܗ܁ ൌ න
ଷݔ

͵௫

ஶ

଴

 ݔ݀

�����͵௫ ൌ � ݁௧�ǡ ������ ��� ��������������� 

௫͵�݃݋݈ ൌ ௧�ǡ݁�݃݋݈ ֜ ݔ ��� ͵ ൌ ݐ ��� ݁�� 

ݔ ൌ �
ݐ

��� ͵�
��െ െ െ െ െ െ െെሺ݅ሻ ����� ׶ ��� � ൌ ͳ 
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Differentiating w.r.t. ‘t’ we get  

ݔ݀
ݐ݀

ൌ �
ͳ

��� ͵�
��֜ ݔ݀ ൌ

ݐ݀
��� ͵�

 

 Now limits points from (i) 

When     ݔ ൌ Ͳ� ֜ � ൌ Ͳ����� ݔ�� ൌ λ� ֜ � ൌ λ 

x o � 

t 0 � 

�� ൌ න
ଷݔ

͵௫

ஶ

଴

ݔ݀ ൌ �න ൤
ݐ

��� ͵
൨
�

ଷ
ஶ

଴

ͳ
݁௧
�
ݐ݀
��� ͵

 

ൌ�න
ଷݐ

ሺ���͵ሻସ �

ஶ

଴

݁ି௧�݀ݐ���� ൌ �න
ସିଵݐ

ሺ���͵ሻସ �

ஶ

଴

݁ି௧�݀ݐ ൌ
ͳ

ሺ���͵ሻସ �
�න ସିଵݐ
ஶ

଴

݁ି௧�݀ݐ 

ൌ�
ͳ

ሺ���͵ሻସ �
�ȞሺͶሻ ���ൌ �

͵Ǩ
ሺ���͵ሻସ �

ൌ
͸

ሺ���͵ሻସ �
� 

�������������૛ǣ܍ܔܘܕ܉ܠ۳ ൌ න
ସݔ

Ͷ௫

ஶ

଴

 ݔ݀

��������ǣܖܗܑܜܝܔܗ܁ ൌ න
ସݔ

Ͷ௫

ஶ

଴

 ݔ݀

�����Ͷ௫ ൌ � ݁௧�ǡ ������ ��� ��������������� 

�Ͷ௫݃݋݈ ൌ ௧�ǡ݁�݃݋݈ ֜ ݔ ��� Ͷ ൌ ݐ ��� ݁�� 

ݔ ൌ �
ݐ

��� Ͷ�
��െ െ െ െ െ െ െെሺ݅ሻ ����� ׶ ��� � ൌ ͳ 

Differentiating w.r.t. ‘t’ we get  

ݔ݀
ݐ݀

ൌ �
ͳ

��� Ͷ�
��֜ ݔ݀ ൌ

ݐ݀
��� Ͷ�

 

 Now limits points from (i) 

When     ݔ ൌ Ͳ� ֜ � ൌ Ͳ����� ݔ�� ൌ λ� ֜ � ൌ λ 

x o � 

t 0 � 
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�� ൌ න
ସݔ

Ͷ௫

ஶ

଴

ݔ݀ ൌ �න ൤
ݐ

��� Ͷ
൨
�

ସ
ஶ

଴

ͳ
݁௧
�
ݐ݀
��� Ͷ

 

ൌ�න
ସݐ

ሺ���Ͷሻହ �

ஶ

଴

݁ି௧�݀ݐ���� ൌ �න
ହିଵݐ

ሺ���Ͷሻହ �

ஶ

଴

݁ି௧�݀ݐ ൌ
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ͳ
ݔ

૚

૙
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૚

૙

ሻ�݀ݔ���� 

����������������� ׷ ����� ݃݋݈
ͳ
ݔ
ൌ ݔ݃݋݈�ࡾࡻ���ݐ� ൌ �െݔ�ࡾࡻ��ݐ

ൌ � ݁ି௧ െ െ െ െሺ݅ሻ 

Differentiating  w.r.t. ‘t’ we get  

ݔ݀
ݐ݀

�ൌ െ݁ି௧ �� ׵ ݔ݀� ൌ �െ݁ି௧�݀ݐ� 

- Then checking limit points 

Now limits points from (i) 

When     ݔ ൌ Ͳ� ֜ ݁ି௧ ൌ Ͳ�ǡ � ൌ λ�  

When  ݔ�� ൌ ͳ�� ֜ ݁ି௧ ൌ ͳ�ǡ � ൌ Ͳ� 

x o 1 

t � 0 

 

- Substitution given integral ( becomes ) reduces to gamma function. 
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�ݔ݀�ݔ

ට݈݃݋ ͳݔ

ଵ

଴
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���� ���
ͳ
ݔ
ൌ �ࡾࡻ���ݐ

ͳ
ݔ
ൌ ݁௧ݔ����ࡾࡻ� ൌ � ݁ି௧� 

ݔ�� ൌ � ݁ି௧ ���െ െ െ െ െ െ െെെ ሺ݅ሻ 

�
ݔ݀
ݐ݀

�ൌ െ݁ି௧ �� ׵ ݔ݀� ൌ �െ݁ି௧�݀ݐ� 

Now limits points from (i) 

When     ݔ ൌ Ͳ� ֜ ݁ି௧ ൌ Ͳ�ǡ � ൌ ��  

When  ݔ�� ൌ ͳ�� ֜ ݁ି௧ ൌ ͳ�ǡ � ൌ Ͳ� 

x o 1 

t � 0 

׵ ���������ሺ�ሻ�������� ൌ න
݁ି௧�ሺെ݁ି௧�݀ݐሻ�
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଴
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�ݐ݀
଴
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�

଴
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ஶ

଴
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׵ න ݁െʹݐ�ݐ െͳʹ
ͳ

�
λ

Ͳ

�ݐ݀ ൌ
�Ȟ ൬ͳʹ൰

ʹ
ͳ
ʹ

ൌ �ξ
ߨ

ξʹ
ൌ ට

ߨ
ʹ 

�������������૛ǣ܍ܔܘܕ܉ܠ۳ ൌ න
�ݔ݀�

ඥݔ݃݋݈�ݔ

ଵ

଴
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ඥݔ݃݋݈�ݔ

ଵ

଴
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ͳ
ݔ
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ͳ
ݔ
ൌ ݁௧ݔ����ࡾࡻ� ൌ � ݁ି௧� 

ݔ�� ൌ � ݁ି௧ ���െ െ െ െ െ െ െെെ ሺ݅ሻ 

�
ݔ݀
ݐ݀

�ൌ െ݁ି௧ �� ׵ ݔ݀� ൌ �െ݁ି௧�݀ݐ� 

Now we check  limits points from (i) 

When     ݔ ൌ Ͳ� ֜ ݁ି௧ ൌ Ͳ�ǡ � ൌ ��  
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When  ݔ�� ൌ ͳ�� ֜ ݁ି௧ ൌ ͳ�ǡ � ൌ Ͳ� 

x o 1 

t � 0 

׵ ���������ሺ�ሻ�������� ൌ න
െ݀ି݁�ݐ௧��
ξ݁ି௧ݐ��

ൌ �െන �݁௧ ଶൗ ଵିݐ� ଶൗ

଴

�

�ݐ݀
଴

�

݁ି௧ 

ǡൌ݊݋݅ݐܽݎ݃݁ݐ݊݅�݂݋�ݕݐݎ݁݌݋ݎ݌�݃݊݅ݏݑ�ݕܤ න �݁ି௧ ଶൗ ଵିݐ� ଶൗ
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଴
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ஶ

଴
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భ �

�

଴

ǡ݁ݎ݁ܪ����൫ݐ݀ ݊ ൌ �ͳ ʹ�ൗ �ǡ � ൌ ͳ
ʹ�ൗ ൯ ֜��ൌ

�ī ቀͳʹቁ

ሺͳ ʹൗ ሻ
ଵ
ଶ
ൌ �

ξߨ

ටͳ ʹൗ

ൌ ξʹߨ 

 

10.6 Beta Function 
Beta Function: The definite integral  ׬ ௠ିଵ�ሺͳݔ� െ ሻ௡ିଵଵݔ

଴ �ǡݔ݀� ݉ ൐ �Ͳǡ ݊ ൐ Ͳ�� 
is a function of m  and  n  called Beta Function , denoted by B(m,n)  ( we read it 
as Beta (m,n)) 

۰ሺܕǡ ሻܖ ൌ �න ૚�ሺ૚ି࢓࢞� െ ࢞ሻି࢔૚
૚

૙

࢓�ǡ࢞ࢊ� ൐ �Ͳǡ ݊ ൐ Ͳ� 

The Beta function is also called as Euler’s integral of the first kind.  Beta 
function of negative numbers is not defined. 
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10.7 Properties of Beta Function : 
 �
૚Ǥ���ሺ�ǡ �ሻ ൌ �ሺ��ǡ��ሻ 

  ������ǣ��ሺ�ǡ �ሻ ൌ ׬� ௠ିଵ�ሺͳݔ� െ ሻ௡ିଵଵݔ
଴ �ǡ݉ݔ݀� ൐ �Ͳǡ ݊ ൐ Ͳ 

�ൌ �න �ሺͳ െ ሻ௠ିଵ�ሺͳݔ െ ሺͳ െ ሻ௡ିଵݔ
ଵ

଴

�ǡݔ݀�

׶ �න ݂ሺݔሻ݀ݔ ൌ �න ݂ሺܽ െ �ݔሻ݀ݔ
௔

଴

�
௔

଴

ǡ ܽ�݁ݎ݁ܪ ൌ ͳ 

׵ �ሺ�ǡ �ሻ ൌ �න �ሺͳ െ ሻ݉െͳ�Ǥݔ െͳ݊ݔ
ͳ

Ͳ

ݔ݀� ൌ ͳ�න െͳ�ሺͳ݊ݔ� െ ሻ݉െͳݔ
ͳ

Ͳ

ݔ݀� ൌ  ሺ݊ǡ݉ሻܤ

� 

B( m, n ) = B( n, m ) 

૛Ǥ�� න �ሺͳ݉ݔ� െ ሻ݊ݔ
ͳ

Ͳ

ݔ݀� ൌ ሺ݉൅ܤ ͳǡ ݊ ൅ ͳሻ 

૜Ǥ���ሺ�ǡ �ሻ ൌ ʹ� න ߠ�െͳ݉ʹ݊݅ݏ�
ʹȀߨ

Ͳ

 ߠ݀�ߠ�െͳ݊ʹݏ݋ܿ���

�����ǣ��ሺ�ǡ �ሻ ൌ �න ௠ିଵ�ሺͳݔ� െ ሻ௡ିଵݔ
ଵ

଴

�ǡݔ݀� ݔ�ݐݑ݌ ൌ � ǡߠ�ଶ݊݅ݏ ݔ݀

ൌ ʹ ��� ߠ  �ߠ݀�ߠݏ݋ܿ

x o 1 

ș 0 ʌ�� 

����������������������ൌ �න ߠ�ଶ௠ିଶ݊݅ݏ�

గȀଶ

଴

��ሺͳ െ݊݅ݏ�ଶߠ�ሻ௡ିଵ��ʹߠ݀�ߠݏ݋ܿߠ݊݅ݏ 

���ሺ�ǡ �ሻ ൌ ʹ� න ߠ�െͳ݉ʹ݊݅ݏ�
ʹȀߨ

Ͳ

 ߠ݀�ߠ�െͳ݊ʹݏ݋ܿ���

We consider this as a definition of Beta Function. 

	�������ǡ ������ʹ� െ ͳ ൌ �ǡ ʹ� െ ͳ ൌ �� ׵ � ൌ �
� ൅ ͳ
ʹ

ǡ � ൌ
� ൅ ͳ
ʹ

������ 
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��� ቆ
� ൅ ͳ
ʹ

ǡ
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ʹ ቇ ൌ ʹ� න ߠ݌݊݅ݏ�
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Ͳ
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ʹ

ǡ
� ൅ ͳ
ʹ ቇ 

૝Ǥ���ሺ�ǡ �ሻ ൌ �න �
െͳ݉ݔ

ሺͳ ൅ ሻ݉൅݊ݔ

λ

Ͳ

 ݔ݀�

�����ǣ��ሺ�ǡ �ሻ ൌ �න ௠ିଵ�ሺͳݔ� െ ሻ௡ିଵݔ
ଵ

଴

�ǡݔ݀� ݔ�ݐݑ݌ ൌ �
ݐ

ͳ ൅ �ݐ
�ሺ�݅Ǥ ݁Ǥ ሺͳݔ ൅ ሻݐ

ൌ �ǡݐ ׵ ݔ ൅ ݐݔ ൌ  ሻݐ

׵� ݔ ൌ ݐ െ ݐ��ܴܱ���ݐݔ ൌ �
ݔ

ͳ െ ��ݔ
�ሺ�݈ܲ݁ܽ݊݋ݑ݅ݐ݅ݐݏܾݑݏ�݁ݐ݋ܰ��݁ݏሻ 

׵�� ݔ����� ൌ Ͳǡݐ��� ൌ �
Ͳ

ͳ െ Ͳ��
ݔ�������݀݊ܽ�� ൌ ͳǡ ݐ ൌ �

Ͳ
ͳ െ ͳ��

ൌ
ͳ
Ͳ
ൌ �λ 

x 0 1 

t 0 λ 

ݔ݀����� ൌ ��
ሺͳ ൅ ሻሺͳሻݐ െ ݐሺͳሻݐ

ሺͳ ൅ ሻଶݐ
�ݐ݀� ൌ

ͳ
ሺͳ ൅ ሻଶݐ

 �ݐ݀�

��ሺ�ǡ �ሻ ൌ �න �
ஶ

଴

�
௠ିଵݐ

ሺͳ ൅ ሻ௠ିଵݐ Ǥ ൬ͳ െ
�

ͳ ൅ �൰
௡ିଵ

Ǥ
ݐ݀

ሺͳ ൅ ሻଶݐ
�� 

��������������ൌ �න �
ஶ

଴

�
ݐ௠ିଵ�݀ݐ

�ሺݐ ൅ ͳሻ௠ିଵሺͳ ൅ ሻ௡ିଵሺͳݐ ൅ ሻଶݐ
ൌ

ݐ௠ିଵ݀ݐ
ሺͳ ൅  �ሻ௠ା௡ݐ

����ሺ�ǡ �ሻ �ൌ �න �
ஶ

଴

�
�௠ିଵݔ

ሺͳ ൅ ሻ௠ା௡ݔ  ݔ݀

 ( Note: We consider this result also as another definition of Beta Function) 
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଴
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Ͳ
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ʹ
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10.8 Problem based on  Beta Function 

�۷܍ܘܡ܂ ׷  ���ܖܗܑܜ܋ܖܝ�۴܉ܜ܍�۰܎ܗ�ܖܗܑܜܑܖܑ܎܍܌��ܖܗ�܌܍ܛ܉܊�ܛ܍ܔܘܕ܉ܠ۳
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x 0 1 
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10.9 Duplication Formula of Gamma Functions 
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10.12 Summary 
In this unit we learn Gamma and Beta Function and its Duplication Formula 

Gamma Function 
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               =  n!   if n is a positive integer 
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Beta Function 
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Duplication Formula 
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Unit 5 

11 
DIFFERENTIATION UNDER THE INTEGRAL 

SIGN ( DUIS ) & ERROR FUNCTIONS 
Unit Structure 

11.0 OBJECTIVES 

11.1 Introduction 

11.2 Rule - I 

11.3 Rule - II 

11.4 Error Function:-Definition 

11.5 Properties of Error Functions 

11.6 Differentiation and Integration of Error function 

11.7 Exercise 

11.8 Summary 

11.9 References 

11.0 Objectives 

After going through this unit, you will be able to:  

• Understand the concept of Differential Under the integral sign ( DUIS) and 
Error Functions 

• Solve the problem based on Leibnitz’s Rule. 

• Know the concept of Differentiation and Integration of Error Function. 

11.1 Introduction 

Not all integrals can be evaluated using analytical techniques, such as integration 
by substitution, by parts or by partial fractions. People come up with different ways 
of solving the integrals and DUIS is one of them. It is an effective technique used 

in evaluation of real definite integrals. When a definite integralܫ�� ൌ ׬� ݂ሺݔǡ ǡ௕ݔ�ሻ݀ߙ
௔  

which is to be integrated w.r.t. variable x and contains parameter  , by using DUIS.  
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There are different rules when limits of integral are constants or functions of 
parameter ߙ When DUIS technique is used , the definite integral evaluation results 
into an ordinary differential equation, the solution of this equation results in the 
evaluation of definite integral. The technique is very useful in Laplace Transform. 
Error function integral is close to Probability Integral and is used in probability 
distribution. Complementary error functions are involved in finding inverse 
Laplace transforms of complicated functions. 

11.2 Rule I : Integral With Limits  ( a,b) as Constants 

 �����ሺȽሻ ൌ ׬� ݂ሺݔǡ ǡ௕ݔ�ሻ݀ߙ
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௕

௔

 

�ǣ܎ܗܗܚ۾
��
�Ƚ

ൌ �� ܕܑܔ
ఋఈ՜଴

�
۷ሺሺߙ ൅ ሻߙߜ െ ሻߙሺܫ
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቏�� 

����������������������ൌ �� �ܕܑܔ
ఋఈ՜଴

૚
ߙߜ

���නሾ݂ሺݔǡ ߙ ൅ �ሻߙߜ െ �݂ሺݔǡ �ݔ�ሻሿ݀ߙ
௕

௔

 

����������������������ൌ �� �ܕܑܔ
ఋఈ՜଴

� ��න ቈ
݂ሺݔǡ ߙ ൅ �ሻȂߙߜ �݂ሺݔǡ �ሻߙ

ߙߜ ቉
௕

௔

 ݔ݀�

����������������������ൌ ����න �ܕܑܔ
ఋఈ՜଴

� ቈ
݂ሺݔǡ ߙ ൅ �ሻߙߜ െ �݂ሺݔǡ �ሻߙ

ߙߜ ቉
௕

௔

 ݔ݀�

׵���� ����
��
�Ƚ

���ൌ ����න
߲
ߙ߲

݂ሺݔǡ ݔ�ሻ݀ߙ
௕

௔

������ሺ�ܾ݁ݒ݅ݐܽݒ݅ݎ݁݀�݈ܽ݅ݐݎܽ݌݂݋�݊݋݅ݐ݂݅݊݅݁ܦ�ݕ�ሻ 
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ࣔ
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࢈

ࢇ

������ 

It may be noted  that if integral involves two parameters  µ[¶� and ‘ߙᇱ  integration 
is to be carried out w.r.t variable ‘[¶ treating ߙᇱ as constant. Rule (I ) gives method 
to differentiate integral w.r.t. parameter ߙ� 
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11.7 Exercise 
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11.8 Summary  
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ܖܗܑܜ܋ܖ�۴ܚܗܚܚ�۳܎ܗ�ܛ܍ܑܜܚ܍ܘܗܚ۾ �׷ � 
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Differentiation of Error function:   
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Integration of Error function: 
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